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Preface

We feel proud to present this edition of the book. It is based on the new CBSE
syllabus. Apart from the CBSE course, this book can be used as a textbook
for the courses of those state boards which follow the CBSE syllabus. The
book has been thoroughly revised and reset. It now has a large number
of questions from the NCERT textbook with full explanatory solutions. A
large number of multiple-choice questions (MCQ) on all topics have also
been included. This book will also be of immense help to the students who
wish to sit for the board examination.

Though revised and reset, it continues to have the qualities which
made it so popular among teachers and students in the past. We have
emphasized the theoretical as well as the numerical aspects of the
mathematics course. The underlying concepts have been gradually and
systematically developed. The exposition is simple, yet rigorous. The
language is precise and simple. In each chapter, all the results and concepts
of a particular topic have been put together. These are followed by a large
number of solved examples. Quite a large number of problems have been
given as exercises.

We are thankful to the editorial and production staff of Bharati Bhawan
for doing such a good job. We also wish to thank all teachers and students
who sent suggestions for the improvement of the book. We hope that we
shall continue to receive such invaluable feedback.

—Authors
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Mathematics Syllabus
For Class 9

Unit I: Number Systems
1. Real Numbers (18 Periods)

Review of representation of natural numbers, integers, rational numbers
on the number line. Representation of terminating/nonterminating
recurring decimals on the number line through successive magnification.
Rational numbers as recurring/terminating decimals. Operations on
real numbers.

Examples of nonrecurring/nonterminating decimals. Existence of
nonrational numbers (irrational numbers) such as V2,43 and their
representation on the number line. Explaining that every real number is
represented by a unique point on the number line and conversely, every
point on the number line represents a unique real number.

Definition of nth root of a real number. Existence of y'x for a given
positive real number x and its representation on the number line with
geometric proof.

Rationalisation (with precise meaning) of real numbers of the type (and

1 and 1
a+byx Vx+yy’

numbers, 2 and b are integers.

their combinations) where x and y are natural

Recall of laws of exponents with integral powers. Rational exponents
with positive real bases (to be done by particular cases, allowing learner
to arrive at the general laws).

Unit 11: Algebra
1. Polynomials (23 Periods)

Definition of a polynomial in one variable, its coefficients, with
examples and counter-examples, its terms, zero polynomial. Degree of a
polynomial. Constant, linear, quadratic, cubic polynomials; monomials,
binomials, trinomials. Factors and multiples. Zeros of a polynomial.
Motivate and state the Remainder Theorem with examples. Statement
and proof of the Factor Theorem. Factorisation of ax*+bx+c,a+0,
where 4, b and ¢ are real numbers, and of cubic polynomials using the

Factor Theorem.
(v)



Recall of algebraic expressions and identities. Further verification of
identities of the type
(x+y+2)?=x"+y* + 22 + 20y + 2yz + 2zx,
(xxy)’=x+y’ +3ry(x+y), P+’ =(x Ly Fay+y)
Py +2° - 3xyz = (x+y+2) (FC+y 27— xy —yz — zx),
and their use in factorization of polynomials.

2. Linear Equations in Two Variables (14 Periods)
Recall of linear equations in one variable. Introduction to the equation
in two variables. Focus on linear equations of the type ax+by+c=0.
Prove that a linear equation in two variables has infinitely many
solutions, and justify their being written as ordered pairs of real
numbers, plotting them and showing that they lie on a line. Graph of
linear equations in two variables. Examples, problems from real life,
including problems on Ratio and Proportion, and with algebraic and
graphical solutions being done simultaneously.

Unit I11: Coordinate Geometry
1. Coordinate Geometry (6 Periods)

The Cartesian plane, coordinates of a point, names and terms associated
with the coordinate plane, notations, plotting points in the plane.

Unit IV: Geometry
1. Introduction to Euclid’s Geometry (6 Periods)
History—Geometry in India and Euclid’s geometry. Euclid’s method
of formalizing observed phenomenon into rigorous mathematics
with definitions, common/obvious notions, axioms/postulates, and
theorems. The five postulates of Euclid. Equivalent versions of the fifth
postulate. Showing the relationship between axiom and theorem, for
example:
(Axiom) 1. Given two distinct points, there exists one and only one
line through them.
(Theorem) 2. (Prove) Two distinct lines cannot have more than one
point in common.
2. Lines and Angles (13 Periods)
1. (Motivate) If a ray stands on a line, then the sum of the two adjacent
angles so formed is and the converse.

2. (Prove) If two lines intersect, vertically opposite angles are equal.
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. (Motivate) Results on corresponding angles, alternate angles,

interior angles when a transversal intersects two parallel lines.

4. (Motivate) Lines, which are parallel to a given line, are parallel.

. (Prove) The sum of the angles of a triangle is 180°.

. (Motivate) If a side of a triangle is produced, the exterior angle so

formed is equal to the sum of the two interior opposite angles.

3. Triangles (20 Periods)

1.

(Motivate) Two triangles are congruent if any two sides and the
included angle of one triangle are equal to any two sides and the
included angle of the other triangle (SAS congruence).

. (Prove) Two triangles are congruent if any two angles and the

included side of one triangle are equal to any two angles and the
included side of the other triangle (ASA congruence).

. (Motivate) Two triangles are congruent if the three sides of one

triangle are equal to three sides of the other triangle (SSS congruence).

. (Motivate) Two right triangles are congruent if the hypotenuse and

a side of one triangle are equal (respectively) to the hypotenuse and
a side of the other triangle.

5. (Prove) The angles opposite to equal sides of a triangle are equal.

6. (Motivate) The sides opposite to equal angles of a triangle are equal.

7. (Motivate) Triangle inequalities and relation between ‘angle and

facing side” inequalities in triangles.

4. Quadrilaterals (10 Periods)

1. (Prove) The diagonal divides a parallelogram into two congruent
triangles.

2. (Motivate) In a parallelogram opposite sides are equal, and
conversely.

3. (Motivate) In a parallelogram opposite angles are equal, and
conversely.

4. (Motivate) A quadrilateral is a parallelogram if a pair of its opposite
sides are parallel and equal.

5. (Motivate) In a parallelogram, the diagonals bisect each other, and
conversely.

6. (Motivate) In a triangle, the line segment joining the midpoints

of any two sides is parallel to the third side and is half of it, and
(motivate) its converse.
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5. Area (7 Periods)

Review concept of area, recall area of a rectangle.

1.

(Prove) Parallelograms on the same base and between the same
parallels have the same area.

2. (Motivate) Triangles on the same (or equal base) base and between

the same parallels are equal in area.

6. Circles (15 Periods)

Through examples, arrive at definitions of circle and related concepts—
radius, circumference, diameter, chord, arc, secant, sector segment,

subtended angle.

1.

(Prove) Equal chords of a circle subtend equal angles at the centre,
and (motivate) its converse.

. (Motivate) The perpendicular from the centre of a circle to a chord

bisects the chord and conversely, the line drawn through the centre
of a circle to bisect a chord is perpendicular to the chord.

. (Motivate) There is one and only one circle passing through three

given noncollinear points.

. (Motivate) Equal chords of a circle (or of congruent circles) are

equidistant from the centre (or their respective centres), and
conversely.

. (Prove) The angle subtended by an arc at the centre is double the

angle subtended by it at any point on the remaining part of the circle.

. (Motivate) Angles in the same segment of a circle are equal.

. (Motivate) If a line segment joining two points subtends equal

angles at two other points lying on the same side of the line
containing the segment, the four points lie on a circle.

. (Motivate) The sum of either of the pair of the opposite angles of a

cyclic quadrilateral is 180°, and its converse.

7. Constructions (10 Periods)

1.

Construction of bisectors of line segments and angles of measure
60°, 90°, 45°, etc., equilateral triangles.

2. Construction of a triangle given its base, sum/difference of the other

two sides and one base angle.

3. Construction of a triangle of given perimeter, and base angles.
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Unit V: Mensuration

1.

Areas (4 Periods)

Area of a triangle using Heron’s formula (without proof) and its
application in finding the area of a quadrilateral.

. Surface Areas and Volumes (12 Periods)

Surface areas and volumes of cubes, cuboids, spheres (including
hemispheres) and right circular cylinders/cones.

Unit VI: Statistics and Probability

1.

Statistics (13 Periods)
Introduction to Statistics: Collection of data, presentation of data—
tabular form, ungrouped/grouped, bar graphs, histograms (with
varying base lengths), frequency polygons. Mean, median and mode of
ungrouped data.

Probability (9 Periods)
History, repeated experiments and observed frequency approach to
probability. Focus is on empirical probability. (A large amount of time
to be devoted to group and to individual activities to motivate the
concept; the experiments to be drawn from real-life situations, and from
examples used in the chapter on statistics.)

<
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Weightage
MATHEMATICS
CLASS 9

Time: 3 Hours Max. Marks: 80

The weightage or the distribution of marks over different dimensions of
the question paper shall be as follows:

Weightage to Content/Subject Units

S. No. Unit Marks
1. Number Systems 8

e Real Numbers
2. Algebra 17

e Polynomials

e Linear Equations in Two Variables
3. Coordinate Geometry 4

o Coordinate Geometry
4. Geometry 28

e Introduction to Euclid’s Geometry
e Lines and Angles
o Triangles
o Quadprilaterals
o Area
e Circles
o Constructions
5. Mensuration 13

e Area of a Triangle using Heron’s Formula
e Surface Areas and Volumes

6. Statistics and Probability 10
e Statistics
e Probability

Total 80
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Number Systems

_1‘

INTRODUCTION
We have learnt about various types of numbers in our earlier classes. Let us
review them and learn more about numbers.
NATURAL NUMBERS Counting numbers are called natural numbers.
The collection of natural numbers is denoted by N and is written as
N={1,2,3,4,5,6,...}.
REMARKS (i) The least natural number is 1.
(ii) There are infinitely many natural numbers.
WHOLE NUMBERS  All natural numbers together with 0 form the collection W of all
whole numbers, written as
W=1{0,1,2,3,4,5,...}.
REMARKS (i) The least whole number is 0.
(ii) There are infinitely many whole numbers.
(iii) Every natural number is a whole number.
(iv) All whole numbers are not natural numbers, as 0 is a
whole number which is not a natural number.

INTEGERS All natural numbers, 0 and negatives of natural numbers form the
collection of all integers. It is represented by Z after the German word ‘zahlen’
meaning ‘to count’. Thus, we write

z={.,-5-4-3,-2,-1,0,1,2,3,4,5,...}.
REMARKS (i) 0is neither negative nor positive.
(ii) There are infinitely many integers.
(iii) Every natural number is an integer.
(iv) Every whole number is an integer.

REPRESENTATION OF INTEGERS ON NUMBER LINE
A number line is a visual representation of numbers on a graduated straight line.

To represent integers on the number line, draw a line XY which
extends endlessly in both the directions, as indicated by the arrowheads in
the diagram below.
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Take any point O on this line. Let this point represent the integer
0 (zero). Now, taking a fixed length, called unit length, set off equal
distances to the right as well as to the left of O.

On the right-hand side of O, the points at distances of 1 unit, 2 units,
3units, 4 units, 5 units, etc., from O denote respectively the positive integers
1,2,3,4,5, etc.

Similarly, on the left-hand side of O, the points at distances of 1 unit,
2 units, 3 units, 4 units, 5 units, etc., from O denote respectively the negative
integers -1, -2, -3, -4, -5, etc.

Since the line can be extended endlessly on both sides of O, it follows
that we can represent each and every integer by some point on this line.

For instance, starting from O and moving to its right, after 836 units,
we get a point which represents the integer 836.

Similarly, starting from O and moving to its left, a point after 750 units,
represents the integer ‘750"

Thus, each and every integer can be represented by some point on the number line.

RATIONAL NUMBERS The numbers of the form g, where p and q are integers and
q# 0, are known as rational numbers. The collection of rational numbers is

denoted by Q and is written as

Q= {g :p, q are integers, g # 0} :
‘Rational” comes from the word ‘ratio” and Q comes from the word
‘quotient’.
11 2001

3
2'79" 2002
(i

) There are infinitely many rational numbers.

Thus, if s etc., are all rational numbers.

REMARKS

(ii) There is no least or greatest rational number.

(iii) 0 is a rational number, since we can write, 0 = — -

1

(iv) Every natural number is a rational number since we can

write, 1 = %r 2= % 3= % etc.

(v) Every integer is a rational number since an integer a can
-31 0 79 .

. a _=31 ,_0 _79
bewrlttenaslre.g., 31=—=0 1and79 1

Hence, rational numbers include natural numbers, whole numbers and
integers.
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EQUIVALENT RATIONAL NUMBERS Rational numbers do not have a unique

representation in the form B, where p and g are integers and q # 0.

q

2_.3_4_ _b_lo_ _14_
476 8 T30 32 U288 ¢

These are known as equivalent rational numbers.

Thus, % =

. p. . .
SIMPLEST FORM OF A RATIONAL NUMBER A rational number q is said to be in its

simplest form, if p and q are integers having no common factor other than 1 (that
is, p and q are co-primes) and q # 0.

5

etc isl'
10" 2

N
oW

Thus, the simplest form of each of &, =/ %

Similarly, the simplest form of g is % and that of % is g :

EXAMPLE 1 Write four rational numbers equivalent to % :

SOLUTION We have
4 _4X2_4X3_4X4_4X5
7 7X2 7X3 7X4 7X5
4_8 _12_16 _20,

~ 7714721 28735

Thus, four rational numbers equivalent to % are
81216 .20
14’ 217 28 25

REPRESENTATION OF RATIONAL NUMBERS ON REAL LINE
Draw a line XY which extends endlessly in both the directions. Take a point
O on it and let it represent 0 (zero).

Taking a fixed length, called unit length, mark off OA = 1 unit.

The midpoint B of OA denotes the rational number % - Starting from O,

set off equal distances each equal to OB = % unit.

x
N|,L

|

w

|

N

I

o
N|= + T
NN + 2>
N|w
INIEES
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From the point O, on its right, the points at distances equal to OB, 20B,

30B, 40B, etc., denote respectively the rational numbers %f %, %, %, etc.

Similarly, from the point O, on its left, the points at distances equal to

OB, 20B, 30B, 40B, etc., denote respectively the rational numbers %, 72/
-3 -4
D etc.

Thus, each rational number with 2 as its denominator can be
represented by some point on the number line.

Next, draw the line XY. Take a point O on it representing 0. Let
OA =1 unit. Divide OA into three equal parts with OC as the first part.

Then, C represents the rational number % :

‘ R o)
X 5 4 3 -2 -1 0
3

w|=10
w|w+3>

5
3

|+

2
3

From the point O, set off equal distances, each equal to OC =% unit
on both sides of O.
The points at distances equal to OC, 20C, 30C, 40C, etc., from the point

O on its right denote respectively the rational numbers 1 34 etc.

1234
33733
Similarly, the points at distances equal to OC, 20C, 30C, 40C, etc.,

from the point O on its left denote respectively the rational numbers _3—1,
2 283 4.
3 7 3 7 3 7 .

Thus, each rational number with 3 as its denominator can be
represented by some point on the number line (or, the real line).

Proceeding in this manner, we can represent each and every rational
number by some point on the line.

EXAMPLE 2 Represent (i) 2% and (i) —1; on real line.

SOLUTION ~ Draw a line XY and taking a fixed length as unit length,
represent integers on this line.
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(i) On the right of O, take OA = 1 unit. Then, OB = 2 units.
Divide the 3rd unit BC into 8 equal parts.

BP represents % of a unit. Therefore, P represents 2% :

(ii) On the left of O, take OD =1 unit.
Divide the 2nd unit DE into 7 equal parts.

DQ represents 2 of a unit. Therefore, Q represents 1% :

EXAMPLE3  Represent (i) % and (ii) —% on the number line.

SOLUTION Draw a line XY and taking a fixed length as unit length,
represent integers on this line.

Q P
E D (o] A B C
X -2 -1 0 1 2 3 Y
y8_43.
(1) 5_15

On the right of O, take OA = 1 unit.
Divide the 2nd unit AB into 5 equal parts.

AP represents % of a unit. Therefore, P represents 1% :
o 11 4
(ii) 7= 1 7
On the left of O, take OD = 1 unit.
Divide the 2nd unit DE into 7 equal parts.
Then, DQ represents = 2 of a unit. Therefore, Q represents
_1
7
FINDING RATIONAL NUMBERS BETWEEN TWO GIVEN RATIONAL NUMBERS

METHOD 1 Suppose we are required to find one rational number between
two rational numbers x and y such that x < y.

Then, (x +1) is a rational number lying between x and y.

’2
EXAMPLE 4  Find a rational number lying between (i) % and (11) 2 nd -2
SOLUTION (i) Letx= % andy =+

required rational number lying between x and y
_1 1 <1 1) 1.5_5

20337 2)7 26 12
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Hence, % is a rational number lying between % and % :

.. 2 3
(ii) Letx=§andy:—z'

required rational number lying between % and _473

SO SR
et
3

Hence, —21—4 is a rational number lying between % and 7

EXAMPLE 5  Find three rational numbers between —2 and —3. [2014]

SOLUTION A rational number lying between -2 and —3 is %[(—2) +(=3)],
5

ie., 5

Now, a rational number lying between —2 and _% is

%[(—2) T (—%)] ie., % x (—%>, ie., —% ~
And, a rational number lying between —g and —3is

1[5 o1 11) . 11
§[<_E)+(_3) , ie., 5><(——>, ie, ==
5_ 11

2 4
Th h —2>—2>—7>—f>3
us, we have m 5 4 .

Hence, three rational numbers between —2 and —3 are —%; —%

11
and 4
METHOD 2 Suppose we are required to find # rational numbers between two

rational numbers, x and y with like denominators.

Then, we convert the given rational numbers into equivalent rational
numbers by multiplying the numerator and denominator by a suitable
number, usually (n+1).

Now, the required rational numbers may be manually chosen.



EXAMPLE 6

SOLUTION

EXAMPLE 7

SOLUTION

EXAMPLE 8

SOLUTION

Number Systems 7

Find five rational numbers between % and % : [2015]

Letn=5.

We convert % and % into equivalent rational numbers by

multiplying the numerator and denominator by (n+1),i.e., 6.
3_3x6_18 4_4%X6_24,

Thus 5= 5630 ™ 57 5x6 30

Clearly, we have
18_19 20 21 22 23 24
30 ~30 30 30 "30 "30 30

3 .19 2 7 11 23 4
Of E<Aar<73<i7<3iE<3n<T"’

55303510 °15°30 5
. . 3 4 19 2
Hence, five rational numbers between 5 and 5 are 5573
71123
107 157 30
Find six rational numbers between 3 and 4. [2015]
Letn=6.

We convert 3 and 4 into equivalent rational numbers using
(n+1) =7 as multiplying factor.

_3_3X7_21 _4_4X7_28,
Thus, 3=T7=9%7=7 and 4=7=757=7

2 2 23 24 25 26 _27 28
v 7 7 7 7 7 7 7
2 23 _24_25 _26_27

Now

or 3<7<7<7<7<7<7<4.
Hence, six rational numbers between 3 and 4 are %, gl %,
3526 27,
77 7
Insert 10 rational numbers between _3 and 6.
13 13
We have
5_4_3_ 2 1 _, 1 _2 3 4 _5 6
13 13 13 13 13 13 "13 "13 13 " 13 " 13
Hence, 10 rational numbers between —% and % are
4 3 2 1 51 2 3 4 and 5

137 137 137 13’ 713713713°13 7 13
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EXAMPLE 9 Insert 100 rational numbers between —% and % :
soLuTioN  Clearly, we have

(4 _(HX10_ 40 7 7x10 _ 70

11  11X10 110 11 11X10 110
Now —4—O<—£<—ﬁ< <—L<O<L<L<
7110 110 110 ~°~ 110 110 ~ 110 ~°~
_59 _60
110 " 110

Hence, 100 rational numbers between —% and % are

39 38 2 1 5.1 2 60,

110" 110" 110" 110" 110" 110" 110
METHOD 3 Suppose we are required to find n rational numbers between two
given rational numbers x and y (especially those with unlike denominators)
such that x <y.
-

Let d:(n+1)

Then, n rational numbers lying between x and y are (x+d), (x +2d),
(x+3d),...,(x+nd).

REMARK There are infinitely many rational numbers between any two given
rational numbers.

EXAMPLE 10  Insert five rational numbers between —% and % :

SOLUTION  Letx = —% and y = % Clearly, x <y. n=6.

y-x %_< %> (%+%>_17 117,

Letd=C = 6+1 ~ 7 ~ 1277 84

So, the five rational numbers between —% and % are

(x+d), (x+2d), (x+3d), (x +4d) and (x + 5d),

_2 17\ (2 34\ (2 51\( 2 68 2.8
Le. ( 3+84)'< 3+84>'< 3+84>'( 3+84)and< 3+84>
39 » 512 2
1.e. 84/ 84/ 84/84an 84,

13 11 5 1

o 13 11 51 .29
L€ T8 T4 T8’ 7 Mgy
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EXAMPLE 11 Find nine rational numbers between 0 and 0.1.

soLuTioN  Herex=0,y=0.1andn=09.

_(y—x) _(0.1—0) _ 01 _
1) ©+1) 10 =0.01.

Hence, the required numbers between 0 and 0.1 are
(x+d), (x+2d), (x +3d), (x +44d), (x +5d), (x + 6d), (x +7d),
(x+8d), (x +94d),
ie. 0.01,0.02,0.03,0.04, 0.05, 0.06, 0.07, 0.08 and 0.09,

| 9
e 100" 100” 100’ 100” 100" 100’ 100" 100 2™ 700’

o Lt 3 1 13 7 2 49,
€ 700" 50" 100’ 25" 20" 50° 100" 25 ™% 100
Hence, nine rational numbers between 0 and 0.1 are

1131137 2 .9
100" 50" 100" 25" 20" 50" 100" 25 100

EXERCISE 1A

1. Is zero a rational number? Justify.

2. Represent each of the following rational numbers on the number line:

) .\ 8 . 23 .
@) ~ (ii) 3 (iii) 6 (iv) 1.3 (v) 2.4
3. Find a rational number between
23 2 .. 1
@) 3 and 5 (i) 1.3 and 1.4 (iii) -1 and 5
(iv) —% and —% v) % and % [2015]
4. Find three rational numbers lying between % and % :
How many rational numbers can be determined between these two
numbers? [2011]
5. Find four rational numbers between % and % . [2010]

6. Find six rational numbers between 2 and 3.

7. Find five rational numbers between % and % .
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8. Insert 16 rational numbers between 2.1 and 2.2.

9. State whether the following statements are true or false. Give reasons
for your answer.

(i) Every natural number is a whole number.
(ii) Every whole number is a natural number.
(iii) Every integer is a whole number.
(iv) Every integer is a rational number.
(v) Every rational number is an integer.

(vi) Every rational number is a whole number.

ANSWERS (EXERCISE 1A)

1. Yes, because 0 can be written as % which is of the form gl where p and g

are integers and g # 0.

., 31 .. oo 1 . 23 1
3. (i) 30 (i) 1.35 (iii) vy (iv) 30 (v) 3
, 107 59 129 L1011 12 13
* 160" 80" 160 ©217217217 21

15 16 17 18 19 20 11 28 19 29 59

7. E/ EI %, Ez %

8. 2.105, 2.11, 2.115, 2.12, 2.125, 2.13, 2.135, 2.14, 2.145, 2.15, 2.155, 2.16,
2.165,2.17,2.175,2.18

9. (i) True
(ii) False; 0 is a whole number which is not a natural number.

(iii) False; negative integers are not whole numbers.

(iv) True; every integer can be written in the form B/ where p and g are

q
integers and g # 0.

(v) False; fractional numbers are not integers.

(vi) False; fractional numbers are not whole numbers.
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DECIMAL REPRESENTATION OF RATIONAL NUMBERS

Every rational number i can be expressed as a decimal. On dividing p by

q
g, two possibilities arise

(i) The remainder becomes zero and the division concludes after a
finite number of steps. In this case, the decimal expansion obtained
also terminates or ends.

(ii) The remainder never becomes zero and a repeating string of
remainders is obtained. In this case, we get a digit or a block of
digits repeating in the decimal expansion.

Thus, we have two types of decimal expressions:

1. TERMINATING DECIMAL A decimal that ends after a finite number of digits is
called a terminating decimal.

Examples  We have (i) £ =025, (ii) % —0.625, (i) 2% = % =26.
4)1.0(25 8) 5.0 (.625 5)13 (2.6
=8 48 =10
20 20 30
-20 -16 -30
X 40 X
—40
X

Thus, each of the numbers %’% and 2% can be expressed as a

terminating decimal.

. P . . o )
IMPORTANT RULE A rational number g expressible as a terminating decimal

only when prime factors of q are 2 and 5 only.

1371
Examples Each one of the numbers 2" 420" 25
since the denominator of each has no prime factors other than
2 and 5.

is a terminating decimal

EXAMPLE Without actual division, find which of the following rational numbers

are terminating decimals: (i) 3% (i) % (i) % .
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SOLUTION (i) Denominator of 3% is 32.

And, 32=2°.

32 has no prime factors other than 2.

So, 352 is a terminating decimal.

(i) Denominator of e 1s 24.

And, 24 =2°x3.
Thus, 24 has a prime factor 3, which is other than 2 and 5.

2‘11 is not a terminating decimal.

(iii) Denominator of % is 80.

And, 80 =2"x5.
Thus, 80 has no prime factors other than 2 and 5.

gg is a terminating decimal.

2. REPEATING (OR RECURRING) DECIMALS A decimal in which a digit or a set of digits
is repeated periodically, is called a repeating, or a recurring, decimal.

In a recurring decimal, we place a bar over the first block of the
repeating digits and omit the other repeating blocks.

Examples We have

(i) % =0.666...=0.6. (11) =-=0.2727...=0.27.
3)2.0 (.666... 11W.2727. ..
-18 -22
20 80
-18 =77 _
20 30

=18 22
2 80

=77

3
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(iii) % =2.142857142857... (iv) % =1.8333...
=2.142857. =1.83.
7)15(2.14285714... 6)11(1.833...
-14 =6
10 50
=7 —48
30 20
28 -18
20 20
~14 -18
60 2
-56
40
-35
50
—-49
10
-7
30
28
2

You must have noticed a repeating string of remainders in each of the
above cases.

In (i), itis 2,2, ...;in (ii), itis §, 3,8, 3, ... .

In (iii), itis 1, 3,2,6,4,5,1, ...;in (iv), itis 5,2,2,2, ... .

Kindly note that the number of entries in the repeating string of

remainders is less than the divisor.

In %, only one number 2 repeats itself and the divisor is 3.

In g, a set of 6 digits, namely 132645, repeats itself and the divisor is 7.

Thus, if the divisor is n then the maximum number of entries in the repeating
block of digits in the decimal expansion of % is(n—1).
LENGTH OF PERIOD Repeated number of decimal places in a rational number
is called the length of its period.

Example g =2.142857.

So, the length of its period is 6.
SPECIAL CHARACTERISTICS OF RATIONAL NUMBERS

(i) Every rational number is expressible either as a terminating
decimal or as a nonterminating recurring decimal.
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(i) A number whose decimal expansion is terminating or
nonterminating recurring is rational.

EXAMPLE 1

SOLUTION

EXAMPLE 2

SOLUTION

EXAMPLE 3

SOLVED EXAMPLES

Express 3l in decimal form.

8
:25-

We have Sl =

8 8

By actual division, we have

8)25.000 (3.125
24

10
-8

20

-16

40
-40

25

X

- =3.125.

8

Express % in decimal form.

By actual division, we have

11)2.0(0.1818...
-0
20
-11

90

—88

2

20
1
90
—88
2

-7 =0.1818... = 0.18.

11

.3
Write 13

it has.

in decimal form and say what kind of decimal representation

[2010]
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SOLUTION By actual division, we have

13) 3.0 (0.23076923
—26
40
-39
100
91
90
78
120
-117
30
26
40
-39
1

% =0.23076923... = 0.230769.

Clearly, % has a nonterminating recurring decimal representation.

EXAMPLE 4  Find the decimal expansion of % - Can you predict what the decimal
expansions of %, %l %, %g are, without actually doing the long
division? If so, how?

SOLUTION By long division, we have

7)1.0 (.1428571428...
-7
30
—28
20
-14
60
—56
40
-35
50
—49
10
-7
30
—28
20
-14

60
—56
4
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digits in the decimal expansion of 117? Perform the division to check

What can the maximum number of digits be in the repeating block of

l =0.1428571428... = 0.142857.
Clearly, = ; =2 X 0.142857 = 0.285714;
% =3x % =3 (.142857 = 0.428571;
% - % = 4 X 0.T42857 = 0.571428;
g =5x % =5 X 0.142857 = 0.714285;
g =6X % =6 X (.142857 = 0.857142.
EXAMPLE 5
your answer.
SOLUTION By long division, we have

17) 1.00 (0.05882352941176470588
-85
150
-136
140
-136
40
—34
60
51
90
-85
50
—34
160
-153
70
—68
20
-17
30
-17
130
-119
110
-102

80

—68

120

-119

100
85
150
-136
140
-136



EXAMPLE 6

SOLUTION

EXAMPLE 7

SOLUTION

EXAMPLE 8

SOLUTION
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Clearly, 11—7 =0.05882352941176470588 ...

=0.0588235294117647.
Length of period = 16.

Hence, the maximum number of digits in the repeating block

of digits in the decimal expansion of 117 isless than 17, i.e., 16.

Express 0.3 in the form % where p and q are integers and q # 0.

[2014]

Let x=0.3.
Then, x=0.333.... . (1)
Since the repeating block has only one digit 3, we multiply x
by 10 to get

10x=3.333.... .. (i)
Subtracting (i) from (ii), we get

- _3_1

Ix=3 © x= 973
Hence, 0.3 = % :
Express 1.4 as a fraction in simplest form.
Let x=1.4.
Then, x=1.444.... .. (0)
Since the repeating block has only one digit 4, we multiply x
by 10 to get

10x =14.444 ... .. (i)
Subtracting (i) from (ii), we get

9r=13 & x=§=1§-
Hence, 1.4 = 1%-
Express 0.9999 ... as a fraction in simplest form.
Letx=0.9999.... ... (0)
Since the repeating block has only digit 9, we multiply x by
10 to get

10x=9.9999..... ... (i)

Subtracting (i) from (ii), we get
Ix=9 © x=1.
Hence, 0.9999... =1.
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EXAMPLE9  Express 0.57 in the form %, where p and q are integers and g # 0.

[2014]
soLuTIoN  Let x=0.57.
Then, x =0.575757 ... . . (i)
Since the repeating block 57 has two digits, we multiply x by
100 to get
100x = 57.5757 ... . ... (ii)
Subtracting (i) from (ii), we get
_ 5719,
9x =57 < X=99 "33
519
Hence, 0.57 = 33
EXAMPLE 10 Express 0.001 as a fraction in simplest form. [2011]
soLuTIoN  Let x =0.001.
Then, x =0.001001001... . .. (i)
Since the repeating block 001 has 3 digits, we multiply x by
1000 to get
1000x = 1.001001001 ... . ... (ii)
Subtracting (i) from (ii), we get
- =L
99x =1 < X=999
1

Hence, 0.001 = 999
EXAMPLE 11 Express 2.4178 in the form %, where p and q are integers and q # 0.

[2015]
SOLUTION  Let x =2.4178.

Then, x=2.4178178178.... .. (i)
Since the repeating block 178 has 3 digits, we multiply x by
1000 to get

1000x = 2417.8178178178 ... . ... (ii)

Subtracting (i) from (ii), we get

_ _ 24154 24154 _ 12077
999x =24154 = x = 999 ~ 9990 — 4995

EXERCISE 1B

1. Without actual division, find which of the following rational numbers

are terminating decimals.

0 5 (i) 55 (i) 2 (iv) o v 1%
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2. Write each of the following in decimal form and say what kind of
decimal expansion each has.

"D 7 UG . 5 11
(i) g (i) 55 (iii) 77 (i) 13 vy
. 261 .., 231 5

(vi) 200 (vii) 5 (viii) 2§

3. Express each of the following decimals in the form % where p, g are
integers and g # 0.

(i) 0.2 [2014] (i) 0.53 [2010] (iii) 2.93 [2010, "15]
(iv) 18.48 [2014] (v) 0.235  [2010] (vi) 0.0032
(vii) 1.323 [2010] (viii) 0.3178 [2014] (ix) 32.1235 [2011]
(%) 0407 [2014]
4. Express 2.36+0.23 as a fraction in simplest form. [2011]
5. Express in the form of %z 0.38+1.27. [2015]

ANSWERS (EXERCISE 1B)

(1) and (v)
2. (i) 0.625; terminating
(ii) 0.28; terminating
(iii) 0.27; nonterminating recurring
(iv) 0.384615; nonterminating recurring

(v) 0.4583; nonterminating recurring
(vi) 0.6525; terminating
(vii) 0.3696; terminating

(viii) 2.416; nonterminating recurring

L2 53 .97 . 610 235 N
3. ()G (i) gg ()33 )35 Moo V)75
131 .. 635 . . 318023 367
(Vi) 99~ (Vill) 7995 () 9900 () 900
257 164
4. 55 5 "9

IRRATIONAL NUMBERS

IRRATIONAL NUMBER A number which can neither be expressed as a terminating
decimal nor as a repeating decimal, is called an irrational number.

Thus, nonterminating, nonrepeating decimals are irrational numbers.
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TYPE 1 (i) Clearly, 0.01001000100001... is a nonterminating and
nonrepeating decimal and therefore, it is irrational.
Similarly,
(ii) 0.02002000200002 ... is irrational,
0.03003000300003 ... is irrational, and so on.
(iii) 0.12112111211112 ... is irrational,
0.13113111311113 ... is irrational, and so on.
(iv) 0.54554555455554 ... is irrational,
0.64664666466664 ... is irrational, and so on.
TYPE 2 If m is a positive integer which is not a perfect square then y/m
is irrational.
Thus «/5, «/5, /E, «/g, ﬁ, «/g, «/E, «/ﬁ, etc., are all irrational
numbers.
TYPE 3 If m is a positive integer which is not a perfect cube then /m is
irrational.
Thus, %/E, ?/5, %/Z, %/5, %, %/?, ?/g, %/5, etc., are all irrational
numbers.

The Number m: w is a number whose exact value is not % .

In fact mhas a value which is nonterminating and nonrepeating.

So, mis irrational, while % is rational.

PROPERTIES OF IRRATIONAL NUMBERS

1. Irrational numbers satisfy the commutative, associative and distributive laws
for addition and multiplication.

2. (i) Sum of two irrationals need not be an irrational.

Each one of (2 +/3) and (4 — /3) is irrational.
But, (2 ++/3) + (4 —/3) = 6, which is rational.
(ii) Difference of two irrationals need not be an irrational.
Each one of (5+y/2) and (3 +/2) is irrational.
But, (5++/2) — (3++/2) = 2, which is rational.
(iif) Product of two irrationals need not be an irrational.

ﬁ is irrational.

But, x/§ X ﬁ = 3, which is rational.

Example

Example

Example
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(iv) Quotient of two irrationals need not be an irrational.
Example Each one of 24/3 and /3 is irrational.
2y/3
But, 71/3— =2, which is rational.
3. (i) Sum of a rational and an irrational is irrational.
(ii) Difference of a rational and an irrational is irrational.
(iii) Product of a rational and an irrational is irrational.
(iv) Quotient of a rational and an irrational is irrational.

REMARK If a is rational and JE is irrational then each one of

(a++vb),(@a—b),ayb and ﬁ is irrational.

Examples: Each one of (4++v3),(8—v5),54/3 and % is

/2

irrational.

AN IMPORTANT RESULT
If 2 and b are two distinct positive rational numbers then

+
1.2 5 b is a rational number lying between a and b.

2. /ab is an irrational number lying between a and b.

SOLVED EXAMPLES

EXAMPLE 1 Are the square roots of all positive integers irrational? If no, give two
examples.

soLuTioN  The square root of every positive integer is not always irrational.
Examples (i) V4 =2, which is rational.
(ii) ¥/9 = 3, which is rational.
EXAMPLE 2 Are the cube roots of all positive integers irrational? If no, give two
examples.
soLuTioN  The cube root of a positive integer is not always irrational.
Examples (i) /8 = 2, which is rational.
(ii) ¥/27 = 3, which is rational.
EXAMPLE 3 Write three numbers whose decimal expansions are nonterminating
and nonrepeating.

soLuTioN  We know that if m is a positive integer which is not a perfect
square, then M is irrational.
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EXAMPLE 4

SOLUTION

EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION

EXAMPLE 7

SOLUTION
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Also, we know that the decimal expansion of an irrational
number is nonterminating and nonrepeating.

So, the required numbers are V2,43 and /5.

Insert a rational and an irrational number between 3 and 4.

A rational number between 3 and 4 is &l ; 4_ 3.5. An irrational

number between 3 and 4, is v3 X 4, i.e., «/ﬁ

Find two irrational numbers between % and % .

1_

7 0.142857 and% =0.285714.

By actual division, we know that

Now, consider the numbers
a=0.16016001600016 ...and b =0.21211211121111....

Clearly, a and b are irrational numbers such that % <a<b< % :

Hence, a and b are the required numbers.

Find two rational and two irrational numbers between «/E and «/5 .
[2014, 15]
We have
V2 =1.41421356 ... and y/3 = 1.732050807 ... .

If we consider the numbers 1.5 and 1.6, we find that both of
them are rational numbers such that ﬁ <15<16< «/5 .
Hence, two rational numbers between y2 and /3 are 1.5
and 1.6.
Now, consider the numbers

a=1.5050050005... and b =1.6161161116....
Clearly, a and b are irrational numbers such that

V2 <a<b<y3.

Hence, a and b are two irrational numbers between 2 and /3.

Find two rational numbers in the form % between
0.343443444344443 ... and 0.363663666366663 ... . [2010]

Let a = 0.343443444344443 ... and b = 0.363663666366663 ... .
Consider the numbers

—035=2 -7 —036=20 -9,
c=035=750=3g and d=036=75"25

Clearly, c and d are rational numbers such thata <c <d <b.

Hence, % and 2% are the required rational numbers.
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EXERCISE 1C

1. What are irrational numbers? How do they differ from rational
numbers? Give examples.

2. Classify the following numbers as rational or irrational. Give reasons to
support your answer.

@) \/831 (ii) v361 (iii) v21 (iv) v1.44

) %JE (vi) 4.1276 (vii) 2
(viii) 1.232332333 ... (ix) 3.040040004 ...
(x) 2.356565656 ... (xi) 6.834834 ...

3. Let x be a rational number and y be an irrational number. Is x+y
necessarily an irrational number? Give an example in support of your
answer. [2010, '14]

4. Let a be a rational number and b be an irrational number. Is ab
necessarily an irrational number? Justify your answer with an example.

5. Is the product of two irrationals always irrational? Justify your answer.

6. Give an example of two irrational numbers whose [2015]

(i) difference is an irrational number.
(ii) difference is a rational number.
(iii) sum is an irrational number.
(iv) sum is a rational number.
(v) product is an irrational number.
(vi) product is a rational number.
(vii) quotient is an irrational number.
(viil) quotient is a rational number.

7. Examine whether the following numbers are rational or irrational.
(i) 3+4/3 (ii) v7 -2 (iii) ¥/5 x Y25
(iv) Y7 X /343 ™) y 115 (vi) V8 X 2

8. Insert a rational and an irrational number between 2 and 2.5.
9. How many irrational numbers lie between y2 and v/3? Find any three
irrational numbers lying between ﬁ and ﬁ . [2010]
10. Find two rational and two irrrational numbers between 0.5 and 0.55.

11. Find three different irrational numbers between the rational numbers

5 9
7andﬁ'
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12. Find two rational numbers of the form % between the numbers
0.2121121112... and 0.2020020002... .
13. Find two irrational numbers between 0.16 and 0.17.
14. State, in each case, whether the given statement is true or false.
(i) The sum of two rational numbers is rational.
(ii) The sum of two irrational numbers is irrational.
(iii) The product of two rational numbers is rational.
(iv) The product of two irrational numbers is irrational.
(v) The sum of a rational number and an irrational number is irrational.

(vi) The product of a nonzero rational number and an irrational
number is a rational number.

(vii) Every real number is rational.

(viii) Every real number is either rational or irrational.

(ix) mis irrational and % is rational.

ANSWERS (EXERCISE 1C)

2. (i) Irrational (ii) Rational (iii) Irrational
(iv) Rational (v) Irrational (vi) Rational
(vii) Rational (viii) Irrational (ix) Irrational

(x) Rational (xi) Rational
3. Yes 4. Yes 5. No
(i) 2-+v3)and 2+v3) (i) (2+y3)and (5+3)
(iii) (5++/2) and (/3 —5) (iv) 3+v2)and (3—v2)
(v) 2+v2)and 3-v2) (vi) (4+y3)and (4—3)
(vii) /—8 and «/— (viii) /— 7 and «/—

7. (i) Irrational (ii) Irrational (iii) Rational
(iv) Rational (v) Rational (vi) Rational

8. 2.25; Y5

9. Infinite; 1.5050050005 ..., 1.6161161116 ..., 1.70770770777...

10. 0.51 and 0.53; 0.5151151115 ... and 0.5455455545...

11. 0.727222722227 ..., 0.7577577757 ..., 0.8080080008 ...

51 103

250" 500

13. 0.16116111611116 ..., 0.1686686668666 ...

14. (i) True (ii) False  (iii) True (iv) False (v) True (vi) False
(vii) False (viii) True  (ix) True

12. =5
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REAL NUMBERS
REAL NUMBERS A number whose square is non-negative, is called a real number.
In fact, all rational and all irrational numbers form the collection of all
real numbers.
Every real number is either rational or irrational.
Consider a real number.
(i) If it is an integer or it has a terminating or repeating decimal
representation then it is rational.
(ii) Ifithasanonterminatingand nonrepeating decimal representation
then it is irrational.

The totality of rationals and irrationals forms the collection of all real
numbers.
COMPLETENESS PROPERTY On the number line, each point corresponds to
a unique real number. And, every real number can be represented by a
unique point on the real line.
DENSITY PROPERTY Between any two real numbers, there exist infinitely
many real numbers.

ADDITION PROPERTIES OF REAL NUMBERS

(i) cLosuRE PROPERTY The sum of two real numbers is always a real

number.

(ii) ASSOCIATIVE LAW (a+b)+c=a+ (b+¢) for all real numbers g, b, c.

(iii) COMMUTATIVE LAW a+b = b +a for all real numbers a and b.

(iv) EXISTENCE OF ADDITIVE IDENTITY Clearly, 0 is a real number such that
0+a=a+0=afor every real number a.
0 is called the additive identity for real numbers.

(V) EXISTENCE OF ADDITIVE INVERSE For each real number g, there exists
a real number (—a) such thata+ (-a) = (-a) +a =0.
a and (—a) are called the additive inverse (or negative) of each other.

MULTIPLICATION PROPERTIES OF REAL NUMBERS

(i) cLosure PROPERTY The product of two real numbers is always a
real number.
(ii) ASSOCIATIVE LAW (ab)c = a(bc) for all real numbers a4, b, c.
(iii) COMMUTATIVE LAW ab = ba for all real numbers a and b.
(iv) EXISTENCE OF MULTIPLICATIVE IDENTITY Clearly, 1 is a real number
such that1-a=a-1=a for every real number a.
1is called the multiplicative identity for real numbers.
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(V) EXISTENCE OF MULTIPLICATIVE INVERSE For each nonzero real number

1

a, there exists a real number (l> such thata- 7

1 _
1 a=1.

=
a and % are called the multiplicative inverse (or reciprocal) of each
other.
(vi) DISTRIBUTIVE LAWS OF MULTIPLICATION OVER ADDITION We have
a(b+c)=ab+acand (a+b)c =ac+ bc for all real numbers 4, b, c.

SOME MORE RESULTS ON REAL NUMBERS
For all positive real numbers a and b, we have

(i) vab =va < /b, (ii)\/z:g-

SOLVED EXAMPLES

EXAMPLE 1 Add (3v/2 +7y/3)and (2 —5v/3).

SOLUTION We have

(3v2+7¢3)+(V2-5v3) = (3y2+y2)+(7v/3-5/3)
=(3+1)y2+(7-5)/3
= (4V2+243).
EXAMPLE 2 Multiply 5/11 by 34/11.
SOLUTION We have
511 X 3y/11 =5 X3 X /11 X411 = (5 X 3 X 11) = 165.
EXAMPLE3  Divide 15¢/15 by 3./5.

SOLUTION We have

15/15  5Xy/5Xx43

15415 =+ 345 = 375 7 =5/3.
EXAMPLE4  Simplify
(i) 3+v3)2+v2) (i) (6+/6)(6—+6)
(iii) (V3 +y2) (iv) (V5 —2)(/5 ++/2)

SOLUTION We have
(i) B+v3)2+v2)=3X2+3Xy2+y3 X2+y/3 xy2
=6+3y2+2/3+/6.
(ii) (6+V6)(6=16)=(6)'~(/6)" [ (a+b)a=b)=a’~b’]
= (36— 6) = 30.



EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION

1. Add
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(iii) (V3 +v2)*=(/3)*+(v2)*+2X V3 X y2
[ (a+b)>=a>+b>+2ab]
=3+2+2y/6=5+246.
(iv) (/5-v2)(/5+v2) = (v/5)* - (v2)°
[ (a=b)(a+b)=a"~b’]

=5-2=3
Simplify V72 : [2014]
5472 +3,/288 —2.,/648
We have
V72 - V72
5172 +3,288 —2/648 572 +3/4X72-2,/9X72
- V72
5V72+3-/4-y72-2-/9 .72
- V72
T B5J72+3X2X72-2X3X /72
- V72
5724672 -6472
V72 1

(5+6-6)y72 O

\/az—bz—ra . x/a2+b2—b

Simpli : .
pfy\/a2+b2+b a—ya*-1*

We have

mm;m—b:cﬁmxa—m

J+ b a0 Y+ +b i+ -b
_@*-(/a-p)’
() - ()
=@ P-gp b
@+v)-v* A+ -0 o’

EXERCISE 1D

(i) (23 -5v2)and (v3 +2+2)
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(if) V2 +5y3-7y5)and (3y3 ~v2 +5)
(i) (57~ 32 +611) and (347 + 52 -v11)

. Multiply

(i) 3v/5 by 2v/5 (i) 6415 by 4v3 (i) 2v/6 by 3v/3
(iv) 3v/8 by 342 (v) ¥10 by v40 (vi) 3v/28 by 24/7

. Divide

(i) 16v/6 by 4y2 (i) 12415 by 4y/3  (iii) 18y21 by 647
. Simplify

() G=vID)(B+V11) 014 (i) (-3+v5)(-3-V5) [2014]

(iii) 3-v3) (iv) (/5-v3)?

v) (5+y7)2+V/5) (vi) (V5 -v2)(v2-3)
. Simplify (3+v/3)(2++v2)> (2010]
6. Examine whether the following numbers are rational or irrational:

(@) (5-v5)(5++/5) (ii) (/3+2)°

_ 18 (iv) V8 +4¢32-642

(i) —F—————— 3F 4@

. On her birthday Reema distributed chocolates in an orphanage. The

total number of chocolates she distributed is given by (5 + Y11)(5-11).
[2014]
(i) Find the number of chocolates distributed by her.

(ii) Write the moral values depicted here by Reema.

. Simplify
(i) 3v/45—-+/125 ++200 - /50 [2010]
@) 2/30 3/140 V55
NG INCT
(iii) v/72 ++/800 — /18 [2014]
ANSWERS (EXERCISE 1D)

(i) 3(/3-+v2) (i) v2+8y3-6v5  (ifi) v7 +v2+5/11
(i) 30 (i) 72v/5 (iii) 1842 (iv) 36 (v) 20

(vi) 84 3.(1) 4¢3 (i) 35 (iii) 343
(i) -2 (i) 4 (iii) 12643  (iv) 8—24/15

(v)10+5y5+24/7+y35  (vi) y10-y15-2+/6

L 18+12y2 +64/3+41/6
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6. (i) Rational (ii) Irrational (iii) Rational (iv) Irrational
7. (i) 14
(ii) To help the poor and needy and to make the deprived children
happy.

8. ()4/5+5/2 (i) - %ﬁ (iii) 2342

REPRESENTING IRRATIONAL NUMBERS ON THE NUMBER LINE

EXAMPLE 1 Represent each of the numbers V2,3 and /5 on the real line.

SOLUTION Let X’OX be a horizontal line, taken as the x-axis and let O be
the origin. Let O represent 0.

X

Take OA =1 unit and draw AB L OA such that AB =1 unit.
Join OB. Then,

OB =/ OA*+ AB? = y1*+12 = /2 units.

With O as centre and OB as radius, draw an arc, meeting OX
at P.

Then, OP = OB = V2 units.
Thus, the point P represents y/2 on the real line.
Now, draw BC _L OB such that BC = 1 unit.
Join OC. Then,
OC =/ OB*+BC? = y(y2)*+1% = /3 units.

With O as centre and OC as radius, draw an arc, meeting OX
at Q. Then,

0Q = OC = /3 units.
Thus, the point Q represents v/3 on the real line.
Now, draw CD L. OC such that CD = 1 unit.
Join OD. Then,

OD =/ OC*+CD? = /(/3)?+12 = /4 = 2 units.
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Now, draw DE L OD such that DE = 1 unit.
Join OE. Then,
OE =+/OD*+ DE? = y/22+1% = /5 units.

With O as centre and OE as radius, draw an arc, meeting OX
at R. Then, OR = OE = ﬁ units.

Thus, the point R represents /5 on the real line.

Hence, the points P, Q, R represent the numbers ﬁ, ﬁ and
V/5 respectively.

REMARK In the same way, we can locate vn for any positive integer n, after
vn—1 has been located.
EXAMPLE 2 Represent each of the numbers V5,6 and 7 on the real line.

SOLUTION Draw a horizontal line X’ OX, taken as the x-axis.

Take O as the origin to represent 0.

R

T o 1 A
0 2

\
\
\
|
|
P Q
/546

Let OA = 2 units and let AB L OA such that AB =1 unit.
Join OB. Then,
OB =4y/OA*+AB?=/22+1% = /5.

With O as centre and OB as radius, draw an arc, meeting OX
at P.

Then, OP = OB =+/5.
Thus, P represents /5 or the real line.
Now, draw BC _L OB and set off BC = 1 unit.
Join OC. Then,
OC =+/OB*+BC? = /(y5)2+12 = /6.
With O as centre and OC as radius, draw an arc, meeting OX
at Q.
Then, OQ = OC = /6.
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Thus, Q represents «/g on the real line.
Now, draw CD . OC and set off CD = 1 unit.
Join OD. Then,

OD =y/OC*+CD* = /(y6)*+12= 7.

With O as centre and OD as radius, draw an arc, meeting OX

at R. Then,
OR=0D=/7.

Thus, the points P, Q, R represent the real numbers V5, /6 and

V7 respectively.

EXISTENCE OF /; FOR A GIVEN POSITIVE REAL NUMBER x

Let x be a given positive real number.

We shall prove the existence of yx in the following three steps.

STEP 1

STEP 2

Finding v/x geometrically.

Draw a line segment AB = x units and extend it to C such that

BC =1 unit.

Find the midpoint O of AC.

With O as centre and OA as radius, draw a semicircle.
Now, draw BD 1 AC, intersecting the semicircle at D.
We shall show that BD = ﬁ .

A o} B C E X
Proving that BD = y/x.
We have, AB = x units and BC = 1 unit. So, AC = (x + 1) units.
Now, OD = OC (radii of the same semicircle)
1,21 :
= 2AC =5 (x + 1) units.

And, OB = (OC - BC) = (x; 1_ 1) units = & (<~ 1) units.

BD*= (0D~ OB) = £ (x + 1)* - L (x = 1)}

= @) - - = (3 x ) =x
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BD = y/x.

Thus, we have proved that BD = y/x.

STEP3  Representing /x on the real line.

Take BC produced as the number line with the origin at B.
Now, BC =1 unit.
So, B and C denote 0 and 1 respectively.

With B as centre and BD as radius, draw an arc, meeting BC
produced at E. Then, BE = BD = Jx.

Hence, the point E represents Vx.

Thus, for every positive real number x, Jx is also a positive real
number and hence «/; exists.

EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION

Find the value of v 4.3 geometrically.

Draw a line segment AB = 4.3 units and extend it to C such
that BC = 1 unit.
Find the midpoint O of AC.

With O as centre and OA as radius, draw a semicircle.

A 5 B c EX
Now, draw BD L AC, intersecting the semicircle at D.
Then, BD = y/4.3 units.
With B as centre and BD as radius, draw an arc, meeting AC
produced at E. Then, BE = BD = «/ﬁ units.

Represent v/8.47 on the real line.

Draw a line segment AB = 8.47 units and extend it to C such
that BC = 1 unit.

Find the midpoint O of AC.
With O as centre and OA as radius, draw a semicircle.
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Now, draw BD L AC, intersecting the semicircle at D.

Then, BD = /8.47 units.

With B as centre and BD as radius, draw an arc, meeting AC
produced at E. Then, BE = BD = «/@ units.

REPRESENTING REAL NUMBERS ON THE NUMBER LINE (SUCCESSIVE
MAGNIFICATION)

EXAMPLE 5  Locate 3.895 on the number line.

SOLUTION  We proceed stepwise as follows.

STEP 1

STEP 2

STEP 3

3.895 lies between 3 and 4.

We divide this into 10 equal divisions and mark them as 3.1, 3.2,
3.3, ..., and so on as shown in Fig. (ii) given below.

3.895 lies between 3.8 and 3.9.

If we look at this part of the number line closely, as through a lens,
it would appear as shown in Fig. (iii).

We divide this into 10 equal divisions and label them as 3.81, 3.82,
3.83, ..., and so on.

3.895 lies between 3.89 and 3.9.

If we look at this part of the number line closely, it would appear
as shown in Fig. (iv).

We divide this into 10 equal divisions and label them as 3.891,
3.892,3.893, ..., and so on. Mark 3.895 as P.

@

(ii)

(iii) =

892 3.893 3.894 3.895 3.896 3.897 3.898 3.899
=)

(iv) =

Clearly, point P on the number line represents 3.895.
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EXAMPLE6  Visualize the representation of 2.32 on the number line up to

SOLUTION

STEP 1

STEP 2

STEP 3

4 decimal places.

2.32 = 2.3222 (up to 4 decimal places).

We proceed stepwise as follows:
2.3222 lies between 2 and 3.
We divide this portion of the number line into 10 equal divisions
and mark them as 2.1, 2.2, 2.3, ..., and so on, as shown in Fig. (ii).
2.3222 lies between 2.3 and 2.4.
If we look at this part of the number line closely, as through a lens,
it would appear as shown in Fig. (iii).
We divide this into 10 equal division and label them as 2.31, 2.32,
2.33, ..., and so on.
2.3222 lies between 2.32 and 2.33.
If we look at this part of the number line closely, it would appear
as shown in Fig. (iv).
We divide this into 10 equal divisions and label them as 2.321,
2.322,2.323,2.324, ..., and so on.

S 02 1 0 1 2 3 4

U]

22 23 24 25 26 27 28 2 3

(iii)

23 7231 232 233 234 235 236 237 2.38 2.4

(iv) =

232 2321 2322 2323 2324 2325 2.326 2.327 2.32 - 2.33

2.322° 2.32212.3222 2.3223 2.3224 2.3225 2.3226 2.3227 2.322 2.323

V)

STEP 4

P

2.3222 lies between 2.322 and 2.323.

If we look at this part of the number line closely, it would appear
as shown in Fig. (v).

We divide this into 10 equal divisions and label them as 2.3221,
2.3222,2.3223, ..., and so on. Mark the division representing 2.3222
as P.
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Clearly, point P on the number line represents 2.32 up to 4 decimal

places.
EXERCISE 1E
1. Represent /5 on the number line. [2010, '11, '14]
2. Locate v3 on the number line. [2012, '15]
3. Locate «/E on the number line. [2010]
4. Locate v/8 on the number line. [2011]
5. Represent y/4.7 geometrically on the number line.
6. Represent /10.5 on the number line. [2014]
7. Represent 4/7.28 geometrically on the number line.
8. Represent (1 + /9.5) on the number line. [2015]
9. Visualize the representation of 3.765 on the number line using
successive magnification. [2015]
10. Visualize the representation of 4.67 on the number line up to 4 decimal
places. [2011]
RATIONALISATION

RATIONALISATION Suppose we are given a number whose denominator is irrational.
Then, the process of converting it into an equivalent expression whose denominator
is a rational number by multiplying its numerator and denominator by a suitable
number, is called rationalisation.

EXAMPLE 1 Simplify % by rationalising the denominator.

SOLUTION  On multiplying the numerator and denominator of the given
number by /5, we get

3 _3 v5_3/5

= == %
VR
RATIONALISING FACTOR (RF)

If the product of two irrational numbers is rational then each one is called the
rationalising factor of the other.

If a and b are integers and x, y are natural numbers then
(i) (2++/b)and (a2 — /) are RF of each other,
as (a++v/b)(@a—+/b) = (a* - b), which is rational.
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(i) (a+by/x) and (a — by/x) are RF of each other,
as (a+by/x)(a—byx) = (a° - b*x), which is rational.
(iii) (/x + \/?) and (Vx — ﬁ) are RF of each other,
as(Vx + \/?)(«/; - ﬁ) = (x —y), which is rational.

For rationalising the denominator of a number, we multiply its
numerator and denominator by its rationalising factor.

. .. 1 . .
Thus, the rationalising factor of is (3 —+/2) since
8 32 SO

1, 37V2_ B2 (3-V2
3442 3-v2 (3+vV2)3-v2) (3)°-(V2)’

-2 -2
= 39 _\/2— = 3 7[, which is a rational number.
Similarly, the rationalising factor 7 +i 73 is (7- 44/3 ), the

. .. 1 .
rationalising factor of is (y7 ++46), and so on.
B factorof J7_Jg 18 6/7 /0

SOLVED EXAMPLES

EXAMPLE 1 Rationalise the denominator of L
(3+v2)

SOLUTION We have
1 _ 1 B2 B-V2)
B+v2) (B3+v2) (3-v2) (3)’-(2)
_3=vY2)_(3-v2)
7

9-2
EXAMPLE 2 Rationalise the denominator of —1 .
(8+5v2)

SOLUTION We have
1 _ 1 (875V2) _ (8-5V2)
B8+5v2) (8+5v2) (8-5v2) (8)°-(5v2)°

_(8-5v2) (8-5y2)
T 64-50 14

. . . 6
EXAMPLE 3 Rationalise the denominator of —————— -
EXURLES 5+

SOLUTION We have

6 6 (/5-v2) _ 6(/5-v2)

(52 (52 (B5-v2) (5~ (2)




EXAMPLE 4

SOLUTION

EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION

EXAMPLE 7

SOLUTION
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6(/5-+2) 6(f V2)
= 5-2 - _2(\/7 [)

. . . 2
Rationalise the denominator of —=———=—- [2011]
/3 -+/5)

We have
2 2 (B3+Y5) _ 2(/3+/5)
(35 W35 (3+V5) (37— (/5)
_2(/3+Y5) _ 2(ﬁ+f)

3-5 \F \F
6-4y3
Simplify by rationalising the denominator: . 2010, '14
plify by g 61443 [ !

We have
6-4y3 (6- 4[ (6-4v3)  (6—4y3)*
6443 (6+4v3)  (6-4/3) (6)-(4/3)’
_6°+(4V3)°-2Xx6%x4y/3  36+48-48Y3
36—48 -12
_84- 48f_48f 84 _@3-7).

—-12

+/2
-2

=a+by2. [2014, 15]

3
Find the values of a and b if ;

We have
3+v2 _(3+v2) (3+y2) _ (B+¥2)°
3-V2 3-v2) (+V2) (3)’-(/2)
_3+(/2)?+2X3X2 _9+2+6v2 _11+6y2

9-2 - 7 a 7

3+4/2 6
=a+by2 © —+ \/ =a+by2
3—-y2
=] aI% and b=—

| -7
If a and b are rational numbers and ———= «/HJF «/7 br 7, find the
values of a and b.
We have
V-7 (J/11-47 7)o (/11 -v7)
VL7 WIL+y7) (L-y7)
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EXAMPLE 8

SOLUTION

EXAMPLE 9

SOLUTION
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W11-v7)*  (11+7-2Xy11 X7)

A -7
(18-2y77) 18 2 9 1
- )G )

? ? a-b77 & 3-1 7T =a-b/T7

29 -1,
& a—zandb—2

N =

Hence, a = % and b=

4+3/5
If a and b are rational numbers and ———= =a+by/'5, find the
/ 4-3y5 V5. f

values of a and b.

We have

4+3/5 _(4+3y5) (4+3/5)

4-3/5 (4- 3f) 4+34/5
__(4+3/5)° (4+3/5)° (4+3/5)
T (4)2-(3y5)? 16-45 29

2+ (3y5)*+2X 4 X 34/5)
-29

_ (16+45+24/5)
- -29

61+24f)( )( )

o o (B
61 _24,

and b=

A="p9 4 29

S . 25 .
Evaluate after rationalising the denominator of ——————, it being
v40—-+80

given that y/5 = 2.236 and /10 = 3.162. [2011]
We have
25 _ 25 25 (/10+2/5)
V40-v80 2V10-4y5 2(/10-2v5) N+2f
25(/10 +2/5) _ 25(/10+2¢/5)

T 2(/10-2/5)(/10+2/5)  2[(10)*-(2/5)7]
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_25(/10+2y5) _ 25(/10+25)

T 2(100-20) 160
_ 5(/10+24/5) 5(3.162+2 % 2.236)
a 32 B 32
5X7.634 _ 38.17
=73 - 3 - =1.1928 = 1.193.
EXAMPLE 10  Find the values of a and b if
7+3vV5 7-3y5 _
=a++/5b. 2010, 11,15
3145 345 V5 ( )

SOLUTION We have

7+3(5 7-3/5_(7+3/5) (3-v5) (7-3V5) (3+y5)

3+V5 3-V5 (3+/5) (3-Y5) (3-v5) (3+5)
_(21-7/5+9/5-15) (21+7y/5-9/5-15)
C B+Y5)B-V5) (3-vV5)3+5)
__(6+2y5)  (6-2V5)
©®)’-(57 (3)*-/5)°
_(6+2Y5) (6-2Vy5) 6+2/5 6-245

- (9-5  (9-5 4 4
:6+2f5—6+2ﬁ:4[5:\/§.
7+3J/5 7-345
335 35 " a+y5b = J5=a+/5b

= a=0and b=1.
EXAMPLE 11 Show that
1 1 1 1

1 _ ,
3-8 BT Vi—d6 Jo-v5 V5-2 "

SOLUTION We have

1 1 1 1 1
3-V8 V87 V76 V6-v5 y5-2
_ 1 B8 1 (BT
B-+v8) (3+vV8) (V8-v7) (Jg+f)
L1 W7t 1 (/65
(7-V8) (7+/6) (/6-v5) (/6+y5)
L1 (/542
(/5-2) («/§+2)
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__BHY8)  (8Y7) (W7 +Ve)
3-8 /8)’-(7)* (/7)’-(6)?
__ (645 (/5+2)
v/6)’-(/5)* (/5)*-(2)
_(B+v8) (/B4v7) (7+46) (6+v5) (/5+2)
(9-98) 8-7) (7-6) (6-5) (5 4)
= (B+v8)~ (/8 +V7) + (V7 +/6) — (v6 +4/5) + (/5 +2)

=348 VB—7 + 7 + 665 +5+2
=3+2=5.

EXAMPLE 12 If /2 =1.414, v3 =1.732, /5 =2.236 and 6 =2.449, find the
Ualueof [ 2- 1/— /3-1
3 2443 a1

SOLUTION We have
2443 2-Y3 /3-1
2-v3 2+f V3+1
_@+V3) @+/3) <2—J§>X< -/3) (3-1 (/3-1)
2-/3) @+/3) @V3) @-v3) (B+1) (3-1)
@+/3)"  @2-v3)" | f 1?
2)°-(/3)" -3 /3)°-1)
2+([) +2X2X4/3 2+(f) —2X2X%y3

[CBSE Sample Paper]

(4-3) (4-3)
(V3)*+(1)*-2x /3 X1
’ (3-1)
=(4+3+4J§)+(4+3—4f3)+w

2(2-+3)
2

=7+4/3+7-4/3+ =14+2-/3=16-V3

=16-1.732 = 14.268.

EXAMPLE 13 If x = 3+2+/2, find the value of<x2 + %) - [2015]
x

SOLUTION  Given, x =3+24/2.

1.1 _ 1 (-2/2)
T (3+2v2) (3+2v2) (3-2v2)
(G-2/2) _G-2v2)_. ,

T 3)-2/2)? ©-9)
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1

2><x><x:36

= (x+ >+2 36:><x+ ) 36-2 =34,
x x
Hence, (xz + %) =34.
X

5-vy21
EXAMPLE 14 Ifx = > s prove that
(x3+%>—5<x2+%)+(x+%>=0. [2011]
X

X
. 5-y21
SOLUTION Given, x = > .

1. 2 2 (5+f 2(5+y/21)

¥ 5o 0 Goyal)  Gd2l) ()= (/1)
2(5+/21) _2(5+y21) _5+y21

T T@5-21) 4 T2
1 (5-421\ (5+421\ 5-y21+5+4/21 10
+o= + = =-=5
x 2 2 2 2
<x+ )—5 =25
= x2+L2+2><x><%:25
X

= <x2+%>+2=25:«<x+ > 25-2=23,
X X
And,x+%=5 = (x+] ) (5)° =125
3, 1 1 1\_
= x +;+3XXX§<X+§>—125
= <x3+i3>+3><5=125
X

%) =125-15=110.

= <x3+
X
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(x3+%>—5<x2+%>+<x+%>
X X
=110-5%x23+5=110-115+5=115-115=0.

V2+1 p V2-1

EXAMPLE 15 Ifx and y = ind the value of x> +y*+xy.  [2015
BavpLEts [fx=" o andy =" oo f f "ty tay. [2019]

SOLUTION We have
_Y241_(2+1)  (/2+1) _(/2)*+ ()P +2Xy2 X1
Tl (2o (2e) ()
2414242

ISy =3+2y2
4, o¥2m1_(2-D) (2-1) @2+ (1)’ -2xy2x1
MY A W2 +1) (ﬁ 1) v2)*-(1)*
2+1-2/2
ZWZBt_Z\/E.

x2+y2+xy=(x+y)2—xy
=[(3+V2)+(3-V2)I"- (3+2/2)(3-2v2)
=(6)*-13)*~(2v2)’] =36 - (9-8)

=36—1=235.
EXAMPLE 16  Express m with rational denominator. [2010]
SOLUTION  We have
3 _ 3 L W3-v2)-/5
(V3-v2)+V5 (/3-v2)+V5 (/3-v2)-V5
_ 3(/3-v2-v5) _ 3(/3-v2-Y5)

C(3-v2)’-(/5) [(V3)'+(V2)’~2%y3 % 2] -5
_3(/3-v2-45) _3(/3-v2-/5) /6
(3+2-2/6)-5 -2/6 ¢E
_3(/18-y12-v30) _3(3v2-2y3-+30)

—-2X6 B -12
_3/2-2y/3-y30 2/3+/30-3y2
- 2t - : .

EXAMPLE 17 Ifx = , find the value of x° = 2x* = 7x +5.

ot
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SOLUTION We have

1 1 B8 (3+V8)
3V (G-48) (/8 ()-WB)
39+f 3+/8).

x=3+/8 = x-3=8

= (x=3)"=(/8)"=8
= x*+9-6x=8 = x*—6x+1=0
=2 -7x+5=x(x*—6x+1)+4(x*—6x+1)+16x+1
=xX0+4X0+16(3+y8)+1
=48+16y8+1=49+32y2.

EXERCISE 1F
. . .. . . 1
1. Write the rationalising factor of the denominator in ———- 2014
i Vaefz
2. Rationalise the denominator of each of the following.
L1 . V5 a1
i) — ii iii
V7 W2 W5
. 1 1 . 1
iv \% vi 2010
()[5_2 ()5+3[2 ()ﬁ—ﬁ [2010]
(vii) 4 [2010]  (viii) 1+/2 [2014] (ix) 3-22
vil) ——— viil) —— ix
Y11 -4/7 2-42 3+2¢2

3. Tt being given that y2 =1.414, y/3 =1.732, /5 =2.236 and /10 =3.162,
find the value to three places of decimals, of each of the following.

(ii) 2-43 (iii) M [2010]
73 2
4. Find rational numbers a and b such that
—a+bf [2012] (11) 2-V5 _ 5+b [2014]
275

it 23
(iii) a+by6  [2010, 1] (iv) +by3 [2014]

v 743

5. It being given that y3 =1.732, y/5 =2.236, y/6 = 2.449 and 10 =3.162,
find to three places of decimal, the value of each of the following.

0 =, °
Vo5 5+va i3

[2014]  (ii) [2011] (iii) ——=——— [CBSE Sample Paper]
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10.

11.

12.

13.

14.

15.
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(i )3+ﬁ 2010 ()1+2ﬁ (vi) /5+42
1V3—x/§[]V2—x/§ Vlﬁ_ﬁ

[2012]

. Simplify by rationalising the denominator.

L 7Y/3-5/2 . 2V6-y5
) Va5 +yis W35 276

[2014]

. Simplify

4+y5 4-/5

f5 4+f
2 3

O 5 VEods v

L2443 2-93 Y3-1

(1) J* 2+¢* V3+1

) 2/6 62 8y3
V243 V643 {6442

(i)

[2011]

[2014]

[2010, 1]

. Prove that

. 1 1 1 1

O 7 T+d5 BB Bl

(ii) 1 + 1 + 1 + 1 + 1 + 1
142 Vs B VA J5ve JervT

1 1

N TN

[2011]

. Find the values of a and b if

7+3y5 7-3/5 _

3+J_—3_1/_—a by/5.
VBB-JTT_ /BB+/1T
VI3 1311

Ifx=3+ Zﬁ, check whether x +% is rational or irrational. [2010]

[2014]

Simplify [2015]
1 3
Ifx=2- «/5, find the value of (x - §> .
If x = 9 —4+/5, find the value 0fx2+%- [2011]
X
—-421
> F, find the value of x + 1 [2014]

2 X
If a =3-242, find the value of a* - lz . [2010]
a

If x=
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16. If x = /13 +24/3, find the value of x—% :
17. If x =2+ «/5, find the value of x° +L3 : [2015]
X
5-y3 5+/3 10
18. If x = [ and y = [,show that x — y——i [2015]
5+43 5-y3
5+4/2 5-
19. Ifa= V5:+/2 and b= V5 [,showthatBa 24 4ap-3p2 =4+22 m.
G2 ™
3-v2 3+4/2
20. Ifa= V3-42 and b = V3 [, find the value of a>+b” — 5ab. (2011]
V3+v2 V3-v2
3-+v/5
21. Ifp= i and g = f, find the value of p*+4°. [2010]
3+v5 3-v5
22. Rationalise the denominator of each of the following.
(1) SN — [2011] (ii) 3 [2015]
7= 13 Jai5-2
2015
(i) ———7= ,t f3 7 [2015]
. . 1
23. Given, v2 = 1.414 and v 6 = 2.449, find the value of ———=—— correct
"2 v V3-v2-1
to 3 places of decimal. [2014]
24, If x= 1 , find the value of x° = 2x*—7x +5.
2-y3
25. Evaluate 15 it being given that «/g =2.236 and
‘ J10+4/20 + /40 /5 - /80 88 '
V10 =3.162.
HINT 15 = 15
V10 +v20 +v40 -v/5-/80  ¥10+2¢5+24/10-v5-4/5
15 _ 5 .
3/10-3¢5  y10-45
ANSWERS (EXERCISE 1F)
1 /2-y3
7 15
2. (i) g (ii) % (iil) 2—v/3 (iv) ¥/5+2
-3y2
@2 yTae i VT i) 222

(ix) 17-12y2
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3. (i) 0.894 (i) 0.155 (iii) 0.655
4. () a=3,b=-2 (i)a=4,b=-9 (i) a=50b=2 (iv)a=11,b=-6
5. (i) 0.213 (i) 1.512 (iii) 4.545 (iv) 6.854
(v) 16.660 (vi) 4.441
114-41/6 . 4/30+9
@ 30 i) =77
. 42 .. .
7. (i) 11 (i) 2v2 (iii) 16 —/3 (iv) 0
9.4=1,b=1 10.24 11. Rational  12. —244/3 13. 322
14.5 15. =242 16. 4¢3 17. 52 20. 93 21. 47
. 7Y6+647 +4/546 L 2v/3-3y/2-y30  2/3-y21+3
22. (i) 34 (ii) n (iii) 3

23. —1.466 24. 3 25. 5398

LAWS OF EXPONENTS

Let a>0,b>0 be real numbers and let m and n be rational numbers. Then,
we have

(i) a"xa"=a"" (it) IZT" =q""
(iii) (@™)"=a™ (iv) a" X b" = (ab)"
m__ _mym o (4 " — ﬂ .
(v) @b)" =a"b v () =5
(vii) 4™ = al (viii) a®=1

EXAMPLE 1 Simplify

51/3
(i) 3%/ x 3 (ii) 27 (iii) 37 x 7°°
5

soLuTIoN  Using the laws of exponents, we have

(i) 33/4 5 gl/4 = gB/41/4) _ g1 _ 3 [ a"xa"= a(m+n)]_
(11) ?1_2 _ 5(1/3*1/6) — 51/6 [.'. Z_:l — a(mﬂi)] .
(i) 3*7°x7**=(3x 7)** = (21)** [ a™ X b" = (ab)™].

EXAMPLE2  Simplify
(i) (36)'* (ii) (64)""° (iii) (32)'/°
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SOLUTION We have
L
() (36)2= ()2 =62 =g =g,
o1
(i) (64)° = (@) =4I g1 =g,
<1
(i) (32)5 = @5 =275 = g1 = p.
EXAMPLE 3 Simplify
(i) (16)** (i) 27)** (iii) (125) /3

SOLUTION We have

(2

(i) (16)**=4***=4 2)_ 4’ =64.
(i) @27 = @) =35 _ 5229,
1 1 _ 1 _1_

3 1,
(iii) (125) 5(3xl) =275

= (125)1/3 = (53)1/3 =

3

IMPORTANT RESULTS

RESULT1 Leta > 0 be a real number and 1 be a positive integer. Then, nth
root of a is defined as ¥Ya =b,ifb" =aand b > 0.

In the language of exponents, we define ¥/a =a'"".
1 1
Thus, we have ¥2 =23; #5=5% etc.

m .
RESULT2 Let a >0 be a real number and w be a rational number, n > 0.
Then,

m
n

= @)= = av = VA= ()"

3 1 1
Thus, 4% =(4%)%=(64)%> =64 =8.

a

3
And, 4% = (4"’ =(/4)*=2°=38.

SOLVED EXAMPLES

EXAMPLE 1 Evaluate

1 1
(i) (32)° +(=7)"+ (64) 2 [2010]
2
(ii) (0.00032) ° [2014]
2
-3
(iii) (%) [2011]
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SOLUTION @) (32)% +(-7)+ (64)%

=(25)é +1+y/64 [ a’=1]
oS g mnr1e8-11
(i) (0.00032)’% -—1 [ A= Lﬂ]
(0.00032) % “
1 _ 1 1
027 23 07
1100
“004” 4 %
o eavE (£ 4 -3
(iii) <ﬁ>3:<§> _[g}
_(a\PC3)_ayz_5p 25
=(3) =)= () =%

EXAMPLE 2 Evaluate

(i) ¥(343)7 [2010] (ii) v/(32)

SOLUTION () Y343)2=[(343) =3 43)(—2)><%
2 3% (-2
77_7[ <3>]_7*2_L_L.

=(7%) 3= =
) 7249

() Y60 =162 =) V=
1_1

= 2[5X<%)] =93 =.
2

EXAMPLE 3 Assuming that x, y, z are positive real numbers, simplify each of the

following. S
)
(i) /xay—z (i) (x Y3y V)2 (zzz){ 10]
(iv) 4/81x%y*2" + 3/27x°y°2° [2015]

0 Vx* V2 Y Vx [2014]
2
(o) W) 2y Ty [2014]
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SOLUTION \/ \/7

49

- 1
=x3-y 1= -
x3y
(iii) [x_4 - [y—lo]i B (ylo)% y<mxg) = ﬁ
10 4 (x4)% x<4><%> °
(iv) %/813(8 4,16 . %/273(3 6,9
_EIyEE D) eh e

4
@) @7)3 ()33 ()3
_ (34)2 A8, y(“xi) . 1)

3(4x%) xz‘yz4
(33)% . x(”é) . y((’xé) . Z(W%) 3(3X%> xy’z’
x(z‘l) . 2(4‘3) _xz
y<2—1> Ty

v Y Ve Vv = Yt e Yt = vty
_f/ 44‘1/ 3%/57/2_i/x4z{/x3 x5/21/3
= -
\/ xzé3 \/ x24 = 23) (x

119
24>
19 1 119

121 19

:x(24 5):x120.

Vi) )3y a2y

(Jé)é . (y4)% _ x[(é) X<f§)] y(M d

1 % 2 31 L *l% 27 2

(e 7 72 x2'<1/ 2) ()2 ()2
x_%'y2

by ] deoedl ol

2
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EXAMPLE 4

SOLUTION

EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION

EXAMPLE 7

Secondary School Mathematics for Class 9

s (3 {5+ 37}
B EIREN T S
TR 6 e
G R RE RN

B I AT
3’ 3° 337 8

[2011]

_ (g)“(%) y

2

x-1 X
Prove that %
27 =2

=3,
2
We have
2)’*1 _I_Zx _
2x+1_2x
=3.271=

27'(1+2) 3.7
2'2-1)  2°
3.

2
2°+2%+2% _ 7
24930 59 10 [2011]

— 3 . 2x—1—x

Prove that

We have
230 929 4 728

2%(2%+2+1)  2¥(4+2+1)
231 4930 _ 929 - =

2°2%+2-1) 22@4+2-1)

7 1 7 _7
=3 2(29—28>_5><2_10

Prove that
lfl 5[71
. N _
(i) afl b i —pt
1

(i) 7 +xa AT [2010]

20*
b*-a*

[2015]
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SOLUTION We have

-1 -1
a a

i + = + = +
O T Tyt 1,1 1 1 (b+a| (b-a
a b a b ab ab

%ablab b+b

1 1
a a

'(b+a)+‘1 (b—a) “b+a b-a

_bb-a)+b(b+a) _p’—ab+b>+ab

(b+a)(b—a) bV —a*
o
_bz—az.
.. 1 1 1 1
ii + = +
()1+x“_b 1+ 1+x"x" 1+x"-x"
= 1x“+ 1xb = x“}.xb + x“-li-xb
1+_h 1+_u ( b ) < a )
X X x X
b a
X X X tx
= =+ = —1.
a b xa+xb xa+xb

EXAMPLE8  Simplify

1

1
) xl m ) xm i . xn p
(1) T = — [2011]
X X X

X7 ptq X q+r X rtp
UERERE
X X X

SOLUTION We have
L
.(L)’”
1
X

o (5 ()
al

_ o Jlmm [L m-n % n—1 Ll .. 0 r—q
= (e S =a
1-m m—n n—1

=xIm -x mn «xul

I-m_ m-n_ n-I
=xIm mn ol

n(l=m)+1(m=n)+mn-I) nl—nm+Im—In+mn—ml
=x Imn =x Imn
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EXAMPLE 9

SOLUTION

EXAMPLE 10

SOLUTION

EXAMPLE 11

SOLUTION

Secondary School Mathematics for Class 9

PP (N (P
(ii) 7) : (7 =5
X x x
= (TP (T ()
— x(P*q)(p*q) . x(q*r)(qﬂ) . x(r*p)(rﬂﬂ)
N e N U BN Gty
B B i e J
. 1 1
(1) If x12 = 4924, find the value of x.
. 25 ..
(ii) If(125)" = 5—§,ﬁnd X.
We have

i) xll2 = 4921Tl S (x%)u = (49217)12

1
12><12

o X( L><12)

) = 49(24

1
& x=492=/49=7.

2
(i) (125)* = é—S & (5% = g—
AN 53x — 527x

NI

S 3x=2-x 2 4x=2 > x=

If5° 7% % 3%7° = 135, find the value of x.
We have
5X*2 X 327(*3 — 135 = 5}{*2 X 327{*3 — 5 X 33
= x—-2=land2x-3=3
= x=3.

Write the following in the descending order of magnitude.

1 1
We have ¥/2=23; /3=32 ¢5=
LCM of 3,2 and 6 = 6.

6}
o=

1 1.2 2 1 1
23:2(3X2>—26:(22)6:46’
1 @x3_ 2 41 1
32=3273/ =36 = (3% e = (27)6

=

[2014]

[2014]

[2010]



1
Clearly, (27)¢ > 5

Number Systems

1

646,

101 1
So, 32>56>23 or /3>¢%5>7%2.

Hence, the correct descending order is V3, ¢/5 and ¥2.

5 2
(iii) 76 X 73

. Simplify

1/4

)
@) s
. Simplify
1 1
(i) 34 X 54
. Simplify
1
(i) 3%*
. Evaluate

(i) (125)%

LI

(iv) (81)

. If a =2,b =3, find the values of

(i) @'+
. Simplify

3
.~ (81\2
0 (39)

@ (35)°

EXERCISE 1G

[2015]

. 87
(11) @

5
8

5
(i) 28 X 3

(if) 3"

[2011]

[2011]

w([N
Qi

(i) 23 % 2

(iv) (1296)% X (1296)%

6/7
(i) 75

1 1
(iii) 62 X 72

o

3
2

(iii) (25)

1
(vi) 8) °
(ii) (@"+b") "
(ii) (14641)"%

3

53

[2014]

[2014]

[2015]

[2014]
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8. Evaluate

) 4 1 . 2

(216)% (256)’% (243)'%

64 )% . (@)&

3 0
(if) (125 625) * (7)
(111) 1 6 [ = g ]
. @)x (729)5
(iv) 7 TR
(125)3 X (27)3 X 83
9. Evaluate .
(i) (13+23+33)% (2015] (ii) [5(8%+27%>3]4
1
(iii) 20;070 [2015] (iv) [(16)%]2

10. Prove that
2 1 5 2 5
@) [8'5 X 22 X 25‘2] + [32‘3 X 125‘z] =2

+
(256) “Yea 16
625

4

1
(iii) [7{(81)% +(256)i}| = 16807

[2015]

[2010]

[2011, '15]

[2014]

[2015]

[2011]

[2015]

11. Simplify ¥ 3/x* and express the result in the exponential form of x.

12. Simplify the product 2421332,
13. Simplify

. [157\° (121507 . (1542
(i) (91/4> [2010] (i) (271/5) [2010]  (iii) <31/2)

14. Find the value of x in each of the following.

i) ¥/5x+2= [2014] (i) ¥Y3x—2=4
3y éq_ 3 . X3 208 _
(iii) m <3> ( 4> [2010] (iv) 5" "X 37 " =225

3x  A2x
0 33 = Y

[2011]

[2011]

[2014]

[2010]

[2015]
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15. Prove that

16.

17.

18.

11.

14.

16.

. ()2 (i) 25 (iii) 72 (iv) 216 2. (i) 62170 (ii) 8’% (iii) 52
. () (15)* (i) (6)
L5 )2 )15 ()27 (v) % (vi) &

. (1) 17 (ii) 13

() Yx'y -y lz-Vzx =1

1 1 1
1 \;=¢ 1 \;—, 1 \—3
(i) (o) (woef 7 (v P =1 [2015]
a(b—c) b\C

s X (x\
(iii) e 7(?) =1 [2010]
(lv) (xa+b)2(xb+0)2(xc+a)2 .

(xaxbxc)4

If x is a positive real number and exponents are rational numbers,
simplify [2011]

(xb>b+ca < c>c+a—b xfaqubfc
x° x X

9n X 32 % (an/2)72_ (27)11 1
PETIvPY =57 prove thatm—-n=1.

=

= ‘

If

Write the following in ascending order of magnitude. [2015]

Ve, V7, V8.

ANSWERS (EXERCISE 1G)

13 3

®|n

4
3

(i) (42)2 L()3 ()3 (i) §

1

L2 ()1 (i) % (iv) &

L0214 (i) % (ifi) 1 (iv) %
@6 ()5 (i) 2 (iv) 2
1 2 2 .3
X6 12. 2 13. (i) 275 (ii) 3 (iii) W

()x=6 (i) x=22 (i) x=5 (v)x=5 (v)x=2

1 18. 6 < ¥8< 37
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HINTS TO SOME SELECTED QUESTIONS

14. (i) ¥B5x+2=2 = 5x+2=2°=32.
(i) ¥3x-2=4 = 3x-2=4"=64

G-~ 6 - 2o

(iv) 57 *x 3% #=5"%x3" = x-3=2 and 2x-8=2 = x=5.
3x+2x

3)’

15. (1) ¥x'y Yy 'z vz =\/g~\/§-\/§=4/%><§><%=l.
1 1 1

(i) () (e (5

1 1 1
= x @ 0)@=0) . x (b= ~a) . y(c=a)c=b)

W) 2

1 1
=3t = T G SN U C RN x=%

1 1 1
= xy@=b@=q C-ob-a) (=a-b

—(b—c)—(c—a)—(a—b)
=y @HO-Ic-a
—b+c—c+a—a+b

= x@ D=0 = 50 =1,

() xa(b*c) . xb C _ x(ab*nc) e
L a0 NOETI

X

— x(ﬂb*ac)*(nb*bc) E x(bc*m:)
— x(ab*nc)*(ub*bc)*(bc*ac)

b—ac—ab+bc—bc+ 0
:xa ac—al C cac:le_

(xﬂ*b)z (xbﬂ) 2 (xC*ﬂ)Z ~ (W) Qhe20) | Qe

(iv) a b _cond - 40 _4b_dc
(x"x"x%) xexT e x
5 Qar+ 2o+ 2b+20+20+20)
= G
B ardbrde) .
- x(4a+4h+4c) -
xP b+e-a xC\e+a=b [ya\atboe
16. (x_) () (—)
X
= y0=0W+c=a) . ylc-a)cta=b) . yla=b)(a+b=c)
= x(b2+bc—bn—br—cz+nc) . x(cz+ar—bc—ac—n2+ﬂb) . x(u2+ub—ﬂc—ub—b2+bc)
_ x(bz—ab—c2+nc)+(c2—hc—a2+ah)+(a2—ac—b2+hc) —,0=1.
n\-2
L, 9XFx (3% - 1

3% % 22 27
(32)n X 32 % 3(—§)x(—2) _ (33)n 1

33m X8 27
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32n><32><3n_33n _ 1 33n+2_33n N 1
A 3m - ﬁ < 3m T3
37X 8 37 X8 3
33n 32 _ 1 3n
33(_m X8 st e :sm‘ iz =37 = 3¢m=3"

< 3n-3m=-3 S n-m=-1 m-n=1.

MULTIPLE-CHOICE QUESTIONS (MCQ)

Choose the correct answer in each of the following questions.

1. Which of the following is a rational number? [2010]
(@) 1+v3 (b) m () 23 (d) 0

2. A rational number between -3 and 3 is [2010]
(@ o (b) —4.3
(c) 3.4 (d) 1.101100110001 ...

3. Two rational numbers between % and % are [2010]
(@ Zand2  (b) T and % ©2andZ (@ % and 2

4. Every point on a number line represents [2010]
(a) a rational number (b) a natural number
(c) an irrational number (d) a unique number

5. Which of the following is a rational number?
(@) v2 (b) v23
(c) v225 (d) 0.1010010001...

6. Every rational number is
(a) a natural number (b) a whole number
(c) an integer (d) a real number

7. Between any two rational numbers there
(a) is no rational number
(b) is exactly one rational number
(c) are infinitely many rational numbers
(d) is no irrational number
8. The decimal representation of a rational number is
(a) always terminating
(b) either terminating or repeating
(c) either terminating or nonrepeating
(d) neither terminating nor repeating
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9

10

11

12

13

14.

15

16

17.

18.

Secondary School Mathematics for Class 9

. The decimal representation of an irrational number is
(a) always terminating
(b) either terminating or repeating
(c) either terminating or nonrepeating
(d) neither terminating nor repeating

. The decimal expansion that a rational number cannot have is
(a) 0.25 (b) 0.2528
(c) 0.2528 (d) 0.5030030003...
. Which of the following is an irrational number? [2011]
(b) 3.14 (b) 3.141414 ...
(c) 3.14444 ... (d) 3.141141114 ...
. A rational number equivalent to % is [2011]
@ 115 OF= © 3 @ %
. Choose the rational number which does not lie between —% and —% :
[2011]
@ g ®) 15 © @ 35
mis (2010, °11)
(a) a rational number (b) an integer
(¢) an irrational number (d) a whole number
. The decimal expansion of 2 is
(a) finite decimal (b) 1.4121
(c) nonterminating recurring (d) nonterminating, nonrecurring
. Which of the following is an irrational number?
(a) V23 (b) v225
(c) 0.3799 (d) 7.478

How many digits are there in the repeating block of digits in the
. . 17
decimal expansion of =7
(a) 16 (b) 6 (c) 26 (d) 7

Which of the following numbers is irrational?

@ /4 (b) 120 %50 © V8 () %



19.

20.

21.

22,

23.

24.

25.

26.

27.
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The product of two irrational numbers is
(a) always irrational
(b) always rational
(c) always an integer
(d) sometimes rational and sometimes irrational
Which of the following is a true statement?
(a) The sum of two irrational numbers is an irrational number.
(b) The product of two irrational numbers is an irrational number.
(c) Every real number is always rational.
(d) Every real number is either rational or irrational.

Which of the following is a true statement?

(a) mand % are both rationals.

(b) mand % are both irrationals.

(c) mis rational and % is irrational.

(d) misirrational and 22 is rational.

7
A rational number lying between V2 and V3 is [2010]
2+4/3
(a) @ (b) Ve (c) 1.6 (d) 1.9
Which of the following is a rational number? [2010]
(@) ¥/5 (b) 0.101001000100001...
(o) = (d) 0.853853853...

The product of a nonzero rational number with an irrational number is
always a/an
(a) irrational number (b) rational number
(c) whole number (d) natural number
The value of 0.2 in the form g, where p and g are integers and g #0, is
. ) ) . [2011]
(@) 1 () 2 © % @ 5
The simplest form of 1.6 is
833 8 )
(a) 500 (b) 5 (c) 3 (d) none of these

The simplest form of 0.54 is

@) % (b) % © 2 (d) none of these



60

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.
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The simplest form of 0.32 is

16 32 29
(a) 15 (b) 9 (c) 90 (d) none of these
The simplest form of 0.123 is
41 37 41
(a) 330 (b) 330 (c) 333 (d) none of these
An irrational number between 5 and 6 is
(@ 36+6)  (b) V546 (c) V5%6 (d) none of these
An irrational number between ¢2 and /3 is
(@ (V2+V3)  (b) v2xy3 (c) 5 (d) 6
An irrational number between % and % is
1/1, 2 1.2 1.2
@) 2(7 + y) (b) (; x y) (© y/7%%  (d) none of these
The sum of 0.3 and 0.4 is [2010]
7 7 7 7
@ 1o (b) § © 17 (d) 99
The value of 2.45+0.36 is
67 24 31 167
@) 33 (b) 17 © 17 @ 70
Which of the following is the value of (v11 —7)(y11 ++/7)? [2010]
(a) —4 (b) 4 () Y11 (d) v7
(-2 -+/3)(-2+v/3) when simplified is
(a) positive and irrational (b) positive and rational
(c) negative and irrational (d) negative and rational
(6++27) - (3+4/3)+(1-2y3) when simplified is
(a) positive and irrational (b) positive and rational
(c) negative and irrational (d) negative and rational
When 15415 is divided by 3./3, the quotient is
(a) 53 (b) 345 () 5v5 (d) 3y3
The value of v20 X /5 is [2010]
(a) 10 (b) 245 (c) 20¢5 (d) 4/5
412
The value of i
e value o 272 is
1 2 4 8
@ g (b) 5 © 5 Gy



41

42,

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

. Y10 x 15 =2
(a) v25
J324/E

V8+y12
(@) v2

(1253 =2
(@) 5

(b) 2

1 1
The value of 72 -82 is

(a) (28)"?

(b) 56

(b) -5

(b) (56)'

1/5

Number Systems

(©) 6v5

After simplification, B i
13'
(a) 13%/ (b) 13%" (c) 13"
The value of ¥/(64) 7 is
1 1
@ g (b) 5 (c) 8
0,0
The value of 2 ;)7 is
(@) 0 (b) 2 © 2
The value of (243)"/° is
(a) 3 (b) -3 (©5
9°+(-3)°-6"=2
(a) 432 (b) 270 (c) 486
Simplified value of (16)% X Y16 is
(@ 0 (b) 1 (c) 4
The value of ¥ ¥/2% is
(a) 276 (b) 2°° (c) 26
Simplified value of (25)° x 53 is
(a) 25 (b) 3 (o1
1
1]2
The value of [(81) 2] is
(a) 3 (b) -3 (©9

can be

(@) 5

(b) v2

(c) V2

61

(d) None of these

d) 8
(d) ~&

[2010]
(d) 42)'?

(d) 13715

(@) o

[2011]

Q1=

()
[2014]
() 3

(d) 540

[2010]
d) 16

(d) 2°

) 5

() 3

There is a number x such that x? is irrational but x* is rational. Then, x

(d) ¥2
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55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.
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Ifx= g and % =p4/7 then the value of p is
7 25 7 15
@) 55 (b) < © 15 d) -
1
16) 4
The value of 256x4 ] is
8ly
3y 3y 4 4x*
@ o ) (© 4 (d) 3,
The value of x*™7-x"™"- x"7" is equal to
(@0 (b) 1 (c) x (d) M7
The value of /p g /g ' r -4/ 'pis
(a) -1 (b) 0 (©1 (d) 2
Y2 x Y2 x13/32=2
(@) 2 (b) v2 () 242 (d) 4v2
2\ 3\ _ 81 _
If (g) <E> 16 then x=7?
(@)1 (b) 2 (c) 3 (d) 4
If 3%?=9"then 5" =2
(@)1 (b) 5 (c) 25 (d) 125
n+2 _ n+1
On simplification, the expression % equals
13X5"=2X5
5 5 3 3
@ 3 (b) =3 © 5 d -3
The simplest rationalisation factor of %500 is
(@) V5 (b) V3 () ¥5 (d) 32

The simplest rationalisation factor of (2y2 —y/3) is

(a) 242+3 (b) 2v2+y3 (c) v2+43 (d) v2-v3

The rationalisation factor of 1 is

2/3-4/5
(@) VY5-243 (b) ¥3+245 (© (/3+y/5)  (d) V12+/5

1

512
(b) V5+v2 (© V5-v2 (d)

Rationalisation of the denominator of gives

(@) A= e
/10 3
If x=2+4/3 then (x +%) equals
(a) -2v3 (b) 2 (c) 4 (d) 4-243
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1

68. m =?
@ > _127‘/5 (b) % (©) (3-2v2)  (d) None of these
69. If x = (7 +44/3) then <x+%) =?
(a) 8v3 (b) 14 (c) 49 (d) 48
_ 1 _
70. If /2 = 1.41 then v ?
(a) 0.075 (b) 0.75 (c) 0.705 (d) 7.05
_ 1
71. If Y7 = 2.646 then 7 ?
(a) 0.375 (b) 0.378 (c) 0.441 (d) None of these

72. The value of «/m is

(a) ¥3+v2 (b) V3-v2 (€) v2+1 (d) v2-1
73. The value of v/5+2/6 is

(@) V5+v6 (b) VY5-v6 (©) V3+v2 (d) V3-v2

B [W2-1)
74. If /2 = 1.414 then W31 =?

(a) 0.207 (b) 2.414 (c) 0.414 (d) 0.621
75. Ifx=3+¢§then(x2+l2>:?
X
(a) 34 (b) 56 (c) 28 (d) 63

Assertion-and-Reason Type
Each question consists of two statements, namely, Assertion (A) and
Reason (R). For selecting the correct answer, use the following code:
(a) Both Assertion (A) and Reason (R) are true and Reason (R) is a
correct explanation of Assertion (A).

(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not a
correct explanation of Assertion (A).

(c) Assertion (A) is true and Reason (R) is false.
(d) Assertion (A) is false and Reason (R) is true.

76. Assertion (A) Reason (R)
Three rational numbers between |A rational number between
2 3 9 10 11 : ;
£ 2 2 U il two rational numbers p and g is
5 and 5 are 50750 and 20 p q

%@+W-
The correct answer is: (a)/(b)/(c)/(d).
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77. Assertion (A) Reason (R)

/3 is an irrational number. Square root of a positive integer
which is not a perfect square is an
irrational number.

The correct answer is: (a)/(b)/(c)/(d).

78. Assertion (A) Reason (R)

e is an irrational number. 7 is an irrational number.

The correct answer is: (a)/(b)/(c)/(d).

79. Assertion (A) Reason (R)

/3 is an irrational number. The sum of a rational number
and an irrational number is an
irrational number.

The correct answer is: (a)/(b)/(c)/(d).

Matching of Columns

80. Match the following columns:

Column I

Column II

(@) 6.54 is ...... .
(b) mis ...... .

(c) The length of period of %

(d) If x = 2 - y/3) then <x2+i2)
X

(p) 14
(@6

(r) a rational number

(s) an irrational number

The correct answer is:

(@)—......, o)y—......, (O R (d)—........
81. Match the following columns:
Column I Column II
@ Ysn?r=..... (p) 4
(L7 = thenx=...... @2
_ _ L) 1
(0) If x = (9 +44/5) then (f JE)_ ...... OF
81\3/4 64\71/3
R




6 5n+2_6 x 5n+1 B 5*”*1(5 -6) ~ 5n+1 (1)
. 13)(5’1—2)(5'”1 - 5"(13*2)(5) - 5n.(13710)
15 1 ey 1o
T3y T30 TS

The correct answer is:

- (d)
. (d)
17.
25.
33.
41.
49,
57.
65.
73.
80.

(b)
(b)
(b)
(b)
(©)
(b)
(d)
(©)

. (d)
18.
26.
34.
42.
50.
58.
66.
74.

(©
(©)
(©
(b)
(b)
(©)
(d)
(©)

11.
19.
27.
35.
43.
51.
59.
67.
75.

(@)~(r), (b)=(s), (©)~(q), (d)—~(p)

HINTS TO SOME SELECTED QUESTIONS

(d)
(d)
(b)
(b)
(©)
(©
(a)
(©
(a)

Number Systems

(d)
(©
(b)
(b)
(d)
(d)
(©
(@)

5.
13.
21.
29.
37.
45.
53.
61.
69.
77.
81.

ANSWERS (MCQ)

. (d)
. (@)
20.
28.
36.
44,
52.
60.
68.
76.

(©)
(b)
(d)
(d)
(b)
(d)
()
(d)
(b)
(@)

22,
30.
38.
46.
54.
62.
70.
78.

(@)
(d)
(b)
(©)
(b)

7.
15.
23.
31.
39.
47.
55.
63.
71.
79.

65

(d)—. .

(©
(d)
(d)
(d)
(@)
(b)
(b)
(d)
(b)
(b)

8.
16.
24.
32.
40.
48.
56.
64.
72.

(b)
(@)
(a)
(©)
(b)
(@)
(b)
(b)
(d)

(@)—(r), (b)=(s), (c)~(p), (d)~(q)

5

3

72.4/3-2¢2 =/(y2) + (1)2-2x V2 X1 =/(¥2-1)* = (V2 - 1).
73./5+2v6 = /(/2)" + (/3) +2x¥2 X /3 = /(2 +1/3)’ = (/2 +V3).

Y

W2-1) _

w2-1)°

-

V2-1)°

W2+1)

\/(ﬁ—l) L2

W2+1) /2-1)

VERY-SHORT-ANSWER QUESTIONS

/

¥2)*- (1)
=/(/2-1)7=y2-1=1414-1=0414.

2-1

1. What can you say about the sum of a rational number and an irrational

3. The number 665

number?

2. Solve (B—JH) B+ /ﬁ).

625

[2014]
[2014]

will terminate after how many decimal places? [2015]
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4. Find the value of (1296)*"7 x (1296)"%.
5. Simplify 636 +54/12.
6. Find an irrational number between 5 and 6.

10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

. Find the value of
. Rationalise

. Solve for x <—

21x/ﬁ.
10v27

1
V3+y2

2>2x72 _ i )

5 3125
Simplify (32)"/°+(7)"+ (64) /%

Evaluate <%)73/2 :

Simplify 3/81x%y*z".
If =1, b =2 then find the value of (2" +b") .
3125

Simplify <m)4/5 .

[2015]

[2013]

[2010]

[2011]

[2014]

Give an example of two irrational numbers whose sum as well as

product is rational.

Is the product of a rational and an irrational number always irrational?

Give an example.

. 2. . .
Give an example of a number x such that x” is an irrational number and

x° is a rational number.
Write the reciprocal of (2 + V3).

If y10 = 3.162, find the value of % .

V10
Simplify (2v/5 +3v2)%.
If 10" = 64, find the value of 10(%1).
n n-1
Evaluate % .
20 -2

2
Simplify [{(256)_%}4] '

ANSWERS
(VERY-SHORT-ANSWER QUESTIONS)

. Irrational 2. -2 3.3 4. 6 5. 16v3 6. V30

N

[S1RN]
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_ -7 343 2 4 1 625
8.V3-v2 9.x=510.11 1L 7o 12.3x°yz 13,3 4.5
15. (2+J§) and (Z—ﬁ) 16. Yes; 2 X /3 = 24/3, which is irrational
17. 3 18. (2—+/3) 19. 0.3162 20. (38 +124/10) 21. 80
3
22. 5 23. 4

HINTS TO SOME SELECTED QUESTIONS

x x 1 1
21. 10(5”) =102-10=(10%)2 X 10 = (64)2 X 10 = 8 X 10 = 80.

24t _2"@2+1) 3. 3 3
. 2n+1_2n - o ,(2,1) - o - 2n7<n71> )

sl -t -

“laef <[y =224

<



Polynomials

e

In our previous classes, we have learnt about expressions and various
operations on them. Here, we shall review these concepts and extend them
to particular types of expressions, known as polynomials.

We shall come across two types of symbols, namely, constants and
variables, defined below.

CONSTANTS A symbol having a fixed numerical value is called a constant.

Examples 9,6, %r «/5, n are all constants.

VARIABLES A symbol which may be assigned different numerical values is known
as a variable.

Example We know that the circumference of a circle is given by the
formula C = 2nr, where r is the radius of the circle.

Here, 2 and & are constants, while C and r are variables.

ALGEBRAIC EXPRESSIONS

A combination of constants and variables, connected by some or all of the operations
+, — X and ~, is known as an algebraic expression.

TERMS OF AN ALGEBRAIC EXPRESSION

The several parts of an algebraic expression separated by + or — operations are
called the terms of the expression.

Examples (i) 5x*—9x+4 is an algebraic expression containing three
terms, namely 5x%,—9x and 4.

(i) 42 +y2x° - iJc —8 is an algebraic expression containing

9
four terms, namely 4x3, x/i xz, _9fo and —8.
(ii) y°— 64 is an expression containing two terms, namely y°

and —64.

POLYNOMIALS IN ONE VARIABLE

. 2 -1
An expression of the form aytax+ta,x”+..+a,_x" +a,x", where
ay, 4y, Gy, ..., 4, 4, a4, are real numbers, a, + 0 and n is a non-negative integer, is
called a polynomial in x of degree n.

68
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Here, a, is called the constant term of the given polynomial and
) 2 .3 -1
a,, 0y, 0, ...,4,_,,a, are called the coefficients of x,x%,x°,...,x"" and x"

respectively.
Examples @) flx)= 7x°—4x+3isa polynomial in x of degree 2.

(i) g(x) =v3x"+5x" - %x —9is a polynomial in x of degree 3.

(iii) h(x) =x*—2x°+5x+42 isa polynomial in x of degree 4.

(iv) p(y) =2y —6y"* + 8y —% is a polynomial in y of degree 5.
v) 9(z) = z’-lisa polynomial in z of degree 9.

Standard Form of a Polynomial A polynomial in x expressed either in ascending
powers of x or in descending powers of x is said to be in standard form.

An illustrative example
Give reasons to show that none of the following expressions is a polynomial.

(i) f(x)=x+% (ii) g(x) =V/x =3 (iii) h(y) = Yy —6
-1)(x—3
(iv) p(x) =w (v) q(x) = x-1+2 (vi) r(x) =
SOLUTION @) f(x) :x+%may be written as f(x) =x+x".

Here, in one term, the exponent of x is —1, which is a
negative integer.
f(x) is not a polynomial.
(ii) g =/x-3 may be written as g(x) = x'?-3.
Here, in one term, the exponent of x is %, which is not a
non-negative integer.
g(x) is not a polynomial.
(iii) h(y) = %/? — 6 may be written as h(y) = yl/ =

Here, in one term, the exponent of y is %l which is not a

non-negative integer.

h(y) is not a polynomial.
-1(x-3
(iv) p) = D=

2_
= P(x):%=<x—4+%)=(x—4+3x71).
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Here, in one term, the exponent of x is —1, which is a
negative integer.

p(x) is not a polynomial.

(v) q(x)=(xlf2)=(x+2)_l, which is not a polynomial in

(x +2) and therefore, it is not a polynomial in x.

(vi) On dividing (x +3) by (x +4), we get x+4)x+3(1
1 as quotient and -1 as remainder. x+4
we may write, — )
x+3 _, 1 _1_ -1
xrd L (x+4) 1=(c+d)

which is not a polynomial.

Hence, r(x) = 3 is not a polynomial.

x+
x+4
POLYNOMIALS OF VARIOUS DEGREES

(i) LINEAR POLYNOMIAL A polynomial of degree 1 is called a linear
polynomial.

A linear polynomial in x is of the form, f(x)=ax+Db, where a and b are
real numbers and a + 0.

Examples (i) 5x +7 is a linear polynomial in x.
(i) v2 y—6is a linear polynomial in y.
(iii) —8zis a linear polynomial in z.
(i) QUADRATIC POLYNOMIAL A polynomial of degree 2 is called a quadratic
polynomial.

A quadratic polynomial in x is of the form f(x) = ax” +bx +c, wherea, b,
c are real numbers and a # 0.

Examples (i) 3x*—8x+9 is a quadratic polynomial in x.
(ii) 4y* -9y +5is a quadratic polynomial in y.
(ili) z*— 11z + 18 is a quadratic polynomial in z.
(iiiy CUBIC POLYNOMIAL A polynomial of degree 3 is called a cubic polynomial.

A cubic polynomial in x is of the form ax>+bx*+cx +d, where a, b, c, d
are real numbers and a = 0.

Examples (i) 4x>—x+6x +3 s a cubic polynomial in x.
(ii) 7y’ +5y” — 8y +9 is a cubic polynomial in y.

(iii) 8 —z° is a cubic polynomial in z.
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(iv) BIQUADRATIC POLYNOMIAL A  polynomial of degree 4 is called a
biquadratic or quartic polynomial.

A biquadratic polynomial is of the form ax*+bx’ + cx” + dx +e, where a,

b, ¢, d, e are real numbers and a + 0.

Examples (i) x*—2x”+ 3x* — 4x + 5 is a biquadratic polynomial in x.
(i) 3y* + 8y’ - 5y°+7 is a biquadratic polynomial in y.

(iii) 6z* —9z*+11is a biquadratic polynomial in z.

NUMBER OF TERMS IN A POLYNOMIAL
(i) MONOMIAL A polynomial containing one term is called a monomial.
("Mono’ means ‘one’.)
Examples 9,14, 6x, —8x>, 5x°, 2x*, etc., are all monomials.
(i) BINOMIAL A polynomial containing two nonzero terms is called a
binomial. ('Bi’ means ‘two’.)
Examples (9 +4x), (x —3x7), (8 + x°), (~x* + 7) are all binomials.
(iiy TRINOMIAL A polynomial containing three nonzero terms is called a
trinomial. (“Tri” means “three’.)
Examples (x*+2x—3), (2x° +5x>—4), (- 7x* + 5x° +6), (5x° — 3x* + x)
are all trinomials.

CONSTANT POLYNOMIAL A polynomial containing one term, consisting of a nonzero
constant, is called a constant polynomial.

In general, every nonzero real number is a constant polynomial. The degree
of a nonzero constant polynomial is zero.

9 7
7147 12
ZERO POLYNOMIAL A polynomial consisting of one term, namely zero, is called a
zero polynomial.

Examples 6,8 , T, etc., are all constant polynomials.

The degree of a zero polynomial is not defined.

SOLVED EXAMPLES

EXAMPLE 1 Which of the following expressions are polynomials? In case of a
polynomial write its degree.

(i) x*=5x+2 (ii) y*+v2y—V5 (i) 2/x+7  (iv) -6

1

(v) 4%+ 3

. 5 1

t+2\/§ (vi) zz+?+l (vii) 3x
613+
(x) —F—

. 1
(viii) 1—+/5x (ix) ——+3x+5
4x7 Vx
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SOLUTION

(i)

(i)

(iii)

(iv)
\

(vi)

(vii)

(viii)

(ix)

)
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x’~5x+2 is an expression having only non-negative
integral powers of x. So, it is a polynomial.

The highest power of x is 3.

So, it is a polynomial of degree 3.

y2 +y2 y- V5 is an expression having only non-negative
integral powers of y. So, it is a polynomial.

The highest power of y is 2.

So, it is a polynomial of degree 2.

24/x+7is an expression in which one term, namely 2/x
(written as 2x'/?), has rational power of x. So, it is not a
polynomial.

—6 is clearly a constant polynomial of degree 0.

47+ %t +24/3 is an expression having only non-negative

integral powers of t. So, it is a polynomial in t.

The highest power of t is 2. So, it is a polynomial of
degree 2.

z+ % +1may be written as z°+5z > +1.
z

Here, in one term, the exponent of z is -2, which is a
negative integer.

So, the given expression is not a polynomial.

1 . 1 a4 ... .
3y May be written as 3% which is not a polynomial.

1-+/5x may be written as 1 — ﬁxl/z.

Thus, in one term, the exponent of x is %, which is rational.

So, the given expression is not a polynomial.

+3x + 5 may be written as %xz +3x +5.

Thus, it is an expression having only non-negative
integral powers of x.

-2
X

So, the given expression is a polynomial of degree 2.

6Vx+x°"2 6Vx 2

3.1
may be writtenas ——+-—77=6+ x(fff) =6+x,
Vx

\/} x1/2

which is clearly a polynomial of degree 1.
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EXAMPLE 2 Classify the following as constant, linear, quadratic, cubic and

quartic polynomials.
(i) x—x° (ii) y*—y (iii) y+y* +4
(iv) Y2x -1 (v) 5x° (vi) 3
(vii) £ (viii) 2+ x (ix) 5t =7
SOLUTION (i) x—x° is a polynomial of degree 3. So, it is a cubic
polynomial.

(ii) y*—y is a polynomial of degree 4. So, it is a quartic
polynomial.

(ili) y+y’+4 is a polynomial of degree 2. So, it is a quadratic
polynomial.

(iv) ¥Y2x—1 is a polynomial of degree 1. So, it is a linear
polynomial.

(v) 5x°is a polynomial of degree 3. So, it is a cubic polynomial.
(vi) Clearly, 3 is a constant polynomial and its degree is 0.

(vii) £ is a polynomial of degree 2. So, it is a quadratic
polynomial.

(viii) 2+x is a polynomial of degree 1. So, it is a linear
polynomial.

(ix) 5t—¢7 is a polynomial of degree 1. So, it is a linear
polynomial.
EXAMPLE3  Write the coefficient of x* in each of the following.
(1) (x—1)(3x—4) (ii) @x = 5)(2x* —3x+1) (i) 5x—3
(iv) %xz +x
SOLUTION  We have:
(i) (x—1)(Bx—4) =3x>—7x+4.
coefficient of x” in (x — 1)(3x — 4) is 3.
(i) (2x—5)2x*—3x+1) =4x"—16x>+17x —5.
coefficient of x> in (2x — 5)(2x* = 3x + 1) is —16.
(iii) Coefficient of x* in 5x — 3 is 0.

(iv) Coefficient of x* in %xz +xis g .

EXAMPLE 4  Give an example of a polynomial, which is

(i) a monomial of degree 1 (ii) a monomial of degree 5
(iii) a binomial of degree 20 (iv) a trinomial of degree 3
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SOLUTION

EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION

Secondary School Mathematics for Class 9

(i) xis a monomial of degree 1.
(ii) x° is a monomial of degree 5.
(iii) (5+x*) is a binomial of degree 20.

(iv) (2+3x +5x%) is a trinomial of degree 3.

X H2+3 sz —x° write

5 2 ’
(i) the degree of the polynomial,
(ii) the coefficient of x°,

(iii) the coefficient of x°,

(iv) the constant term.

For the polynomial

The given polynomial may be written as

_o,1 3 7 2.2 3.
R LT

(i) The degree of the given polynomial is 6.
(ii) The coefficient of x° is % .
(iii) The coefficient of x° is —1.

(iv) The constant term is % .

Determine the degree of each of the following polynomials.
() X*=9x+3x°  (i)y’(1-y") (i) -2x+1  (iv)-10
(i) The given polynomial is 3x° +x° - 9x.
Clearly, it is a polynomial of degree 5.
(i) Y’ -y =y’—-y =—y +y°, which is a polynomial of
degree 7.
(iii) —2x +1is a polynomial of degree 1.

(iv) —101is a constant polynomial. So, its degree is 0.

EXERCISE 2A

1. Which of the following expressions are polynomials? In case of a
polynomial, write its degree.

(i) -2+ x+y3 (i) P +v3y (iii) tz—%t+«/§
(v) ¥®-1 ) %xz —V2x+2  (vi) x2+2x 1 +3
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_ 2
(vii) 1 (viii) ?3 (ix) % -2
X
) ¥2x2-8 (xi) —= (xii) x4+ 1
2x ﬁ

(xdii) %xz—%x+9 (xiv) x*=x**+x-3  (xv) 22°+3x7+/x -1

2. Identify constant, linear, quadratic, cubic and quartic polynomials from
the following.

() =7 +x (i) 6y (i) —z°
(iv)l—y—y3 ) x—x>+x* (vi) 1+x+x°
(vii) —6x (viii) —13 (ix) —p

3. Write

(i) the coefficient of x° in x + 3x* — 5x° + x*.
(ii) the coefficient of x in «/3 - 2«/5 x+6x°.
(iii) the coefficient of x* in 2x — 3+ x°.

. - 3, 2 1.
(iv) the coefficient of x in g¥ X + 3
(v) the constant term in %xz +7x— %n.
4. Determine the degree of each of the following polynomials.
R et el S
0O =% @ ry-y) (i) (3x—2)(2x° +3x7)
(iv) ~3x+3 (v) -8 i) x2(x* +22)
5. (i) Give an example of a monomial of degree 5.
(ii) Give an example of a binomial of degree 8.
(iii) Given an example of a trinomial of degree 4.
(iv) Give an example of a monomial of degree 0.

6. Rewrite each of the following polynomials in standard form.

(i) x—2x*+8+5x° (ii) %+4y2—3y+2y3
(iii) 6x°+2x —x° —3x” (iv) 2+t-38+1 = ¢
ANSWERS (EXERCISE 2A)
1. (i) Polynomial, degree 5 (ii) Polynomial, degree 3

(iii) Polynomial, degree 2 (iv) Polynomial, degree 100
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(v) Polynomial, degree 2 (vii) Polynomial, degree 0
(viii) Polynomial, degree 0 (x) Polynomial, degree 2
(xiii) Polynomial, degree 2
2. (i) Linear (ii) Linear (iii) Cubic (iv) Cubic
(v) Quartic (vi) Quadratic (vii) Quadratic (viii) Constant
(ix) Linear
3. ()5 (i) -2v/2 (i) 0 (i) -2 (v)—%n
4. (1) 2 (ii) 5 (iii) 4 (iv) 1 (v) 0
(vi) 2
5. (1) 2x° (i) x+2° (i) ¥*+x°+x  (iv) 5
6. (i) 5x°— 2% +x+8 (i) 2y° + 47~ 3y + >
(iii) —x°+6x° — 3x* + 2x (v) =3 = +t+2
VALUE OF A POLYNOMIAL

The value of a polynomial p(x) at x = o is obtained by putting x = o in p(x) and it
is denoted by p(ov).
EXaMPLE 1 (i) If p(x) = 3x” = 5x +6, find p(2).
(i) If g(x) = x*—2y2x +1, find q(2v/2).
(iii) If r(x) = 5x —4x” +3, find r(-1).
SOLUTION ~ We have:
(i) p(x) =3x"-5x+6
= p2)=3%x2°-5X2+6=(12-10+6) =8.
p2) =8.
(ii) g(x) = X =2y2x+1
= q(2y2)=(2v2)*~(2V2)(2y2)+1=(8-8+1)=1.
q2v2)=1.
(i) r(x) =5x—4x>+3 = r(x) =—4x>+5x +3.
r(-1) = (-4) X (-1)*+5X (-1)+3 = (-4) X1-5+3
= (-4-5+3)=-6.
r(-1)=-6.
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ZEROS OF A POLYNOMIAL

Let p(x) be a polynomial. If p(a) = O then we say that o is a zero of the polynomial

p(x).

REMARK Finding the zeros of a polynomial p(x) means solving the equation
p(x)=0.

EXAMPLE 2

SOLUTION

EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION

EXAMPLE 5

If p(x) = x°+2x*=5x— 6, find p(2), p(-1), p(=3) and p(0). What

do you conclude about the zeros of p(x)? Is 0 a zero of p(x)?

Given, p(x) = xX°+2x°—5x—6.
p2)=2"+2x2"-5x2-6=(8+8-10-6)=0.
p(-1) = (1)’ +2X(-1)*=5X(-1) -6 =(-1+2+5-6) = 0.
p(=3)=(-3)°+2X(-3)*~5X(-3)-6

=(-27+18+15-6)=0.

p(0)=0’+2X0°~5x0-6=(0+0-0-6)=—6+0.

Since p(2) =0, p(—1) = 0 and p(—3) =0, it follows that 2, -1 and

-3 are the zeros of p(x).

But, p(0) =—-6 + 0.

Therefore, 0 is not a zero of p(x).

Check whether —2 and 2 are the zeros of the polynomial x + 2.
Let p(x) = x +2. Then,
p(=2)=(-2+2)=0and p(2) =(2+2)=4+0.

-2 is a zero of x +2 and 2 is not a zero of x +2.

Find a zero of the polynomial
(i) p(x)=x—-3 (ii) g(x) = 3x+2
We have:
(i) px)=0 = x-3=0 = x=3.
3 is a zero of the polynomial p(x) = x —3.
(i) g(x)=0 = 3x+2=0
-2

= 3x=-2= X=3

%2 is a zero of the polynomial g(x) = 3x + 2.

Find a zero of the polynomial p(x) =ax+b,a+ 0 and a, b are real
numbers.
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SOLUTION Let p(x) = 0. Then,
px)=0 = ax+b=0

b
= ax=-b = X=—;

%b is a zero of the polynomial, p(x) = ax +b.

EXAMPLE 6 If p(x) = x + 3 then find p(x) + p(—x).
sOLUTION  We have, p(x) =x+3. ... (D)
Replacing x by —x, we get
p(—x)=—x+3. ... (ii)
Adding the corresponding sides of (i) and (ii), we get
p(x) +p(-x) =6.

SOME IMPORTANT OBSERVATIONS
(i) A constant polynomial does not have any zero.
(ii) Every linear polynomial has one and only one zero.
(iif) 0 may or may not be the zero of a given polynomial.
(iv) A polynomial can have repeated zeros.
For example, p(x) = x° —2x+ 1 has 1 as repeated zeros.

(v) Number of zeros of a polynomial cannot exceed its degree.

EXERCISE 2B

Juny

CIfp(x) =5-4x+2x% find (i) p0), (i) p@3), (i) p(-2).
I p(y) =4+3y—y*+5¢°, find () p(0), (i) p),  (iii) p(-1).
. If f(t) = 4> 3t +6, find () f0), (i) f4),  (iii) f(-5).
. If p(x) = x> = 3% +2x, find p(0), p(1), p(2). What do you conclude?

L If p(x) = x*+x*—9x -9, find p(0), p(3), p(=3) and p(-1). What do you
conclude about the zeros of p(x)? Is 0 a zero of p(x)?

. Verify that
(i) 4is a zero of the polynomial, p(x) = x — 4.

g = W N

[=))

(ii) -3 is a zero of the polynomial, g (x) = x +3.

(iii) % is a zero of the polynomial, f(x) =2—"5x.

(iv) 71 is a zero of the polynomial, g(y) =2y + 1.
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7. Verify that
(i) 1 and 2 are the zeros of the polynomial, p(x) = x°—3x+2.
(ii) 2 and -3 are the zeros of the polynomial, g(x) = X’ +x—6.
(iii) 0 and 3 are the zeros of the polynomial, r(x) = x* = 3.
8. Find the zero of the polynomial:
i) px)=x—-5 (ii) g(x)=x+4 (iii) r(x) =2x+5
(iv) f(x)=3x+1 (v) g(x)=5—-4x (vi) h(x)=6x—2
(vil) p(x) =ax,a+ 0 (viii) q(x) = 4x
9. If 2 and 0 are the zeros of the polynomial f(x) = 2x’—5x*+ax+b then
find the values of a and b.
HINT  £(2) =0and f£(0) = 0.

ANSWERS (EXERCISE 2B)
1. @5 ()11 ()21 2. ()4 ()46 (i) -5
3.4 6 ()58  (iii) 121

4. p(0)=0,p(1)=0,p2)=0.

Conclusion: 0, 1 and 2 are the zeros of p(x) = x° = 3x%+2x.
5. p(0)=-9,p(3)=0,p(-3)=0and p(-1) =0.

3, -3 and —1 are the zeros of p(x).

0 is not a zero of p(x).

8. ()5 (i) (ﬁi)‘z—5 (iv)_:Tl (v)% (Vi)% (i) 0 (viii) 0

9.a=2,b=0

DIVISION ALGORITHM IN POLYNOMIALS

Let p(x) and g(x) be two given polynomials such that degree p(x) = degree
g(x). On dividing p(x) by g(x), let g(x) be the quotient and r(x) be the
remainder. Then, in general, we have

dividend = (divisor X quotient) + remainder,

ie., p(x) = g(x)- g(x) + r(x), where r(x) = 0 or degree r(x) < degree g(x).

EXAMPLE 1 Verify division algorithm for the polynomials
p(x) =3x*—4x’ —3x—Tand g(x) = x - 2.
Find p(2). What do you observe?
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SOLUTION By long division, we have

x—2)3x — 4+ 0x" - 3x -1 (3x° + 26" +4x + 5

3xt-6x°
-+

2% +0x*-3x -1
2x° — 4x°
-+

4x*-3x-1

4x* - 8x
- 4+

5x—1
5x—-10
-+
9
quotient, g(x) = 3x°+2x”+ 4x +5 and remainder, r(x) = 9.
Now, g(x) X g(x) +r(x) = (x—2) (B3x>+2x" +4x+5)+9
=3x'—4x’-3x-10+9
=3x*—4x’-3x-1 =p(x).
p(x) = g() X q()+ (),
where degree r(x) =0 < 1 = degree g(x).
Thus, division algorithm is verified.
Now, p(2) =3x2*-4Xx2°-3x2-1=48-32-6-1=9.
Observation When p(x) is divided by (x —2), then the remainder is p(2).
EXAMPLE 2 Verify division algorithm for the polynomials
p(x) =x’+x*+2x+3and g(x)=x+2.
Find p(—=2). What do you observe?

SOLUTION By long division, we have

x+2)x3+ x2+2x+3(x2—x+4

x*+2x7

—x?+2x+3

2
-x"—2x
+ +

4x+3
4x+8

-5
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quotient, g(x) = x* = x +4 and remainder, r(x) = 5.
Now, g(x) X g(x) +r(x) = (x+ )P —x+ 4)-5
=x +x +2x+8-5
= x>+ 2" +2x+3=p(x).
p(x) = (1) X 4(x) + (),
where 7(x) = =5 and degree r(x) = 0 < 1 = degree g(x).
Thus, division algorithm is verified.
Now, p(=2) = (-2)°+(=2)*+2 X (-2) +3 = (-8 +4 -4 +3) = 5.
Observation When p(x) is divided by (x +2), then the remainder is p(-2).

REMAINDER THEOREM Let p(x) be a polynomial of degree 1 or more and let o be any
real number. If p(x) is divided by (x — o) then the remainder is p(a).

PROOF  Let p(x) be a polynomial of degree 1 or more.

Suppose that when p(x) is divided by (x — o) then the quotient is
q(x) and remainder is r(x).

By division algorithm, we have

p(x) = (x— o) g(x) + r(x),

where degree r(x) < degree (x —a) =1 ["." degree (x —a) =1].
But, degree r(x) <1 = degree r(x) =0

= r(x)is a constant, equal to r (say).

p(x)=(x—a)- g(x)+r. ... ()
Putting x = a on both sides of (i), we get

pla) =0Xgx)+r = r=p(a).
Thus, when p(x) is divided by (x — ), then the remainder is p(a).

SOLVED EXAMPLES

EXAMPLE 1 Find the remainder when the polynomial p(x) = x* +2x° = 3x* +x - 1
is divided by g(x) = x—2.

SOLUTION  g(x)=0 = x—-2=0 = x=2.

By the remainder theorem, we know that when p(x) is divided
by (x —2) then the remainder is p(2).

Now, p(2) = (2*+2x2°-3x2°+2-1)
=(16+16-12+2-1)=21.

Hence, the required remainder is 21.
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EXAMPLE 2

SOLUTION

EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION

EXAMPLE 5

SOLUTION
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Find the remainder when the polynomial p(x) = x° = 3x” + dx + 50 is
divided by g(x) = x+3.

gx)=0= x+3=0 = x=-3.

By the remainder theorem, we know that when p(x) is divided
by (x +3) then the remainder is p(=3).

Now, p(-3) =[(-3)> =3 X (-3)*+4 X (-3) +50]
=(-27-27-12+50)=—
Hence, the required remainder is —16.

Find the remainder when the polynomial p(x) = 4x> - 12x* + 14x -3
is divided by g(x) = 2x—1).

gx)=0=2x-1=0 = x=%~
By the remainder theorem, we know that when p(x) is divided

by (2x — 1) then the remainder is p(%) :

Now, p(%) = [4 x (l)s— 12 <l>2 +14 % %—3]

2 2
_(1_ _a2\_3.
—(2 347 3) >

Hence, the required remainder is % .
Find the remainder when the polynomial p(x) = 12x° = 13x” = 5x +7
is divided by g(x) = (2+3x).

g(x)zo = 24+3x=0 > 3x=-2 = x:_?’iz.

By the remainder theorem, we know that when p(x) is divided

by (2 + 3x) then the remainder is p<_—2> .

Now, ()= [12><<3 ) _13><<32>2 5%(5)+7

{12X®—13X +7+7}
27

Hence, the required remainder is 1.

Find the remainder when x°+ 3x”+ 3x + 1 is divided by (x + 7).
Let p(x) = x*+3x+3x+1and gx)=x+m.

Now, g(x)=0 = x+n=0 = x=-m.



EXAMPLE 6

SOLUTION

EXAMPLE 7

SOLUTION

EXAMPLE 8
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By the remainder theorem, we know that when p(x) is divided
by (x + m) then the remainder is p(—n).

And, p(-m) = (-1)° +3X (-m)* +3 X (-m) + 1
=—n’+3n%-3n+1.

Hence, the required remainder is (-m°+3n° - 3n+1).

Let p(x)= X —x+1 and g(x) =2—3x. Check whether p(x) is a
multiple of g(x) or not.

g¥)=0 = 2-3x=0 = 3x=2 = x:%

By the remainder theorem, we know that when p(x) is divided
by (2 - 3x) then the remainder is p(%) .

s rf)-(E-6) - (5
(31827 17

57 —ﬁio.

Thus, when p(x) is divided by g(x), the remainder is nonzero.

Hence, p(x) is not a multiple of g(x).

Check whether (7 + 3x) is a factor of (3x +7x).
Let p(x) = 3x°+7x and g(x) =7+ 3x. Then,
7.
3
By the remainder theorem, we know that when p(x) is divided

g(x)=0 = 7+3x=0 = 3x=-7 = x=

by (7 + 3x) then the remainder is p(%) .

o s)=p (G 7)< 52 2)
- (—?;ﬁ _ %) _ (—3439— 147) _ —4990 "

Thus, when p(x) is divided by g(x), the remainder is nonzero.

0.

(7 +3x) is not a factor of (3x>+7x).

If the polynomials x> +ax*+3x—5) and (x> +x*—2x+a) leave
the same remainder when divided by (x — 2), find the value of a. Also,
find the remainder in each case.
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SOLUTION  Let f(x) =2x° +ax’+3x—5and g(x) = x* +x°—2x +a.

1.

2.

When f(x)is divided by (x —2), remainder = f(2).
When g(x) is divided by (x — 2), remainder = g(2).
Now, f(2) = (2X2°+ax2*+3 X 2-5) = (17 +4a).
And, g(2) = (2°+2°-2X2+a) = (8 +a).
17+4a=8+a = 3a=-9 = a=-3.

Hence, a =-3.
Remainder in each case = (8 —3) = 5.

EXERCISE 2C

By actual division, find the quotient and the remainder when (x*+1) is
divided by (x—1).
Verify that remainder = f(1).
Verify the division algorithm for the polynomials
p(x) = 2x*—6x>+2x° —x+2and gx)=x+2.

Using the remainder theorem, find the remainder, when p(x) is divided by g(x),

where
3. p(x) = X —6x”+9x+3, gx)=x-1
4. p(x) =2x"—7x*+9x—13, g(x) = x - 3.
5. p(x) = 3xt—6x*—8x—2, gx)=x-2
6. p(x) = 2x° = 9x* +x +15, g(x)=2x-3.
7. p(x) = X —2x"—8x—1, gx)=x+1
8. p(x) = 2% +x*—15x - 12, gx)=x+2.
9. p(x) = 6x° +13x° +3, g(x)=3x+2.

10.

11.

12.
13.

14.

p(x) = X —6x*+2x—4, gx) =1 —%x.

p(x) = 2% + 3¢~ 11x 3, g(x) = (x +%> :

p(x) = X —ax’+6x—a, gix)=x—a.

The polynomials (x> +x* —ax+2) and (2x° — 3x* — 3x +a) when divided
by (x —2) leave the same remainder. Find the value of a.

The polynomial p(x) = x* - 2x° + 3x* — ax + b when divided by (x - 1) and
(x+1) leaves the remainders 5 and 19 respectively. Find the values of a
and b. Hence, find the remainder when p(x) is divided by (x —2).
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15. If p(x) = x*—5x*+4x—3and g(x) = x—2, show that p(x) is not a multiple
of g(x).

16. If p(x) = 2x°-11x*—4x+5 and g(x)=2x+1, show that g(x) is not a
factor of p(x).

ANSWERS (EXERCISE 2C)

1. Quotient = (x> + x>+ x + 1), remainder = 2 3.7 4. 5 5.6

—136

7 11. 3 12. 5a 13.a=8

6. 3 7.4 8.6 9.7 10.
14. (a=5,b=8);10

HINTS TO SOME SELECTED QUESTIONS

1. By actual division, we get
xfl) x4+0x3+0x2+0x+1(x3+x2+x+1

4 3
x'- x
-+

2

X +0x2+0x+1
2

- x

-+

2 +0x+1

2
X' - x

-+

x+1

x—1

- +

2

quotient = (x> + x>+ x +1) and remainder = 2.

6.g(x)=0 = 2x-3=0=> 2x=3 = x:%
Remainder is p(%>={2><<%)3—9><<%>2+%+15}
(G-
9.8(x)=0= 3x+2=0=> 3x=-2 = x=_3—2-
Remainder is p<_3_2)={6X(%Z)3+13><<%2)2+3}=<_Tl6+59_2+3)

:(—16+52+27>:@:7.

9 9
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3 3 2 . 2

10. g(x)=0:>1—5x=0:>§x=1ﬁx=§-Fmdp<§>~
_ 1_ it —1).
11.g(x)—0ﬁx+2—0ﬁx—2 Fmdp(2)

15. g(x)=0 = x—2=0 = x=2.Show that p(2) #0.

16. g(x)=0 = 2x+1=0 = x=_2—1~Showthatp(_2—1>i0.

FACTOR THEOREM Let p(x) be a polynomial of degree 1 or more and let o be any
real number.

(i) If p(a) = 0 then (x — o) is a factor of p(x).
(i) If (x — ) is a factor of p(x) then p(o) = 0.
PROOF  When p(x) is divided by (x—a), let g(x) be the quotient and by
remainder theorem, the remainder is p(a.).
px) =(x—a) q(x)+p(a) [by division algorithm].
(i) If p(a) = 0 then p(x) = (x — ) - q(x).
This shows that (x — ) is a factor of p(x).
(ii) If (x — o) is a factor of p(x) then we have
p(x) = (x — o) - g(x) for some polynomial g(x).
Putting x = o on both sides, we get p(a) = 0.
Thus, when (x — a) is a factor of p(x), then p(a) = 0.

SOLVED EXAMPLES

EXAVMPLE 1 If p(x) =8x"—6x*—dx +3 and g(x) = %—% then check whether
g(x) is a factor of p(x) or not.

_ x_1_ x_1 _3.
SOLUTION g(x)—0©3 1 0:>3 4:>x n

By factor theorem, g(x) will be a factor of p(x), if p(%) =0.
o 3~ -o-3-4+3-4

AN R N

Since p(%) = (), it follows that g(x) is a factor of p(x).
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SOLUTION

EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION

EXAMPLE 5

SOLUTION
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Show that (2x — 3) is a factor of (x + 2x°—9x*+12).
Let p(x) = 2x°=9x* +x+12and g(x)=2x-3.

Now, g(x)=0 = 2x-3=0 = 2x=3 = xZ%

By factor theorem, g(x) will be a factor of p(x), if p(%) =0.
Now, p(%) - {2 X (%)3 —9x (%)2 +3+ 12}

:{@X%)_(gxg)gm}

27 81.3 :<27—81+6+48>:Q:
_<4 4+2+12) 4 10

Since p(%) =0, so g(x)is a factor of p(x).

Use factor theorem to show that x*+2x°—2x>+2x—3 is exactly
divisible by (x + 3).

Let p(x) = x*+2x°—2x*+2x -3 and g(x) =x+3.Then,

gx)=0 = x+3=0 = x=-3.
By factor theorem, p(x) will be exactly divisible by x+3, if
p(=3)=0.
Now, p(=3) = {(-3)*+2 X (-3)> =2 X (-3)*+2 X (-3) - 3}

=(81-54-18-6-3)=0.

Since p(—3) = 0, it follows that p(x) is exactly divisible by (x + 3).
If (x—a) is a factor of (x* —ax® +2x +a—1), find the value of a.
Let p(x) = x’—ax*+2x+a—1and g(x) =x—a.Then,

gx)=0= x-a=0= x=a.
By factor theorem, (x —a) will be a factor of p(x), if p(a) = 0.
Now, p(a)=0 = A’—axXa*+2a+a-1=0

= a-a"+32-1=0

= 31-1=0 = 3a=1= a=7-

Hence, the required value of a is % :

For what value of m is (x> = 2mx* + 16) divisible by (x+2)?

Let p(x) = x°—2mx*+16 and g(x) =x+2.Then,
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EXAMPLE 6

SOLUTION

EXAMPLE 7

SOLUTION
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gx)=0= x+2=0=> x=-2
By factor theorem, (x +2) will be a factor of p(x), if p(=2) = 0.
Now, p(-2) =0 = (-2)°—2m X (-2)*+16 =0
= -8-8m+16=0 = 8m=8 > m=1.
Hence, the required value of m is 1.

Without actual division, prove that 2x*+3x° = 12x" — 7x +6) is
exactly divisible by (x* + x = 6).

Let p(x) = 2x*+3x° - 12x* = 7x + 6 and gx) = x*+x—-6.Then,
gx) = XHx—6=x"+3x—-2x—6=1x(x+3)—2(x+3)
=(x+3)(x—2).

Clearly, p(x) will be exactly divisible by g(x) only when it is

exactly divisible by (x +3) as well as (x — 2).

Now, (x+3=0 = x=-3)and (x—2=0 = x=2).

By factor theorem, g(x) will be a factor of p(x), if p(—3) =0 and

p(2)=0.

Now, p(=3) = {2 X (-3)*+3 X (=3)>— 12 X (-3)*— 7 X (-3) + 6}
={(2X81)+3X(-27)— (12X 9) + 21+ 6}
=(162—-81-108+21+6)=0.

And, p(2) = {2 X 2%+ (3% 2%) - (12X 2%) — (7 X 2) + 6}

=(32+24-48-14+6)=0.

Thus, p(x) is exactly divisible by each one of (x +3) and (x —2).

Hence, p(x) is exactly divisible by (x+3)(x—-2), ie., by

(*+x—6).

Find the values of a and b so that (2% +ax®+ x +b) has (x +2) and

(2x —1) as factors.

Let p(x) = 2x°+ax®+x +b. Then,

(x+2=0 > x=-2)and (20-1=0 = 2x=1 = x=7)-
Now, (x+2) and (2x — 1) will be factors of p(x), if p(-2) = 0 and

1)\ _
plz)=o
p(=2)=0 = 2x(-2)°+ax(-2)*+(-2)+b=0
= -16+4a-2+b=0 = 4a+b=18. .. (i)



Polynomials 89

p<l>=0 = 2><<l>3+a><<l>2+%+b=0

2 2 2
1 1.,
= <2><8>+<a><4>+2+b—0
= %+%+%+b:0 = q+4b=-3. <. (i)

On solving (i) and (ii), we geta=5and b =-2.
Hence,a=5and b =-2.
EXAMPLES  If (ax®+bx*—5x+2) has (x +2)as a factor and leaves a remainder 12
when divided by (x —2), find the values of a and b.
SOLUTION  Let p(x) = ax’+bx*—5x+2, g(x) = x+2 and h(x) = x — 2. Then,
gx)=0=x+2=0 = x=-2.
h(x)=0 > x—-2=0=> x=2.
(x+2)is a factor of p(x) = p(-2)=0.
Now, p(=2) =0 = {a X (-2)°+bX (-2)>=5X(-2)+2} =0
= —8a+4b+12=0
= 81—-4b=12 = 2a-b=3. ()
When p(x) is divided by (x —2), then the remainder is p(2).
p2)=12 = {@x2°)+ (B *x2})—-(5x2)+2}=12
= 8a+4b=20 = 2a+b=5. ... (ii)
On solving (i) and (ii), we geta=2and b = 1.
Hence,a=2and b=1.
EXAMPLEQ  What must be added to (x° —3x*+4x —15) to obtain a polynomial
which is exactly divisible by (x —3)?

soLUTION  When the given polynomial is divided by a linear polynomial
then the remainder is constant.

Let the required number to be added be k.
Let p(x) = x°—3x*+4x—15+k and gx)=x-3.
Then, g(x)=0 = x-3=0 = x=3.
By factor theorem, p(x) will be divisible by (x - 3), if p(3) = 0.
Now, p(3)=0 = {3°-3X3*+4X3-15+k} =0
= (27-27+12-15+k)=0 = k=3.

Hence, the required number to be added is 3.
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EXAMPLE 10 What must be subtracted from (4x*—2x> — 6x”+2x +6) so that the

SOLUTION

result is exactly divisible by (2x° +x—1)?

When the given polynomial is divided by a quadratic
polynomial, then the remainder is a linear expression, say
(ax+D).

Letp(x) = (4x* = 2x° — 6x* + 2x + 6) — (ax + b)and gx)= 207 +x—1.
Then,

p(x) =4x*-2x°—6x*+(2—a)x+(6-b)
and g(x)=(2x2+x—1)=(2x2+2x—x—1)=2x(x+1)—(x+1)
=(x+D2x-1).

Now, p(x) will be divisible by g(x) only when it is divisible by
(x+1)as well as by (2x—1).

Now, (x+1=0 = x=-T)and (2x-1=0 = 2v=1= x=%>~
By factor theorem, p(x) will be divisible by g(x), if p(-1)=0
1\ _
andp<§>—0.
p1)=0 = 4X(-1)*-2X(-1)°’ -6 X (-1)*+ (2 —a) X (1)
+6-b=0
= 4+2-6-2+a+6-b=0 = a—b=—-4. )
1 1\ 1 1\ 1
W5)=0 = ax(3) -2x(3) ~6x(3) +@-a)x 3+ (6-1)=0
1 1 1 a _
= (4x3g)~(2x )6 g)r1-5+6-b=0
1 1 3 a., ., 4 _ a, ,_11
Ty Tyt =02 5th=5
= a+2b=11. ... (ii)

On solving (i) and (ii), we geta=1and b = 5.

Hence, the required expression to be subtracted is (x +5).

EXERCISE 2D

Using factor theorem, show that g(x) is a factor of p(x), when

1. p(x) =x3—8,g(x) —
2. p(x) =2x"+7x" —24x — 45, g(x) = x— 3
3. p(x) =2  +9x° +6x* — 11x - 6, g(x) =x— 1
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. px) = 7x*—4y2x-6, gx) = x—+/2
10.
11.
12.
13.
14.
15.
16.

p(x) =2V2x° +5x+2, g(x) =x +y2

Show that (p — 1) is a factor of (plo —1) and also of (p11 -1).

Find the value of k for which (x — 1) is a factor of (2x° +9x* + x + k).

Find the value of a for which (x —4) is a factor of (2x° — 3x* — 18x +a).
Find the value of a for which (x + 1) is a factor of (ax* +x* —2x +4a—9).
Find the value of 4 for which (x + 2a)is a factor of (x° — 4a”x> + 2x + 24 + 3).
Find the value of m for which (2x—1) is a factor of
(8x* +4x° — 16x° + 10x + m).

Find the value of a for which the polynomial (x*—x’—11x*—x+a) is
divisible by (x +3).

Without actual division, show that (x*-3x>—13x+15) is exactly
divisible by (x> +2x —3).

If (x° + ax” + bx + 6) has (x — 2) as a factor and leaves a remainder 3 when
divided by (x — 3), find the values of 7 and b.

Find the values of a4 and b so that the polynomial (> —10x*+ax +b) is
exactly divisible by (x —1) as well as (x — 2).

Find the values of a and b so that the polynomial (x*+ax® — 7x* - 8x + b)
is exactly divisible by (x +2) as well as (x +3).

If both (x —2) and (x - %) are factors of px’+5x +r, prove that p =r.

Without actual division, prove that 2x* - 5x° +2x* — x + 2 is divisible by
X’ =3x+2.

What must be added to 2x* - 5x” + 2x* — x — 3 50 that the result is exactly
divisible by (x —2)?

What must be subtracted from (x*+2x° —2x* + 4x + 6) so that the result
is exactly divisible by (x* +2x —3)?

Use factor theorem to prove that (x +4) is a factor of (x" +a") for any odd
positive integer 7.
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ANSWERS (EXERCISE 2D)
12. k=-12 13. a=-8 14. a=2 15.a=%

16. m=-2 17. a=-12 19.a=-3,b=-1 20.a=23,b=-14
21.a=2,b=12 24. 5 25. 2x+9

11.

24.

25.

26.

HINTS TO SOME SELECTED QUESTIONS

Let f(p) = (p"' = 1), g(p) = (p" 1) and (p) = p~ 1. Then,
h(p)=0 = p-1=0 = p=1.
Now, f(1)={f(1)"*~1}=(1-1)=0 = (p—1)is a factor of f(p).
And, g()= ()" -1} =(1-1)=0 = (p—1)is a factor of g(p).
Let the required number to be added be k. Then,
px) = (2x*—5x° +2x*—x -3 +k} and gx)=(x—2).
Now, g(x)=0 = x-2=0 = x=2.
p(2)=0 = (32-40+8-5+k) =0 = k=5.
Let g(x) = (*+2x—3) = (" +3x —x—3) =x(x +3) — (x +3) = (x +3)(x— 1).
When a polynomial is divided by a quadratic polynomial, then the remainder is a
linear expression, say ax +b.

Let p(x)= (x*+2x° = 2% + 4x + 6) — (ax + b). Then,

p(x) =xt+2x° -2+ (4 —a)x + (6-b).

p(-3)=0and p(1)=0 = 3a—b=-3anda+b=11.
On solving these equations, we geta=2and b =9.
Hence, the required expression is (2x +9).
Let p(x) = (x" +4a"), where n is any odd positive integer.
Let g(x) =x+a.Then, g(x)=0 = x+a=0 = x=—a.
Now, p(-a) = {(-a)" +a"} = {(-1)"a" +a"} = {(-1)" + 1}a"

=(-1+1)a"=0 [ nbeing odd, (-1)" =-1].

By factor theorem, (x +a) is a factor of (x" +a"), when 1 is an odd positive integer.

MULTIPLE-CHOICE QUESTIONS (MCQ)

Choose the correct answer in each of the following questions.

1. Which of the following expressions is a polynomial in one variable?

2 2
a) x+>+3 b) 3vx+—=+5
(a) x+2 (0) 34x+
(€) V2x*=/3x+6 (d) x'°+y°+8
2. Which of the following expressions is a polynomial?
_ x—1 2 2 2 2x°?
(a) vx—1 ®) 117 () x x2+5 (d) x>+ /s +6
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11.

12.

13.

14.

15.

16.

17.
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. Which of the following is a polynomial?

1
@ Yy+d () Yy-3 © y (d) —=+7
Jy
. Which of the following is a polynomial?
(@ x-1+2  (b) 2+5 () Yx+3 (d) -4
. Which of the following is a polynomial?
(@) x2+x+3 (b) x+x'+2 (c) x (d) o
. Which of the following is a quadratic polynomial?
(@) x+4 (b) ¥*+x () ¥*+2x+6 (d) x¥*+5x+4
. Which of the following is a linear polynomial?
(@) x+2° M) x+1 (© 5% -x+3 () x+7
. Which of the following is a binomial?
(@) ¥+x+3  (b) ¥ +4 (0) 242 (d) x+3+2
. ¥/3 is a polynomial of degree
@ 5 (b) 2 ©1 () 0
Degree of the zero polynomial is
(@) 1 (b) 0 (c) not defined (d) none of these
Zero of the zero polynomial is
@0 (b) 1
(c) every real number (d) not defined
If p(x) = x+4 then p(x) + p(-x) =?
(@) 0 (b) 4 (c) 2x (d) 8
If p(x) = x*—2y/2x+1then p(Zﬁ) =?
(@0 (b) 1 (c) 4v2 (d) -1
If p(x) = 5x — 4x*+3 then p(-1)="7
(a) 2 (b) -2 (c) 6 (d) -6
If (x> + 51) is divided by (x + 1) then the remainder is
@ o (b) 1 (c) 49 (d) 50
If (x + 1) is a factor of the polynomial (2x* +kx) then k=72
(a) 4 (b) -3 (c) 2 (d) -2

When p(x) = x*+2x° = 3x* + x — 1is divided by (x —2), the remainder is
@ o0 (b) -1 (c) -15 (d) 21
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18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.
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When p(x) = x®—3x* +4x + 32 is divided by (x +2), the remainder is

(@ o (b) 32 (c) 36 (d) 4
When p(x) = 4x°—12x*+11x - 5 is divided by (2x — 1), the remainder is

@ o0 (b) -5 (c) -2 (d) 2
When p(x) = x°—ax” + x is divided by (x —a), the remainder is

@0 (b) a (c) 2a (d) 3a
When p(x) = x°+ax®+2x +a is divided by (x +a), the remainder is

(@) 0 (b) a (c) —a (d) 2a
(x+1)is a factor of the polynomial

(@) X +x*—x+1 (b) ¥*+2x°—x-2

(€) ¥*+2x*—x+2 (d) x*+x*+x*+1
Zero of the polynomial p(x) =2x+5is

(@) 2 (b) 5 © 2 3
The zeros of the polynomial p(x) = x* +x — 6 are

(@23 (b) 2,3 (c) 2,-3 (d) -2,-3
The zeros of the polynomial p(x) = 2x* +5x — 3 are

(a) 3.3 (b) 3,3 © 53 1,5
The zeros of the polynomial p(x) = 2x* +7x — 4 are

(@) 4,5 (b) 4,5 © 4,5 () —4, 7
If (x + 5) is a factor of p(x) = x°—20x + 5k then k =?

(a) -5 (b) 5 ()3 (d) -3

If (x + 2) and (x — 1) are factors of the polynomial p (x) = X +10x> +mx+n
then

(@) m=5,n=-3 (b) m=7,n=-18
(c)m=17,n=-8 (d) m=23,n=-19
If ("% + 2x* + k) is divisible by (x + 1) then the value of k is
(@1 (b) 2 (c) =2 (d) -3
For what value of k is the polynomial p(x) = 2x° —kx* +3x + 10 exactly
divisible by (x +2)?
(@) -5 (b) © 3 () -3

The zeros of the polynomial p(x) = x* - 3x are
(@) 0,0 (b)0,3 (c) 0,-3 (d) 3,-3
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32. The zeros of the polynomial p(x) = 3x* — 1 are
(@ §and3  (b) % and /3 () % and /3 (d) % and %

ANSWERS (MCQ)
L@ 2@ 3@ 4@ 5@ 6@ 7.0 8 (b
9. (d) 10.(c) 11.(d) 12.(d) 13.(b) 14.(d) 15.(d) 16. (c)
17.(d) 18.(d) 19.(c) 20. () 2L (c) 22 (b) 23 (b) 24.(c)
25. (b) 26.(c) 27.(b) 28.(b) 29.(a) 30.(d) 3L (b) 32.(d)

REVIEW OF FACTS AND FORMULAE

. 2 -1

1. An expression of the form ay+ax+a,x"+...+a, X" +a,x", where
ay, 4, Ay, ..., 4, 4, 4, are real numbers and a,+ 0 and n is a non-negative
integer, is called a polynomial in x of degree n.

2. (i) A polynomial of degree 1 is called a linear polynomial.
It is of the form (ax + b), where a and b are real numbers and a # 0.
(ii) A polynomial of degree 2 is called a quadratic polynomial.
It is of the form (sz2 +bx +¢), where a, b, ¢ are real numbers and a + 0.
(iii) A polynomial of degree 3 is called a cubic polynomial.

It is of the form (ax®+ bx”+ cx +d), where a, b, ¢, d are real numbers
and a # 0.

(iv) A polynomial of degree 4 is called a biquadratic polynomial.

It is of the form (ax4+ b+ cx’® + dx +e), where a, b, ¢, d, e are real
numbers and a + 0.

3. (i) A polynomial containing one term is called a monomial.
(i) A polynomial containing two terms is called a binomial.
(iii) A polynomial containing three terms is called a trinomial.
(iv) A polynomial containing more than three terms is called a multinomial.

4. (i) Constant polynomial A polynomial containing one term consisting
of a nonzero constant, is called a constant polynomial.

(ii) The degree of a constant polynomial is zero.

5. (i) Zero polynomial A polynomial consisting of one term, namely 0, is called
a zero polynomial.

(ii) The degree of a zero polynomial is not defined.

6. (i) Zeros of a polynomial Let p(x) be a polynomial. If p(a) =0 then a
is called the zero of the polynomial p(x).
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(ii) Finding the zeros of a polynomial p(x) means solving the equation
p(x)=0.

. Division algorithm in polynomials

Let p(x) and g(x) be two polynomials such that degree
p(x) = degree g(x). On dividing p(x) by g(x), let 4(x) be the quotient
and r(x) be the remainder. Then,

dividend = (divisor X quotient) + remainder,
ie, p(x)=g(x)-q(x)+r(x), wherer(x) = 0or degree r(x) < degree g(x).

. Remainder theorem Let p(x) be a polynomial of degree 1 or more and

let o be any real number. If p(x) is divided by (x — o) then the remainder
is p(a).

. Factor theorem Let p(x) be a polynomial of degree 1 or more and let o be

any real number.
(i) If p(a) = 0 then (x — a) is a factor of p(x).
(ii) If (x — o) is a factor of p(x) then p(a) = 0.

<
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o 3’ Factorisation of

FACTOR Let p(x) and q(x) be two polynomials. We say that q(x) is a factor of p(x),
if q(x) divides p(x) exactly.
Examples (i) (x—2)is a factor of (x*—3x +2).
(ii) (x+1)is a factor of (x*—1).
FACTORISATION To express a given polynomial as the product of polynomials, each

of degree less than that of the given polynomial such that no such a factor has a
factor of lower degree, is called factorisation.

Examples It is easy to verify that
(i) (x**—16) = (x—4) (x +4).
(ii) (*=3x+2)=(x—1)(x—2).
SOME EXPANSIONS We know that
(i) (a+b)*= (a°+2ab+b%).

(ii) (a—b)* = (>~ 2ab+Db?).

(iii) (@ +b+c)> = (@*+b*+c*) +2(ab+be+ca).
(iv) (a+b)’=a +b3+3ab(a+b)

() (a-b)’=a’-b’-3aba-b).

SOME FORMULAE FOR FACTORISATION

() (@*~b%) = (@a-b)(a+b).
(ii) (B> +b%) = (@+b)(@@*—ab+1?).
(iii) (@*—b%) = (a—b)(@* +ab+b%).

METHODS OF FACTORISATION

FACTORISATION BY TAKING OUT THE COMMON FACTOR

METHOD When each term of an expression has a common factor, we divide
each term by this factor and take it out as a multiple, as shown below.

97
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EXAMPLE 1

SOLUTION

EXAMPLE 2

SOLUTION

Secondary School Mathematics for Class 9

SOLVED EXAMPLES

Factorise

(i) 5a®—20ab (ii) 36a’b— 60a’bc
(iii) ba(b+¢c)—7b(b+c) (iv) 6(2a+3b)* — 8(2a + 3b)
We have

(i) 5a*—20ab = 5a(a — 4b).
(i) 36a’b—60a’bc = 12a°b (32 — 5¢).
(iii) 5a(b+c)—7b(b+c) = (b+c)(5a—7b).
(iv) 6(2a+3b)* - 8(2a +3b) = 2(2a + 3b) [3(2a + 3b) — 4]
=2(2a+3b)(6a+9b—4).
Factorise x(x—y)>+3x"y(x—y).
x(x—y)* +3x%y(x —y) = x(x —y) [(x — y)* + 3xy]
=x(x=y) (" +y* = 2xy + 3xy)
=x(x—y) (*+ 7+ xy).

FACTORISATION BY GROUPING

METHOD Sometimes in a given expression it is not possible to take out a
common factor directly. However, the terms of the given expression are
grouped in such a manner that we may have a common factor. This can
now be factorised as discussed above.

EXAMPLE 3

SOLUTION

Factorise

(i) ab+bc +ax+cx (i) x*+3x+x+3
(iii) 6ab—b*+12ac - 2bc (iv) a*+b—ab—a
We have

(i) ab+bc+ax+cx = (ab+ bc) + (ax + cx)
=ba+c)+x@+c)=(@+tc)(b+x).
(i) ¥ +3x+x+3=(x"+3x)+(x+3)
=x(x+3)+(x+3)=(x+3)(x+1).
(iii) 6ab— b +12ac —2bc = (6ab + 12ac) — (b* + 2bc)
=6a(b+2c)—bb+2c)
=(b+2c)(6a—D).
(iv) a®+b—ab—a=a*—a—ab+b=(a*—a)— (ab—b)
=a@—-1)-bla-1)=(@—-1)(a—b).
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EXAMPLE4  Factorise x*+ % +2-2x- % :
SOLUTION x2+é+2—2x—%=< 2+%+2>—2<x+%>
(b e
(el -2)
EXAMPLE5  Factorise 1+x+y—z+xy—yz—zx —Xxyz.
SOLUTION ~ We have
l+x+y—z+xy—yz—zx—xyz
=(1+x)+(y+xy)—z—zx—yz—xyz
= (1+2) +y(1+2) = 2(1+x) - yz(1+2)
=1+ (1+y-z-yz)
= (1+0) X[ +y) -z(1+y)]
=1+x0(1+y)(1-2).
EXAMPLE6  Factorise (2x—3)°—8x+12.
SOLUTION ~ We have
(2x—-3)*-8x+12=(2x—3)*—4(2x - 3)
=(2x-3) X[(2x—3) —4]
=(2x-3)(2x—-7).
EXERCISE 3A
Factorise:
1. 9x° + 12xy 2. 18x2y —24xyz
3. 27a°b° — 45a* b’ 4. 2a(x+y)—3b(x +y)
5. 2x(p* + ) +4y(p* +¢°) 6. x(a=5)+y(5-a)
7. 4(a+b)—6(a+Db)’ 8. 8(3a —2b)*—10(3a — 2b)
9. x(x+y)3—3x2y(x+y) 10. x° +2x°+5x+ 10
11 x° +xy—2xz—2yz 12. a’b—a’b+5ab—5b
13. 8—4a—24°+a* 14. x° = 2%y +3xy’ - 6y°
15. px—5q+pq—5x 16. x*+y—xy—x
17. Ba—-1)*—6a+2 18. (2x—3)*—8x+12
19. a°+a—-3a>-3 20. 3ax — 6ay — 8by + 4bx

21. abx*+a*x+b*x+ab 22. ¥’ —x*+ax+x—a—-1
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23. 2x+4y—8xy—1 24. ab(x*+ yz) - xy(a2 +b%)
25. a*+ab(b+1)+b° 26. a’+ab(1—2a) - 2b°
27. 2a*+be — 2ab —ac 28. (ax+ by)2 + (bx - ay)2
29. a(a+b—c)—bc 30. a(a—2b—c)+2bc
31 a*x* + (ax* + D)x+a 32. ab(x* +1) + x(a> +b%)
33. x*—(a+b)x+ab 34. x2+é—2—3x+%
ANSWERS (EXERCISE 3A)
1. 3x(3x +4y) 2. 6xy(3x —4z)
3. 9a°b*(3b — 5a) 4. (x+y)(2a—3b)
5. 2(0° +q°) (x +2y) 6. (1—5)(x—y)
7. 2(a+b)(2 - 3a—3b) 8. 2(3a—2b)(12a—8b—5)
9. x(x+y) (x2 + yz —xy) 10. (x +2) (x2 +5)
11. (x +y)(x —2z) 12. b(a— 1)(a2+5)
13. 2-a)(4-a°) 14. (x—2y) (x* +3y7)
15. (x+q)(p—5) 16. (x—y)(x—1)
17. 3B3a—1)(@a—1) 18. 2x—3)(2x—7)
19. (a-3)(a°+1) 20. (3a +4b) (x — 2y)
21. (bx+a)(ax +b) 22. (x—1)(x*+a+1)
23. (1-4y)(2x—1) 24. (bx —ay) (ax — by)
25. (a+Db)(a+b?) 26. (a—2b)(a”>+D)
27. (2a—c)(a—b) 28. (a°+b°) (x* +y7)
29. (a—c)(a+b) 30. (a—c)(a—2b)
31. (a+x)(ax*+1) 32. (ax +b) (bx +a)
33. (x—a)(x—b) 4. ( —%)(x—%—ﬁ%)

HINTS TO SOME SELECTED QUESTIONS

16. x2+y*xy*x :xzfxy*x+y.

19. Given expression = (@-3a")+@-3).

20. Given expression = (3ax + 4bx) — (6ay + 8by).
22. Given expression = (=N +(@ax—a)+ (x—1).
23. Given expression = (2x —8xy) —1(1 —4y).

28. Given expression = a*x” + b’y +b°x" +a"y”

_ (a2x2+b2x2)+(a2y2+b2y2).
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30. Given expression = (a* - ac) — (2ab — 2bc).

34. Given expression = ( - %)2 - 3( - %) .

FACTORISING THE DIFFERENCE OF TWO SQUARES

FORMULA (a°—b%) =(a—Db)(a+Db).

SOLVED EXAMPLES

EXAMPLE 1 Factorise

2
(i) (x2 - 1y00> (ii) (100 - 9x%) (iii) (49x2 - %)

SOLUTION We have

0 =)= -fif

1
(e gller )
(ii) (100 —9x%) = (10)* - (3x)*

=(10-3x)(10+3x) [ (@*—b>) = (a—b)(a+D)].
(100 —9x7%) = (10 — 3x) (10 + 3x).

Gi) (492~ 1) = 72— (1)

- <7x—%>(7x %) [ (@-b)=(a-b)(a+b)]

(=)
EXAMPLE 2  Factorise
(i) (X>—x) (i) (18a°x”* - 32) (iii) (2a°—32a)
SOLUTION ~ We have
(i) (=) =x(x*-1)
=x(x-1)(x+1) [ (@ -b")=(@-b)(a+b)]
(P-x)=x(x-1)(x+1).
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EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION

(ii) (184°x*—32) =

Secondary School Mathematics for Class 9

2(92°x* - 16)

=2 X[(3ax)* - 4°]
=2(3ax—4)(3ax +4)

(18a°x* - 32) =
(iii) (2a° - 32a) = 2a(a* - 16)

=20 % [(a%)* - 47]

=2a(a*~4)(a*+4) [ (@ -b)=(@a-b)(a+b)]
=2a(a—2)(a+2) (@ +4).

(2a°—32a) = 2a(a—2)(a +2) (a°+4).

Factorise
(i) x¥*-1-2a-a*
We have

(i)

x*-1-2a—-a°
=x*—(1+2a+a%
=x*—(1+a)®
=fx-(1+aHx+ A +a) [ (@*=b)=(a—b)(a+Db)]
=(x—-1-a)(x+1+a).

[ (@*-b*)=(@-b)(a+Db)].
2(3ax —4)(3ax+4).

(i) 1+2ab— (a*>+b%)

(P-1-2a-a>)=(x-1-a)(x+1+a).
(i) 1+2ab—(a*+b%
=1-(a*+b*—2ab)
=1"-(a-0b)*
={1-@-b)i{1+(@-Db)) [ (@*=b)=(@—b)(a+Db)]
=(1-atb)(1+a—b).
1+42ab— (a*+b*)=(1-a+b)(1+a—-b).
Factorise
N4 w2, 4 N R |
(i) (x"+4) (ii) (x +?> (ii) (x +?+1)
We have
i) (*+4)

= +2)°—4x°

= (*+2)* - (2x)

= (%) +22+ (2 X x*X2) - (2 X x* X 2)

[adding and subtracting (2 X x°* X 2)]



EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION
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=(*+2-20) (7 +2+2x) = (x* = 2x +2) (¥ + 2x + 2).
(x*+4)= (" —2x+2)(x*+2x +2).

(ii) <x2 +%)

=x +< > <2><x>< i) <2><x>< )
[adding and subtracting (2 Xx X 2)]

Factorise (x*+x*y*+y").
We have
(X4 + x2y2 +y4) — (x4 + 2x2y2 + y4) _ x2y2
— (x2+y2)2_ (xy)l
=yt = xy) (Y ).
(X4 + x2y2 +y4) — (x2 + yZ _ xy) (X2 +y2 + xy) .
Factorise a(@a—1)—b(b—1).
We have
a@—1)-bb-1)=a*~a-b*+b
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EXAMPLE 7

SOLUTION

EXAMPLE 8

SOLUTION

EXAMPLE 9

SOLUTION
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Hence, a(a—1)—

Factorise (i) (x*+
We have

(i) (x*+3x*+4) =

(x*+3x°

(i) (x*+5x°+9) =

(x* +5x

=@ ~b)~(a-b)
=(@-b)a+b)—(a—b)
=@-b){a+b)-1)
=(@-b)a+b-1).
bb-1)=@-b)(a+b-1).
3x%+4) (ii) (x* +5x* +9)
(*+4x* +4)— 2
=(x2+2)2—x2
=@ +2-x)(x*+2+%)
= -x+2) (P +x+2).
+4)= (P —x+2) (P +x+2).
(x*+6x>+9)—
=(x2+3)2—x2
=@ +3-x)(x*+3+x)
= (> —x+3)(x*+x+3).
+9)=(x*—x+3)(x*+x+3).

Factorise (x*— yS) .

We have
(=) = ()~
= (x4 -y
={(x%)?

= (=) @+ ) [P+’
= (- E+Y P+ -

@ =y = -

. 1\? 2
Factorise <2x + §> - (x - *) .

We have

v"?
4) (x4 + y4)
_ (]/2)2} (x4 + y4 + 2x2y2 _ 2x2y2)

- (V2xy)?]
V2xy) (P + Y’ +V20y).
~v2xy)

@+ +V2xy).

Y +y) (P +y7) (@ +y

1
2

-y

_ {<2x+%)+

:(2x+%+x

(=2 Her3)- )

S
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:{3 +(3-1

3 2

(oL

Jert

1)
fo-lerd)

EXERCISE 3B

Factorise:

1. 9x° - 16y2 2. (%xz - %y2>

3. 81-16x7 4. 5-20x°

5. 2x*—32 6. 3a°b—243ab°

7. 3x° — 48x 8. 27a% — 48b*

9. x—64x° 10. 8ab*>— 184>
11. 150 — 6x° 12. 2-50x°
13. 20x”— 45 14. (3a +5b)*— 4c”
15. a*—b*—a—b 16. 4a®—9b*—2a-3b
17. a>—b* +2bc— ¢ 18. 40> —4b>+4a+1

19. a®+2ab+b* ~ 20. 1082° - 3(b—¢)*
21. (a+b)’—a—b 22, X+’ 2" —2xy
23. X’ +2xy+y’*—a’+2ab - b’ 24. 25x* = 10x +1 - 36y
25.a—-b-a’+b” 26. a*—b°—4dac+4c”
27. 9—a*+2ab—- b’ 28. x’—5x*—x+5
29. 1+2ab—(a*+ 1% 30. 92+ 6a+1—36b"
31 xz—y2+6y—9 32. 4x2—9y2—2x—3y
33. 90>+ 30— 8b — 641> 34, x+L -3
X

35. 9(2—2+L2—y2 36. 9c4+i4

X X
37. x°—1 38. 16x* -1
39. 81x*—y* 40. x* - 625

ANSWERS (EXERCISE 3B)

1. (3x —4y) (3x +4y) 2. <5x—*y)< x+3y)
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3. (9—4x)(9+4x) 4. 5(1—2x)(1+2x)
5. 2(x—2) (x +2) (x> + 4) 6. 3ab(a—9b)(a +9b)
7. 3x(x—4)(x+4) 8. 3(3a —4b)(3a +4b)
9. x(1—-8x)(1+8x) 10. 2a(2b—3a)(2b + 3a)
11. 6(5-x)(5+x) 12. 2(1—-5x)(1 + 5x)
13. 5(2x—3)(2x+3) 14. (3a+5b—2¢)(3a+5b+2c)
15. (a+b)(a—-b-1) 16. (2a+3b)(2a—3b—-1)
17. @a—b+c)(a+b—c) 18. (2a+2b+1)(2a—2b+1)
19. (a+b+3c)(a+b—3c) 20. 3(6a+b—c)(6a—b+c)
21. (a+b)(a+b+1)(@a+b-1) 22. (x—y+z)(x—y—z)
23. (xty+a-b)(x+ty—a+b) 24. (5x—1+6y)(5x—1-6y)
25. (a—b)(1—-a-D) 26. (a—2c+b)(a—2c—Db)
27. 3+a—-b)(3—a+b) 28. (x—=5)(x—1)(x+1)
29. 1+a—-b)y(1—a+b) 30. 3a+1—-6b)(3a+1+6b)
3L (x+y—3)(x—y+3) 32. 2x+3y)(2x—3y—1)
33. (32— 8b) (3a+8b+1) 34, (x——+1)(x———1)

1 1 2 2
35. (x—% y)(x x+y) 36. (x + 2)(95 +x +2)

37. (x— 1) (x+ 1) (P +1) (x> +1-v2x) x2+1+ﬁx)
38. (2x—1)(2x +1) (4x*+1) 39. (3x — ) Bx +v) (9x°+ 1)
40. (x—5)(x+5) (x> +25)

HINTS TO SOME SELECTED QUESTIONS

17. a*=b*+2bc - * =a*— (B> —2bc + ) = a* — (b—¢)*.

18. 40> —4b*+4a+1= (4a°+4a+1)—4b" = Qa+1)> - (2b)°.

21. (@a+b)’—a-b=(@+b)’—(a+b)=@+b)[@a+b)*-1]=(@+b)[(a+b)*-17.
22. x2+y2*22*2xy:(x2+y2*2xy)*z2:(x*y)zfzz.

26. a*—b* —4ac+4c* = (a* —dac+4c®) - b = (a—2c)* - b*.

28. x*—5x*—x+5=x*(x—5)— (x—5) = (x—5)(x*— 1).

29.1+2ab—(a*+b*) =1-(a*+b*—2ab) =1>— (a—b)".

31 X -y +6y—9=x"— (" -6y +9) =x"— (y—3)°.

32. 4x* -9y — 2x — 3y = (4x” - 9y*) — (2x +3y).

33. 9a” + 30— 8b — 64b> = (9a° — 64b°) + (32 — 8b).

2
3 .x2+7*3:(x2+%72)f1:(x7%> -1,
X X

o~
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* x2_2+%_y2=< ‘%)Z‘yz-

2
36. x4+%:<x4+%+4>74:(x2+%) -2%
X X

FACTORISATION OF QUADRATIC TRINOMIALS

Polynomials of The Form x>+ bx+ec.
We find integers p and g such that p + g = b and pq = c. Then,
XHbx+c=x"+(p+q)x+pg
=x"+px+qe+pg
=x(x+p)+qx+p)
=@ +p)x+g).

SOLVED EXAMPLES

EXAMPLE 1 Factorise x*+9x+18.
SOLUTION  The given expression is x*+9x +18.
We try to split 9 into two parts whose sum is 9 and product 18.
Clearly,6+3=9and 6 X3 =18.
X’ +9x+18=x"+6x+3x+18
=x(x+6)+3(x+6)
=(x+6)(x+3).

Hence, x* +9x +18 = (x + 6) (x + 3).

EXAMPLE2  Factorise x”+5x —24.
SOLUTION  The given expression is x* + 5x — 24.
We try to split 5 into two parts whose sum is 5 and product —24.
Clearly, 8+ (=3) =5and 8 X (-3) = —24.
xX*+5x—24=x"+8x—3x 24
=x(x+8)—3(x+8)
=(x+8)(x—3).
Hence, x>+ 5x —24 = (x+8)(x—3).

EXAMPLE3  Factorise x*—4x—21.

SOLUTION  The given expression is x* — 4x — 21.
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We split —4 into two parts whose sum is —4 and product —21.
Clearly, (-7) +3 =—4and (-7) X3 =-21.
x*—4x—21=x"—7x+3x—-21
=x(x—7)+3(x—7)
=(x-7)(x+3).
Hence, x* —4x—21 = (x—7) (x + 3).

EXAMPLE4  Factorise
(i) x> +5y/3x+12 (ii) x*+3y/3x~30
SOLUTION (i) The given expression is x*+5y/3x+12.

We split 5¢/3 into two parts whose sum is 5y/3 and
product 12.

Clearly, (4y/3 +/3) =53 and (4y3 X /3) = 12.
X +5y/3x+12=x"+4/3x+/3x+12
=x(x+4v3)+ V3 (x+4v3)
= (x+4¢/3)(x +v3).
Hence, x* +5y3x+12 = (x +4y/3) (x +V3).
(i) The given expression is x*+34/3 x — 30.

We split 3«/5 into two parts whose sum is 3/5 and
product —30.

Clearly, (5/3 —2y/3) = 3y/3 and 53 x {-2,/3} =—30.
¥ +3¢3x-30=x"+5y/3x-2/3x-30
=x(x+5v3)~2y/3(x +5/3)
= (x+5v3)(x—2y3).
Hence, x*+3v3x—30 = (x +5v3) (x— 2¢/3).
EXAMPLE5  Factorise (p+q)>—20(p+q) —125.

SOLUTION  The given expression is (p+4)> =20 (p + ) — 125.
Putting (p +q) = x, it becomes x” — 20x — 125.
We split —20 into two parts whose sum is 20 and product —125.
Clearly, (—25+5) =—20 and (-25) X 5 =—-125.
x*=20x—125 = x* = 25x + 5x — 125
=x(x—25) +5(x —25)
=(x—25)(x+5).

L (pr)’-20(p+q)-125=(p+q-25)(p+q+5) [ x=p+ql
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EXAMPLE 6 Factorise a*+4a’+3.
SOLUTION  The given expression is a* +4a” + 3.
Putting a° = x, it becomes x” + 4x + 3.
We split 4 into two parts whose sum is 4 and product 3.
Clearly, (3+1)=4and (3X1)=3.
X +4x+3=x"+3x+x+3
=x(x+3)+(x+3)=(x+3)(x+1)
=(a*+4a>+3) = (@*+3)(a*+1) [ x=d%.
Factorisation of Polynomials of The Form ax’+bx+c

We find integers p and g such that p+q = b and pg = ac. Then,
ax’+bx+c= ax2+(p+q)x+I;—q
= a’x* +apx +agx +pq
=ax(ax +p)+q(ax+p)
= (ax+p)(ax +q).

Hence, (ax”+bx +¢) = (ax + p)ax+q).

EXAMPLE7  Factorise 6x°+17x +5.

SOLUTION The given expression is 6x>+17x +5.
Here, 6 X5 =30.
We split 17 into two parts whose sum is 17 and product 30.
Clearly, (15+2) =17 and (15 X 2) = 30.

6x>+17x +5=6x"+15x +2x +5
=3x(2x+5)+ (2x +5)
=(2x+5)(3x+1).
Hence, 6x°+17x+5 = (2x +5)(3x +1).

EXAMPLE 8  Factorise ﬁx2 +9x + 4x/§.
soLuTioN  The given expression is V223 +9x+4y2.
Here, ﬁ X 4ﬁ =8.
We split 9 into two parts whose sum is 9 and product 8.
Clearly, (8 +1)=9and (8 X1) =8.
ﬁx2+9x+4ﬁ = ﬁx2+8x+x+4«/§
=V2x(x+4¢2)+ (x+412)
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EXAMPLE 9

SOLUTION

EXAMPLE 10

SOLUTION

EXAMPLE 11

SOLUTION

EXAMPLE 12

SOLUTION

Secondary School Mathematics for Class 9

= (x+4y2)(/2x+1).
Hence, (v2x* +9x +44/2) = (x +44/2) (Y2 x+1).

Factorise 2x*+11x - 21.
The given expression is 2x* +11x—21.
Here, 2 X (=21) = —42.
We split 11 into two parts whose sum is 11 and product —42.
Clearly, 14+ (—=3) =11and 14 X (=3) = —42.
2x*+11x 21 = 2x* + 14x - 3x - 21
=2x(x+7)—3(x+7)
=(x+7)(2x—-3).
Hence, (2x° +11x —21) = (x +7) (2x — 3).

Factorise 6x*+7x 3.
The given expression is 6x”+ 7x — 3.
Here, 6 X (=3) =-18.
We split 7 into two parts whose sum is 7 and product —18.
Clearly, 9+ (=2) =7 and 9 X (=2) =-18.
6x°+7x—3=6x"+9x—2x—3
=3x(2x+3)—(2x+3)
=(2x+3)(3x—-1).
Hence, (6x*+7x—3) = 2x +3)(3x— 1).

Factorise 9x*—22x+8.
The given expression is 9x* —22x +8.
Here, 9 X8 =72.
We split 22 into two parts whose sum is —22 and product 72.
Clearly, (-18) + (—4) =—22 and (-18) X (—4) = 72.
9x%~22x +8=9x*~18x —4x +8
=9x(x—2)—4(x—-2)
=(x-2)(9x—4).
Hence, (9x* = 22x +8) = (x —2) (9x — 4).

Factorise 35y°+ 13y —12.
The given expression is 35y2 +13y—12.
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Here, 35 X (-12) = —420.
We split 13 into two parts whose sum is 13 and product —420.
Clearly, 28 + (-15) = 13 and 28 X (—=15) = —420.
35y + 13y — 12 = 35y° + 28y — 15y — 12
=7y(5y +4)-3(5y +4)
=(5y+4)(7y—3).
Hence, (35y° + 13y — 12) = (5y +4) (7y - 3).
EXAMPLE 13 Factorise 4y/3x*+5x—2+/3.
SOLUTION The given expression is 4x/§ X+ 5x— 2/5.
Here, 41/3 X (=24/3) = —24.
So, we split 5 into two parts whose sum is 5 and product —24.
Clearly, 8+ (=3) =5 and 8 X (-3) = —24.
4y/3x*+5x—24/3 =4y/3x" +8x—3x 243
=4x(/3x+2) =3 (/3x+2)
=(/3x+2)(4x—v3).
Hence, (4v/3x%+5x—24/3) = (Y3 x+2)(4x—y/3).

EXAMPLE 14  Factorise 2x”—7x—39.
SOLUTION  The given expression is 2x”— 7x — 39.
Here, 2 X (—39) =-78.
So, we split—7 into two parts whose sum is =7 and product -78.
Clearly, (-13) + 6 =—=7 and (=13) X 6 =-78.
2x* = 7x—39 = 2x" —13x +6x 39
=x(2x—13)+3(2x —13)
=(2x-13)(x+3).
Hence, (2x* = 7x —39) = (2x — 13) (x + 3).

EXAMPLE 15  Factorise 42—r—1".
soLuTioN  The given expression may be written as - —r+42.
Here, (—1) X 42 =—42,
So, we split -1 into two parts whose sum is -1 and product —42.
Clearly, (=7) +6 =—1and (-7) X 6 = —42.
DL-r-r=—r-r+42
=—r*=7r+6r+42
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EXAMPLE 16

SOLUTION

EXAMPLE 17

SOLUTION

EXAMPLE 18

SOLUTION
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=—r(r+7)+6(r+7)

=(r+7)(1+6) =
Hence, (42 —r— rz) ={7+r)(6—

7+r)(6-7).
7).

5 1
Factorise 2x* 6% + 1
We have
5 1 (24x*-10x+1)
2 =gty = 2
~ 5 (24x*~ 101 +1)
112 (24x" — 6x —4x+1)

= E[6x(4x -1)—(4x-1)]

1
T12
“(2

12 12

5 .1

Hence, (sz —=x+

6" 12

)=

Factorise 53x +y)>+6(3x+y)—8.

1)

= (dx-1)(6x—1)

6x—1) = ( 11—2>(6x—1)-
11—2)(6x 1).

Putting (3x +y) = z in the given expression, we get

5(3x+y)*+6(Bx+y) -
=5z°+6z -8, where 3x+ty=z
=5z"+10z -
=bz(z+2)—
=(z+2)(5z—4)
=Bx+y+2)[5Bx+y)—4]
=@Bx+y+2)(15x+5y—4).

Hence, 5(3x+y)2+ 6(Bx+y)—8=(CBx+y+2)(15x+5y—4).

4z-8

4(z+2)

Factorise x*—3x*+2.

Putting x° = y, we get

x'=3x7+2

=y*—3y+2, wherex’ =y
=y -2y-y+2

=yy-2)-

v-

2)

[

10+ (-4)=6and 10 X (—4) =

—40]



EXAMPLE 19

SOLUTION

EXAMPLE 20

SOLUTION

EXAMPLE 21

SOLUTION
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=(y-2)(y-1)

=(x*-2)(x*-1) [ y=x7
= (x+V2)(x—v2) (x + 1) (x - 1).

Hence, (x*=3x"+2) = (x +v/2) (x —v2) (x + 1) (x = 1).

Factorise 7/§x2— 10x—4/§.

The given expression is 7«/5 x?-10x - 4/5 .

Here, 7v/2 X (—4y/2) =-56.

So, we split —10 into two parts whose sum is -10 and
product -56.

Clearly, (—14 +4) =-10 and (-14) X 4 = —-56.
74/2x* = 10x—4y2 =7/2x* — 14x +4x - 4y2
=7v2x(x=v2) +4(x—v2)
= (x=vV2)(7V2x+4).
Hence, (7v/2x = 10x—4y/2) = (x —/2) (72 x + 4).
Factorise 5«/59(2 +30x + 8«/3.
The given expression is 5«/5 2 +30x + 8«/5 .
Here, (5v/5 X 8y/5) = 200.
So, we split 30 into two parts whose sum is 30 and product 200.
Clearly, (20 +10) = 30 and (20 < 10) = 200.
5v5x +30x +84/5 = 5¢/5x° +20x + 10x +8+/5
=5x(/5x+4)+2/5(/5x+4)
= (/5x+4)(5x +2/5).
Hence, (5v/5x%+30x +8y5) = (V5x+4) (5x +2¢5).
Factorise 4x”+20x + 25.
The given expression is 4x” +20x + 25.
Here, (4 X 25) = 100.
So, we split 20 into two parts whose sum is 20 and product 100.
Clearly, (10 +10) = 20 and (10 X 10) = 100.

4% +20x + 25 = 43 + 10x + 10x + 25
=2x(2x+5)+5(2x +5)
=(2x+5)(2x+5).

Hence, (4x” +20x +25) = (2x +5) (2x +5).
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EXERCISE 3C

Factorise:

1. x*+11x +30 2. x*+18x +32

3. x*+20x — 69 4. x*+19x—150

5. x> +7x—98 6. X’ +2¢/3x—24

7. x*=21x+90 8. x*—22x+120

9. x*—4x+3 10. x*+7v/6 x+60
11. ¥*+3/3x+6 12. x>+ 64/6x+48
13. x*+5v/5x+30 14. x*—24x—180
15. x*—32x—105 16. x*—11x— 80
17. 6—x—x° 18. xz—ﬁx—6
19. 40 +3x —x° 20. x*—26x+133
21. x*—2y/3x-24 22. x*=3y/5x-20
23. x> +4/2x—24 24. x*=24/2x-30
25. x*—x—156 26. x*—32x—105
27. 9x*+18x+8 28. 6x7+17x+12
29. 18x*+3x—10 30. 2x*+11x - 21
31. 15x*+2x—8 32. 21x°+5x— 6
33. 24x* —41x +12 34. 3x*—14x+8
35. 2x%+3x—90 36. V/5x*+2x-3/5
37. 2J§x2+x—5/§ 38. 7x2+ZMx+2
39. 6y/3x*—47x+54/3 40. 5¢/5x>+20x+34/5
41. «/§x2+10x+8«/§ 42, «/§x2+3x+\/§
43. 2x*+34/3x+3 44. 15x* —x - 28
45. 6x° —5x —21 46. 2x*-7x—15
47. 5x*—16x - 21 48. 6x°—11x-35
49. 9x* = 3x—20 50. 10x>—9x—7
51. x2—2x+% 52. %xz—Zx—9
53. x2+%x+31—5 54, 21x2—2x+21—1
55. %x2+16x+10 56. %xz—%x—ZS
57. %xz—%aﬁ-ll 58. 2x2—x+%

59. 2(x +y)° —9(x +y) -5 60. 922 —b)* —4(2a—b) - 13



61.

63.

65.
66.

49.

51.

© N Ul W oR

7(x—2y)* —25(x - 2y) + 12

6(2v-2) +7(2x -

At + 72 -2

Evaluate {(999)> -1

. (x+6)(x+5)
. (x+23)(x—3)

(
(x+14)(x—7)
(x—15)(x - 6)
(

(

. (x=3)(x—1)
.x+2f x+f
. x+3f x+2f)
. (x—=35)(x+3)
.(2-x)(3+x)

. (8—x)(5+x)
(- 4f x+2f)
. x+4\/— )(x— 3«/—)
. (x—13)(x+12)

. (Bx+4)(3

. (6x+5)(3x—2)
. (bx+4)(3x—-2)

(
(
(
(
(
(
(
( x+2)

(
(

. (Bx—4)(8x—3)

. (2x +15)(x—6)

- (@+/3)(2/3x-5)
. 2x—54/3)(3V3x-1)
. (x+2v3)(/3x+4)
L (x+V3)(2
. (Bx—=7)(2x +3)
47.

(
(
(
(
( x+4/3)
(

5x—21)(x +1)

(
(B3x—5)(3x+4)

(4 16>(4x D
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) 20 64.
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62. 10(3x+ 1) - (3x+ 1)-3

(a+2b)*+101(a +2b) + 100

ANSWERS (EXERCISE 3C)
2. (x+16)(x+2)
4. (x+25)(x - 6)
6. (x+4v3)(x~2/3)
8. (x—12)(x—10)

10. (x+5v6) (x +2+/6)

12. (x+44/6)(x +24/6)

14. (x—30)(x +6)

16. (x—16)(x +5)
(x—2v/3)(x ++3)
. (x=19)(x—-7)

. (x=4v/5)(x ++/5)
(x=5v2)(x +3+2)
(

- (

. (x—=35)(x+3)
2x +3)(3x +4)
x+7)(2x—3)
3x+2)(7x—-3)
x—4)(3x—2)
x+f «/gx 3)
(W7 x+V2) (7 x+4/2)
. (V5x+3)(5x +4/5)
42, (x+f «/§x+1
- (5x
- (
- (

-
- (
<
-

5x—7)(3x+4)
x—5)(2x+3)
2x—7)(3x+5)

50. (5x—7)(2x+1)

52. 1+§) (x-9)
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53. (5x+1)(5 35> 54, (x—21—1>(21x—1)

55. (§+5)(3x+2 56. (§—4 2x+7)

57. (’SC )(3x 4) 58. (%—%)(49(—1)

59. (x+y—5)(2x+2y+1) 60. (182—9b—-13)(2a—b+1)
61. (x—2y—3)(7x— 14y - 4) 62. 15x+§—3)(6x+%+1)
63. (4x— 2 +5)(6x—2 - 4) 64. (a+2b+100)(a+2b+1)
65. (x*+2)(2x—1)(2x +1) 66. 998000

HINTS TO SOME SELECTED QUESTIONS

X +24/3x-24=x"+4/3x-24/3x-24.

10. ¥* +7v/6x+60 =x>+5y/6x+2y/6x+60.

11. X +3y3x+6=x"+24/3x+y/3x+6.

12. ¥ +6/6x +48 =x*+4y/6x+2/6x+48.

13. ¥* +54¢/5x+30 = x> +34/5x+24/5x+ 30.

18. ¥’ —y/3x—-6=x"-24/3x+/3x—6.

21. ¥ -24/3x 24 =x"—44/3x+24/3x-24.

22. x*=3/5x-20 =x"—4y/5x+/5x-20.

23 X% +4/2x-24=x"+4y2x-3y/2x—24.

24, x*=24/2x-30 =x"—5y/2x+3y/2x-30.

36. ¥5x°+2x—34/5 = y5x*+5x —3x—34/5.

37. 24/3x* +x 543 =24/3x*+6x—5x—543.

38. 7x° +2¢/14x +2 =7 +y14x +y14x +2 = V7 x (W7 x +V2) + V2 (V7 x +/2).
39. 64/3x° —47x+54/3 = 64/3x*—45x — 2x +54/3 = 3y/3x(2x—5/3) - (2x—5v3).
40. 54/5x*+20x +34/5 = 5¢/5x% +15x + 5x +34/5 = 5x (Y5 x +3) + /5 (Y5 x +3).
42, ﬁxz+3x+ﬁ=ﬁx2+2x+x+«/§.

43, 26> +34/3x+3=2x"+2/3x+/3x+3.

44. 15x* — x — 28 = 15x° — 21x + 20x — 28.

7 _16x°-32x+7 _16x"-28x—4x+7 (4x-7)(4x-1)
16 16 16 16

(4x T)ar-1)= (G- 16)(4" RE

66. {(999)*— 1% = (999 — 1)(999 + 1).

(o)}

51. x*—2x+
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SQUARE OF A TRINOMIAL

FORMULA (X +y+2)° = x"+1y + 2+ 2xy + 2yz + 2zx.

SOLVED EXAMPLES

EXAMPLE 1 Exapand (2a+3b+ 4c)%.
SOLUTION  Putting 22 = x, 3b = y and 4c = z, we get
(2a+3b+4c)”
= (x+y+2)°
= x2+y2+zz+2xy+2yz+2,zx
= (2a)"+ (3b)" + (4¢)” + (2 X (2a) X (3b)} + {2 X (3D) X (4c)}
H2 X (40) X (20)}
= 4a” +9b” + 16¢” + 12ab + 24bc + 16¢a.

EXAMPLE 2 Expand each of the following:
(i) (4da—b+2c)> (i) Ba—5b—c)> (i) (~x+2y—32)°
SOLUTION (i) Putting 4a = x, —=b =y and 2c = z, we get
(4a—b+20)*
=(x+y+2)’
=x2+y2+zz+2xy+2yz+2zx
= (4a)*+ (=b)* + (20)* + {2 X 4a X (=b)} + {2 X (-b) X 2¢}
+{2 X 2¢ X 4a}
=16a" +b*+4c” — 8ab — 4bc + 16ca.
(ii) Putting 3a =x, —5b =y and —c = z, we get
(3a—5b—-c)*
=(x+y+2)
= x>+ + 27+ 2xy + 2yz + 2zx
= (3a)" +(=5b)* + (—0)* + {2 X 3a X (=5b)} + {2 X (~5b) X (~¢)}
+{2 X (—¢) X 3a}
=9a”+25b” + ¢* — 30ab + 10bc — 6¢a.
(iii) Putting —x =a, 2y = band -3z = c, we get
(—x+2y- 3z)*
=@+b+c)’
=a>+ b+ c*+2ab+2bc + 2ca
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EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION

EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION
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= (=2)7+ 2y)* + (=32)> + {2 X (—x) X 2y} + {2 X 2y) X (~32)}
+{2 X (=32) X (-x)}
=x*+ 4y2 +97° - 4xy —12yz + 62zx.

Factorise 9x*+4y* + 162"+ 12xy — 16yz — 24xz.

We observe here that —16yz and —24xz are negative terms in
the given expression and z occurs in both the terms. So, we
write 162” as (—4z)°.
Thus, we have
9x” + 4y* +162° + 12xy — 16yz — 24xz
= (31)"+ (2y) "+ (—42)" + {2 X (32) X (2y)} +{2 X (2y) X (~42)}
+(2 % (~42) X (3%))
={3x+2y+ (—42)%) = (3x+2y—4z)2.

Factorise 25x° + 16]/2 +47° - 40xy + 16yz — 20xz.

We observe here that —40xy and —20xz are negative terms in
the given expression and x occurs in both the terms.

So, we write, 25x% as (—5x)2.
25x” + 16y +4z° — 40xy + 16yz — 20xz
= (—5x) (4y) + (Zz) +{2 X (=5x) X (4y)} + {2 X (4y) X (22)}
+{2 X (=5x) X (2z)}
={(- 5x)+4y+22) =(- 5x+4y+2z)

Factorise 2x*+y*+82° = 24/2 xy +4y/2yz — 8zx.
We observe here that —24/2 xy and —8zx are negative terms in
the given expression and x occurs in both the terms.
So, we write 2x” as (—«/E x)z.
x2+y2+822—2«ﬁxy+4fyz—82x
= (/20 P+ (2422) 4 2 X (~y23) X )
+H2 Xy X ( 2fzz +{2X(2¢22) X (-v21x)}
= (—v2x+y+2v22)".

Evaluate (i) 101 X102 (ii) (999)° (iii) (997)°
We have
(i) 101102 =101 X (100 +2)
= (101X 100) + (101 X 2) = 10100 + 202 = 10302.
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(ii) (999) = (1000 - 1)*
= (1000)*+1%— (2 X 1000 X 1)
[ (a—b)>=a’+b"—2ab]
= 1000000 + 1 — 2000
= (1000001 — 2000) = 998001.
(iii) (997)* = (1000 - 3)*
= (1000)*+3%— (2 X 1000 X 3)
= 1000000 + 9 — 6000 = 994009.

EXERCISE 3D
1. Expand
(i) (a+2b+5¢)° (i) 2a—b+c)? (iii) (2 —2b-3c)*
2. Expand

() Qa-5b-7c)* (i) (-3a+4b-5¢)>  (iii) ( a- —b + 2)
Factorise
3. 4x”+ 9y +162° + 12xy — 24yz — 162x
4. 9x* +16y° +4z° — 24xy + 16yz — 12xz
5. 25x° +4y” + 92" — 20xy — 12yz + 30xz
6. 16x” + 4y’ + 92" = 16xy — 12yz + 24xz
7

. Evaluate
(i) (99)° (i) (995)* (iii) (107)*

ANSWERS (EXERCISE 3D)

=

(i) a® +4b* +25¢% + 4ab + 20bc + 10ac (i) 4a*+b* +c* — 4ab — 2bc + 4ac
(iii) a” + 4b” + 9c* — 4ab + 12bc — 6ac

2. (i) 4a*+25b% +49¢* — 20ab + 70bc — 28ac
(ii) 9a* + 16b” + 25¢” — 24ab — 40bc + 30ac
(iii) 42 +i776+4_7_b+2
3. (2x+3y —4z)(2x+ 3y — 4z) 4. (-3x+4y+22)(-3x+4y +22)
5. (5bx =2y +3z) (5x —2y + 3z) 6. (4x — 2y +3z) (4x -2y + 3z)
7. (19801 (i) 990025 (i) 11449
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CUBE OF A BINOMIAL
FORMULAE (i) (x +y)3 =y’ +y3 +3xy(x+y).

(ii) (x—y)3 = x3—y3—3xy(x—y).

SOLVED EXAMPLES

EXAVPLE 1 Expand (i) (4a+5b)° (i) (3a—2b)°
SOLUTION (i) Putting 4a = x and 5b =y, we get
(4a+5b)° = (x+y)’
=2+ +3xy (x +y)
= (4a)° + (5b)* + (3 X 4a X 5b) (4a + 5b)
= 644>+ 125b° + 60ab (4a + 5b)
= 64a° +125b° + 240a”b + 300ab’.
(ii) Putting 3a = x and 2b =y, we get
(3a—-2b)° = (x —y)3
=2’ -y’ = 3xy(x—y)
= (3a)> = (2b)* - (3 X 3a X 2b) (32 — 2b)
=27a°— 8b*>—18ab (3a — 2b)
=274 — 8b° — 54a”b + 36ab”.

(1YY y 1)
EXAMPLE2  Expand (z)(§+§) (zz)(4—3—x>
SOLUTION (i) Putting % =gand % =b, we get
3
140
=0’ +b>+3ab(a+D)
(1P (Y 1Y (1.9
3
1.y Yy
_x3+27+x(x+3)
1. Yy YV 1.y VY
:F+ﬁ+?+3—x:F+?+3—x+ﬁ

(ii) Putting 4 =a and 317x =b, we get



EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION

EXAMPLE 5

SOLUTION
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=a>—b>—3ab(a—b)

i (LY 1 _1
=) <3x> 3X4X3xx<4 3x>
1 16, 4 16 4 1
= 64— e T Y R R :
27 X 347 X o3xr 27%°

Simplify (2x—5y)° - (2x+5y)°.
Putting 2x =g and 5y = b, we get
(2x—=5y)° = (2x +5y)°

=@-b)’-@+b)’

={a®—b* - 3ab(a - b)} — {a’ + b* + 3ab(a + b)}

=@ -b>-3a’b+3ab>—a’ — b> - 3a’b— 3ab?)

=—2b°—6a"b =—2 X (5y)° — 6 X (2x)* X (5)

= (-2 X 125¢°) — (6 X 4x” X 5y) = —250y° — 120x" .
Factorise

(i) 84> +b°+124%b + 6ab*
(i) 64a°—27b° — 1444 b + 108ab”

We have
(i) 8a°+b>+12a°b+6ab”
= (2a)> +b° + 6ab (22 +b)

=(2a)’ +b°+ (3 X 2a X b) (2a +b)
=Qa+b)’=Qa+b)(2a+b)(2a+b).
(i)  64a®—27b°—1444°b + 108ab
= (4a)® — (3b)> — 36ab (4a — 3b)
= (4a)® — (3b)* — (3 X 4a X 3b) (4a — 3b)
= (4a - 3b)° = (4a — 3b) (4a — 3b) (4a — 3b).

Factorise
(i) 27-125a> - 135a+2254" (i) 1—64a’ —12a + 484"
We have
(i) 27-1254>—135a+2254°
=3%—(5a)> — 45a(3 — 5a)
=3%—(5a)° — (3 X 3 X 51) (3 — 5a)
=(3-5a)°=(3-5a)(3-5a)(3 - 54).

121
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(i) 1-64a°—12a+484"
=1°—(4a)’ — 12a(1 — 4a)
=1°—(4a)® - (3 X 1 X 4a) (1 - 4a)
=(1—-4a)’=(1-4a)(1—4a)(1 - 4a).

EXAMPLE 6  Factorise

12 6 1 .. 9 1 1
)8+ 5P tosptyys @2 -gryp g

SOLUTION We have

| 2.6 1
(@) 8+ ZP +o5p s

-8 1 12 2, 6

=8 st e P T

-’ +(3) %v(zp“)
:(2p)3+<l) ( ><2p><l>><(2p+l>

“(o5) =g ) s)

.. 3.9, 1 1
(i) 27 14 +4p 216

1 92+1

=o'~(g) -l

-1 -t
ExampLE 7 Simplify (x+y)°—(x—y) -6y (x*—y).
SOLUTION  We have
(r+y)’=(c=y)’ =6y ("~ y)
=(c+y)’ = (=)’ =3+ y) (=Y X {(x +y) ~ (=)
[ 2y=@+y) —(x—yl
=a3—b3—3ab(a—b),wherex+y=aandx—y= b
=@-b’={x+y) - (- =0y’ =8y".
EXAMPLE8  Evaluate (i) (102)° (ii) (999)°

SOLUTION We have
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(i) (102)° = (100 +2)°
= (100)°+2° +3 X100 X 2 X (100 +2)
= 1000000 + 8 + (600 X 102)
= 1000008 + 61200 = 1061208.
(ii) (999)° = (1000 -1)°
=(1000)® - 1% - (3 X 1000 X 1) (1000 — 1)
= 1000000000 — 1 — (3000 X 999)
= 999999999 — 2997000 = 997002999.

EXERCISE 3E
1. Expand
(i) (Gx+2)° (i) (30 +4ib)3 i) (1 +%a>3
2. Expand
(i) (52— 3b)° (i) (3x- %)3 (i) (3a- 2)3
Factorise

3. 84> +27b° + 36a’b + 54ab”
4. 644° —27b° — 1444 b + 108ab”

27 5,9 274"
5 1+ 1554+ 5 * 705
6. 125x° =27y’ — 225x°y + 135xy”
7. a°x°> = 3a%bx” + 3ab’x — b°
64 5 96 > 48

8.105% ~254 t 578
9. a°—12a(a—4) - 64
10. Evaluate
@) (103)° (ii) (99)°
ANSWERS (EXERCISE 3E)
. .. 1 274* 9a
1. (i) 27x°+8+54x* +36x i) 274° + +
@) (ii) oar’ | 4b " 1ep?
8 5.4
(111)1+27a +3a +2a

125

64 5 o 96 5 48
(iii) 1257 8 257 + 54

2. (i)125a°-27b>-2254°b+135ab” (i) 27x° -5 —135x + %
X

123
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3. (2a +3b)(2a + 3b) (2a + 3b) 4. (4a—3b)(4a — 3b) (4a — 3D)
5. (1 + %a)(l + %a)(l + %a) 6. (5x —3y)(5x — 3y) (5x — 3y)
7. (ax —b)(ax — b) (ax — b) 8. (%a - 2)(%51 - 2)(%&1 - 2)

9. a—-4)@-4)@-4 10. (i) 1092727 (ii) 970299

FACTORISATION OF SUM OR DIFFERENCE OF CUBES

THEOREM Prove that
(i) (F°+y°) = (x +y) (¢ —xy + )
(i) (= y’) = (x—y) (& +xy +1)
PROOF We have
(i) (x+y)’= @’ +y) +3xy(x +y)
= (C+y))=(xc+y)’ -3y (x+y)
= (x+y) X[(x+y)* - 3xy]
=(x+y) (@ —xy+y).
@ +y’) =+ (- xy+yY).
(i) (x=y)°= (" -y)) —3xy(x—y)
= (-y)=@-y’+3xy(x-y)
= (x—y) X [(x —y)* +3xy]
=(x-y) & +xy+yd).
=y’ = (=) (& +xy + 7).

SUMMARY
) (°+y°) = (x+ ) —xy +177).
(i) (*=y%) = (=) +ay +yP).

SOLVED EXAMPLES
EXAMPLE 1 Find the following products

2
(i) (% - 2y)(xz —xy+ 4y2> (ii) (= 1) (x* + 22+ 1)
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SOLUTION We have
2
(1) (g + 2y><xz —xy+ 4y2>
= (a+Db)(a*—ab+b?), where
=@’ +b’)
3 3
-3 e~
(i) -1 +x2+1)
=(a—b)(a*+ab+b*), wherex’=aand1=0b
=(@@’-b’)
=()’-(1)°=("-1).

x

2=aand2y=b

EXAMPLE 2 Factorise
(i) 1+64x° (i) 27x° +125y° (iii) (x +1)° + (x = 1)°
SOLUTION We have
(i) 1+64x°
=(1)°+(4x)°
=(1+4x)(1-4x+16x>) [ (@ +b%)=(a+b)@*—ab+b)]
(i) 27x°+125/°
=(3%)*+ (5y)°
= (3x +5y) (9x” — 15xy + 25v/°)
[ (@®+b%) = (a+b)(a®>—ab+b7)].
(iii) Putting (x+1) =aand (x—1) =b, we get
(@+1)’+@x-1)°
=@ +0p
=(@+b)(a*—ab+b%
={@+ D+ - DI {E+1)’ - @+ DE-1)+@x-1)%
=2 X {(x*+2x+1)— (x* = 1)+ (x* — 2x + 1)}
=2x X (X +2x+1 -2+ 1+x"—2x+1) =2x(x*+3).
EXAMPLE 3 Factorise
(i) a° =242 (i) 1 - 64a° (iii) 8a° - 27b°
SOLUTION We have
() (@’ -2v2b°)
=(a)’ - (v2b)’
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= (a—v2b) X {a*+(a X y2b) + (v2b)?)
[ =y’ =(—y) (& +ay+y7)]
=(@—+v2b)(a*+y2ab+2b%.
(@®—22b% = (a—2b)(a* +/2ab +2b%).
(i) (1-64a%
= (1)~ (4a)®
=(1-4a) X {17+ (1 X 4a) + (4a)%)
[ 2=y’ = x-p & +ay+y)]
=(1-4a)(1+4a+16a°).
(1-64a”) = (1—4a) (1 +4a+164%).
(iii) (84> —27b%)
=(20)°-(3b)°
= (2a - 3b) X {(2a)*+ (2a X 3b) + (3b)*}
[ x3 _ ]/3 — (x _ y) (x2 + X]/ + yz)]
= (2a — 3b) (4a” + 6ab + 9b).
(8a°—27b%) = (2a — 3b) (4> + 6ab + 9b7).

EXAMPLE 4  Factorise
(i) 24" —128a (ii) a” + ab® (iii) 32a° + 108b°
SOLUTION We have
(i) (24 —128q)
=2a X (a° - 64) = 2a X [(a°)* - 87]
=20 X (a’~8) X (a’+8) [ 2=y’ =(@-yx+y)]
=20 X (@’ -2°) X (a®>+2%
=20 X[(a—2) X (a*+2a+4)]| X [(a+2) X (a°—2a +4)]
=2a(a-2)(a+2)(a*+2a+4)(a>—2a+4).
(20" —128a) =2a(a—2)(a +2) (a*+2a+4) (a* - 22+ 4).
(i) (a" +ab®
=ax (@ +b°)=ax{@)’+®%°
=aX (@ +b) X (a*—a*b*+b%
[ x+y’ = e+ y) @ - ay +y)]
(@ +ab®) = a(@®+ b (a* - a*b* + b*).
(iii) (324> +108b%)
=4 X (84 +27D°)



EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION

EXAMPLE 7

SOLUTION
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=4X{(2a)*+(3b)*}
=4 X (2a+3b) X (4a” — 6ab + 9b%)
[ x+y’ = e+ y) @ - ay +y)]
(324 +108b°) = 4(2a + 3b) (4a” — 6ab + 9b).

Factorise
(i) a®+b>+a+b (i) a®=b>—a+b
We have
Q) a*+b+a+b
=@>+b%)+(@a+0)
=@+b)(@*—ab+b*) +(a+b)
[ (@®+b%) = (a+Db)(@*—ab+b%)]
=@+b)xX{(@*—ab+b>)+1)
=(a+b)(a2—ab+b2+l).
@+ +a+b)=(a+b)@@*—ab+b>+1).
() a’-b’-a+b
=@ -b)~(a-b)
=(@—-b)(@@*+ab+b>)—(a-b)
[ a®—b’=(@-b)(a*+ab+1)]
=@-b)@+ab+b*-1).
(@-b—a+b)=(a—-b)@*+ab+b>-1).

Factorise (a®—1b°).
We have
(@ -b°)
_ (a3)2— (b3)2
=@ -b’) (@ +b’)
=(a—b)(@*+ab+b>)(a+b)(a*—ab+b?
=(@—-b)(a+b)@+ab+b*)(a*—ab+b?.
@ -1v%)=@-b)(a+b)@*+ab+b>)(@*—ab+b.
Factorise (x°—7x>—8).
Putting X = y, we get
(°*-7x>-8)
=y’ -7y -8)
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EXAMPLE 8

SOLUTION

EXAMPLE 9

SOLUTION

EXAMPLE 10

SOLUTION
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= -8y+y-8)=yy-8)+(y-8)
=y-8y+1)
=’ -8)(x’+1) [ y=x]
_ (x3—23)(x3+13)
=(x-2)(F*+2x+4)(x +1) (x> —x+1)
=(x-2)(x+1)(*+2x +4)(x*—x +1).
(=77 =8) = (x—2) (x + 1) (" + 2x +4) (x* —x + 1).
Factorise x> +3x*+3x—7.
We have
X +3x°+3x-7
=(°+3x7+3x+1)-7-1 [adding and subtracting 1]
=(x+1)°-8=(x+1)>*-2°
=(x+1-2)X{(x+1)°+2(x+1)+2%
=(x-1)(*+4x+7).
(437 +3x-7) = (x—1) (x> +4x +7).
Ifx+y =12 and xy = 27, find the value of (x’+y°).
We have
@C+y’) = @y (- xy+y?)
= (x+y)[(x+y)* - 3xy]
=12%[(12)* -3 %X 27]
=12 X (144 -81) =12 X 63 = 756.
(x3+y3) =756.
Factorise (2a+3b)° - (2a—3b)°.
We have
(2a+3b)°> - (2a—3b)?
= (’—’), where 2a+3b=xand 2a—3b =y
= (x-y) @ +xy+yd)
= (@ -y x+y)*—xy]
= 6b X [(4a)” - (4a° - 9b)]
[ x—y=6b,x+y=4da, xy=4a"-9b’]
= 6b X (124 + 9b*) = 18b (4a” + 3b%).
(2a+3b)°— (2a—3b)’ = 18b (4a” +3b%).
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38.
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7.

9
11

ctorise
L xX0+27
1

1254° +5

. 16x* + 54x
L0ty
.1-274°
x°—512

1
27y°

8x° —

x— 8x]/3
3a’b-81a*p*
8x’y’ —x°
x°=729
(@+b)’=(@-b)°

a>+3a°b+3ab*+b° -

24> +16b° - 5a — 10b
ulz_b]Z

=37 +3x+7
Qa+1)°+@-1)°
(x+2)°+(x-2)°

0.85 X 0.85X0.85+0.15X0.15X0.15 _
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EXERCISE 3F

2. 27a° + 64b°

s, 1
4. 216x +125

6. 7a°+56b°
8. a°+0.008
10. 64a° — 343
12. a°—0.064

14. 5~ 8y

16. 32x* —500x
18. x4y4 —Xxy
20. 1029 - 3x°
22. X’

24. 8a°—b° — dax + 2bx

us—%—2a+;
a

8 26. )

28. a®+1°

30. x*—7x° -8

32. (x+1)°+ (x—1)°
34. 8(x+y)’—27(x— )’
36. (x+2)°—(x—2)°

Prove that

0.85 % 0.85—0.85%0.15+0.15x0.15 ~

1.

59 X59X59-9X9X9

Prove that

=50.

59 X59+59X9+9 X9

. (x+3)(x*=3x+9)
5a | 1

- (pa+)(252 -5+ )

2x(2x +3) (4x> - 6x +9)

2 4

P+ (" -x+1)
. (1-3a)(1+3a+94%
. (x—8)(x* +8x +64)

ANSWERS (EXERCISE 3F)
2. (3a +4b) (94" — 12ab + 16b%)

4. (6x + %)(36x2 - %x + 21—5)

6. 7(a+2b)(a* — 2ab + 4b%)

8. (1+0.2)(a* - 0.2a +0.004)
10. (4a—7)(16a” + 281 +49)
12. (a—0.4) (a”> +0.4a +0.16)

129
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e o
15. x(1—2y)(1+2y +4y°) 16. 4x(2x — 5) (4x”+ 10x + 25)
17. 3a*b(a—3b) (a*+ 3ab + 9b°) 18. xy(xy—1) (xzy2 +xy+1)
19. x2(2y —X) (4y2 +2xy + x%) 20. 3(7 — x) (49 + 7x + x%)

21. (x—3)(x +3) (x> +3x+9) (x*— 3x +9)
22. (x—y) (x2 +xy+ yz) (x6 + x3y3 + y6)
23. 2b(3a” +b%) 24. (2a—b)(4a” + 2ab+b* — 2x)

25. (a+b-2)[(a+b)*+2(a+b)+4] 26. —%)(a2—1+%)

27. (a+2b)(2a° — 4ab + 8b* — 5) 28. (a*+ b)) (a*—a’b*+ 1Y
29. (a—b)(a+b)(a®+b*) (@*+ab+b>) (a*—ab+b*) (a*—a’b* + b*)
30. (x—2)(x+1) (P +2x +4) (x* —x+1)

31 (x+1) (x> —4x+7) 32. 2x(x*+3)
33. 9a(a*+a+1) 34. (—x+5y) (19x°— 10xy + 7y2)
35. 2x(x* +12) 36. 4(3x”+4)

HINTS TO SOME SELECTED QUESTIONS

5. 16x* +54x = 2x (8x° +27).
6. 7a°>+56b° = 7 (a’ + 8b°).
7.8+ =20+ 1).
15. x—8xy° = x(1-8°).
16. 32x* = 500x = 4x (8x> — 125).
17. 34’ b —81a*b* = 3a*b(a’ - 27b°).
18. 'yt —xy = xy (x°y° - 1).
19. 8x%y° —x" = *(8y° - x°).
20. 1029 - 3x> =3(343 - x°) =3(7° - x%).
23. (a+b)°-(@-b)’=(x"-y’), wherea+b=xanda-b=y
=@-yPE+ay+y)
= (=Yl +y)*—xyl =2 X [(20)* (@ - b*)].
24. 8a° - b° — dax +2bx = (84> - b°) — 2x (22 - ).
25. Given expression = (a+ b)*-2°.

26. Given expression = (a3 - %) - 2(11 - %) :
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30. x°~7x° -8 =y*— 7y —8, where x’ =y
=y2—8y+y—8.
3L =37 +3x+7= ("3 +3x - 1) +8 = (x—1)°+2°.
(@ +b°)

— 5 =(a+b),wherea=0.85and b=0.15.
(@ —ab+b")

37. Given expression =

FACTORISATION OF (x* + y* + 2* - 3xyz)

THEOREM 1 Prove that
(x3+y3+23—3xyz)=(x+y+z)(x2+y2+zz—xy—yz—zx).
PROOF We have
@C+y’+22=3wyz) = O+ ) +2° - Bayz
=[(x+y)’ = Bxy(x+y)]+2° - 3xyz
=1’ - 3xyu +2z° - 3xyz, where (x +y) = u
=w’+2%) - 3xy(u+2z)
=(u+z)(u2—uz+zz)—3xy(u+z)
=(u+z)(u2+22—uz—3xy)
= (ry+) [ +y)+ 22— (c+y)z = 3xy]
=(x+y+2)(C+y 2 -y —yz—zx).
@ +y+2°=Bwyz) = (v +y+2) (F +y + 2P - xy —yz — zx).
THEOREM2  If (x +y+2) = 0, prove that (x*+y° +2°) = 3xyz.
PROOF  We have
xty+tz=0= x+y=-z
(x+y’=(-2’

=
= x° +y3 +3xy(x+y) = -z
=
=

Xyt By(-2) =2 [ Gty) =]
O+ y3 —3xyz = -z’
= X+’ +2° = 3wyz.

Hence, (x+y+2z)=0 = >+ y3 +2%) = 3xyz.

SUMMARY

L (P+y°+2°-3ayz) = (x+y+2) P+ +2° —xy —yz—zx)

II. (x+y+2z)=0 = (x3+y3+z3)=3xyz.
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EXAMPLE 1

SOLUTION

EXAMPLE 2

SOLUTION

EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION
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SOLVED EXAMPLES

Find the product
(2x —y+32) (4x” +y* +92° + 2xy + 3yz — 6x2).
Putting 2x =a, —y = b and 3z = ¢, we get
(2x —y +32) (4x” +y* + 927 + 2y + 3yz — 6x2)
= [2x+ (-y) + B2 X [0+ (1) *+ (32)* - (20) (1)
~(-y)(32) ~ (2x)(32)]
=(a+b+c)X(a*+b*+c*—ab—bc—ca)
=a’+b>+c>—3abc
=20+ ()’ +(32)° =3 X (20 X (-y) X (32)
=8x>— > +272° + 18xyz.

Find the product
(x—2y—z)(x2+4y2+zz+2xy—2yz+zx)
Putting x =a, -2y =band —z = ¢, we get
(x—2y—z)(x2+4y2+zz+2xy—2yz+zx)
=[x+ (22y) + (DX [+ (-29)°+ (-2)" —x X (-2y)
~(~2y) X (~2)~ (-2) X x]
=@+b+c)X @ +b*+c*—ab—bc—ca)
=a’+b>+c> - 3abc
=27+ (-2y)°+(-2)° =3 X x X (~2y) X (-2)

=x’- 8_1/3 2= 6xYyz.

Factorise 8x°+y° +27x— 18xyz.
We have
8x” + y3 +272° - 18xyz
=(2x)°+ y3 +(32)° =3 X (2x) X y X (3z)
=a’+b*+c* - 3abc, where 2x=aq,y=band3z=c
=@+b+c)(@*+b*+c*—ab—bc—ca)
= (2x+y+32) (4x* +y* +92° - 2xy — Byz — 6x2).
Factorise a° —8b” — 64c® — 24abc.

We have
a>— 8b® — 64c> - 24abc



EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION

EXAMPLE 7

SOLUTION

EXAMPLE 8

SOLUTION
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= (@)’ +(~2b)° + (=4c)* = 3 X a X (~2b) X (~4c)
=x’+y°+2° - 3xyz, wherea=x,—2b=y and —4c =z
=(xty+z) (P +y 2 —xy —yz —zx)

= (a—2b—4c)(a® +4b* + 16¢* + 2ab — 8bc + 4ac) .

Factorise 2y/2a”+8b>—27¢>+ 1842 abc.
We have
2424 +8b>-27¢>+18y2abc
= (v2a)’ +(2b)° +(=3c)’ =3 X (/24) X (2b) X (~3¢)
=y’ +y3 +2°- 3xyz, where V2a=x,(2b) = yand (-3¢c) =z
=(x+y+2) (X +y +2 —xy—yz—zx)
= (y2a+2b—3c)(2a° + 4b>+9¢* = 24/2ab + 6bc + 32 ca).

Factorise a®—b>+1+ 3ab.
We have
a*—b’+1+3ab

=’ +(-b)*+(1)’-3xax(-b)x1
=x’+y’+2° - 3xyz, wherea=x,(-b) =yand 1 =z
=(x+y+z) (Y - xy—yz—zx)
=@-b+1)(@*+b*+1+ab+b—a)
=(@-b+1)(@*+b*+ab—a+b+1).

Ifa+b+c=>5and ab+bc+ ca =10 then prove that
a’+b’+c’—3abc =—25.
We have
(@ +b>+c>=3abc) = (a+b+c) (@ +b*+c*—ab - bc — ca)
=@+b+c)[(a+b+c)*—3(ab+bc+ca)
=5X[(5)*- (3 X10)]
=5X(25-30) =5 X (-5) =-25.
Hence, (a3 +2 4+ - 3abc) = —25.
Factorise (x— Zy)3 +Q2y - 32)°+(3z-x)°.
Putting (x —2y) = a, 2y —3z) = band (3z —x) = ¢, we get
(x—2y)3+(2‘1/—?>,z)3+(3,z—x)3

=a3+b3+c3,wherea+b+¢:=(x—2y)+(2y—3z)+(37:—x)=0
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EXAMPLE 9

SOLUTION

EXAMPLE 10

SOLUTION

EXAMPLE 11

SOLUTION
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= 3abc [ a+b+c=0 = a’+b°+c” =3abc]
=3(x-2y)(2y —32)(3z—x).
(x—2y)3+(2y—3z)3+(3z—x)3=3(x—2y)(2y—3z)(3z—x).

3

Factorise (p—q)3+(q—r) +(r—p)3.

Putting (p—¢q)=x,(g—r) =y and (r —p) = z, we get
p=9’+@-n’+0-p)’

=x>+y’+2°, where (x +y+2) = (p—q)+(g—1)+(r—p)=0

=3xyz [ (x+ty+z)=0 = (x3+y3+23) = 3xyz]
=3(p=a)@@=n@=p).
Find the value of
(i) (%)3 + (%)3 - (%)3 (i) (02)° — (0.3)+(0.1)°
We have

o BT
SRR

_ 3.3, 3 1.1 (ﬁ)Z

=a’+b +c,wherea+b+c—2+3+ 3 0

= 3abc [ a+b+c=0 = a’+b’+c” = 3abc]
-5 _

:3><lxl><u—75.

273 6 12
(i) (0.2)°-(0.3)°+(0.1)°
=(0.2)°+(-0.3)°+(0.1)°
=a’+b°+c°, wherea+b+c=02+(-0.3)+0.1=0
= 3abc [ a+b+c=0 = a®+b*+c=3abc]
=3X0.2X(-0.3)X0.1 =-0.018.

Find the value of x* +y° — 12xy + 64, when x +y = —4.
We have
+y°—12xy + 64
=+ +4-3xx Xy x4
=x’+y’+2° - 3xyz, where 4 = z

=(x+y+2)(F+y +2 -y —yz—zx)



EXAMPLE 12

SOLUTION

EXAMPLE 13

SOLUTION

EXAMPLE 14

SOLUTION
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=(x+y+4)(x2+y2+16—xy—4y—4x) [ z=4]
=(—4+4)(x2+y2+16—xy—4y—4x) [ (x+y)=—4]
=0X(x*+y’+16—xy—4y—4x) = 0.

Hence, x° +y° - 12xy + 64 = 0.

Find the value of x* - 8y° — 36xy — 216, when x = 2y + 6.
We have

x> =8y’ —36xy —216
= x>+ (-8y°) + (-216) —36xy
=+ (-2y)°+ (6)° = 3 X x X (—2y) X (-6)
=a®+b*+c*—3abc, wherea=x, b =—2yandc=-6
=@+b+c)(@+b*+c*—ab—bc—ca)
= (x—2y—6) (x" + 4y + 36 + 2xy — 12y + 6x)
=0 X (x> +4y°+36+2xy—12y+6x) =0

[ x=2y—6=0(given)].

Hence, x> — 8y° — 36xy — 216 = 0.

If p=2-a, prove that a> + 6ap +p° -8 = 0.

We have
p=2-a
= a+tp-2=0
= x+y+z=0,wherea=x,p=yand(-2)=z
= Py’ +2=3xyz [ x+y+z=0 = O+ +2° = 3xyz]
= A+p’+(-2)°=3xaxXpx(-2)
= a3+6ap+p3—8=0.

Hence, a° + 6ap + p3 -8=0.
Prove that

A+ +c=3abc=5(a+b+c)X[(a—b)*+ B -c)’+(c—a)’].

N =

We have
a®+ 1%+ % - 3abc

=(@+b+c)@+b*+c*—ab—bc— ca)

= %(ﬂ+b+c)><[2a2+2b2+2c2—2ab—2bc—2ca]
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EXAMPLE 15  Simplify (
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= %(a+b+c) X [(a®> = 2ab+b*) + (b* = 2bc + ¢*) + (> — 2ca + a?)]
=2@+b X (@) + =0+ e ~0)’].
a3+b3+c3—3abc=%(a+b+c)><[(a—b)2+(b—c)2+(c—a)2].

(az—b2)3+(bz—cz)3+(c2—a2)3 .

a-b)’+b-c)’+(c-a)’

SOLUTION  Puttinga®—b*=x,b*—c* =y and ¢* —a* = z, we get
xty+z=@-b)+ 0 -+ (*-a?)=0
= x3+y3+z3=3xyz [ x+y+z=0 = x3+y3+z3=3xyz]
N (az—b2)3+(b2—62)3+(cz—u2)3=3(u2—b2)(b2—cz)(cz—a2).
)
Again, puttinga—-b=p,b—c=gand c—a=r, we get
(prg+n=@-b)+b-c+(c-a)=0
= Pl =8pgr [ prgrr=0= pPagi+r’=3pgr]
= (@-b’+0-0)’+(c—-a)’=3@a-b)(b—c)(c—a). ... (ii)
From (i) and (ii), we get
(az_b2)3+(b2_cz)3+(Cz_az)s 3(a2—b2)(b2—cz)(cz—ﬂz)
@-b’+(b-0’+@c-a°  3a-bb-oc-a)
=@+b)(b+c)(cta).
EXERCISE 3G
Find the product.

1 (x+y—2) (X +y +2"—xy +yz+2x)

2. (x—y-2) (X + Y+ 2+ xy —yz+xz)

3. (x— 2y +3)(x* + 4y + 2xy + 6y — 3x +9)
4. (3x— 5y +4)(9x” +25y” + 15xy — 20y + 12x + 16)

Factorise:
5. 1254° + b° + 64¢° — 60abc 6. a°+8b° + 64c> — 24abc
7. 1+b>+ 8¢ — 6bc 8. 216 +27b° + 8¢ — 108bc
9. 27a° = b®+8¢® + 18abc 10. 84° +125b° — 64¢” + 120abc

11. 8 —27b° - 343¢” — 126bc 12. 125 - 8x —27y° — 90xy



13.
15.
17.
19.
20.

21.
22,

23.
24.

25.

O© 0o g S U1 W =

15.
16.
17.
19.
21.
25.
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2V2a* +16y/20° + ¢* — 12abc
2/2a°+3/3b*+c*-3y6abc
@=b)’+@®-c)’+(c-a)’
(3a—2b)*+ (2b—5¢)° + (5¢ - 3a)’
(5a—7b)*+ (7b—9¢)> + (9c — 5a)°
a2-0)’+bc-a)’+l@-b)’
Evaluate

(i) (-12)°+7°+5°

14. 27’ —y° = 2° = 9xyz
16. 3v3a®—b*-5y/5c—3+/15abc
18. (a—3b)°+(3b—c)’+ (c—a)’

(i) (28)°+(-15)°+(-13)°

Prove that (1+b+c)*—a’—b>—c>=3@+b)(b+c)(c+a).

Ifa, b, ¢ are all nonzero and a +

2 42 2
a_ b,

be oa ab

b+c=0, prove that

3.
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Ifa+b+c=9and a’+b*+c* =35, find the value of (a°+ b+ ¢>—3abc).

ANSWERS (EXERCISE 3G)

3 3 3
L x Yy -z +3xyz

. x° =8y +27 +18xy

(2a+5b — 4c) (4a” +25b° + 16¢° —
(2—3b—7c)(4+9b>+49c> + 6b —
(5-2x—3y)(25+4x" +9y*+10x
(2a+2y2b+c)(2a*+8b*+c* -

2. Xy’ =2 = 3xyz

4. 27x° = 125y° + 64 + 180xy

. (5a+b+4c) (25a° + b* + 16¢* — 5ab — 4bc — 20ca)
. (a+2b+4c) (a*+4b*+16¢”— 2ab
. (1+b+2c)(1+b>+4c>— b—2bc —2¢)

. (6+3b+2¢) (36 +9b” + 4c”> — 18b — 6bc — 12¢)
. (3a—b+2c)(9a> + b* + 4c* + 3ab + 2bc — 6¢a)
10.
11.
12.
13.
14.

—8bc —4ca)

10ab + 20bc + 8ca)
21bc + 14c)

—6xy +15y)
4ub—2«/§bc—«/§uc)

(Bx—y—2z)(9x*+ y* + 2"+ 3xy — yz + 3zx)
(/2a++y3b+c)(2a* +3b*+c*—V/6ab—y3bc—y2ac)
(/3a-b—+/5¢)(3a*+b*+5c*++/3ab—y/5bc++/15ac)

3(a—b)(b—c)(c—a)

3(3a —2b)(2b —5¢) (5¢ — 3a)
3abc(b—c)(c—a)(a—Db)
108

18. 3(a—3b)(3b—c)(c—a)
20. 3(5a —7b)(7b—9c) (9¢ — 5a)
22. (i) -1260 (ii) 16380
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HINTS TO SOME SELECTED QUESTIONS

3. Given product = [x + (—2y) + 3] X [x*+ (*Zy)2 +3%—x X (—2y) — (—2y) X 3 —3x]
=x°+(-2y)°+3° -3 X x X (-2y) X 3
=x-8y’+27+18xy.
21. alb—c)+b(c—a)+c(@a—-b)=0
= AO-0’+b(c—a)’+c@-b)>=3abc(b—c)(c—a)(a-D).
22. (ii) Leta=28,b=-15and ¢ =—13. Then,
a+b+c=0 = a®+b>+c>=3abc = 3X 28 X (-15) X (-13) = 16380.
23. (a+b+0)’ —[(a+b)+c]
=(@+b)’+c’+3@+b)cx[(@+b)+c] [ )’ =2+ + 3y (x +y)]
=a®+b’++3ab(a+b)+3(@+b) X [(a+b)c+c?]
=g+ b+ +3(a+b)[ab+ac+bc+c?
=+ ++3@+b)[ab+c)+cb+c)]
=a®+ b0+ +3(a+b)(b+c)(c+a)
(a+b+c)3—a3—b3—c3=3(a+b)(b+c)(c+a).
24. a+b+c=0 = a3+h3+c3:3abc

2 2
= E + b— E =3 [on dividing both sides by abc].

25. (a+b+c)=9 = (a+b+c)*=81
= (@ +b*+c?)+2(ab+bc+ca) = 81
= 35+2(ab+bc+ca)=81 = (ab+bc+ca)=23.
(@ +b>+c>=3abc) = (a+b+c)(@*+b*+c*—ab - bc— ca)

:(a+b+c)[(a+b+c)2—3(ub+bc+ca)].

MULTIPLE-CHOICE QUESTIONS (MCQ)
Choose the correct answer in each of the following questions.

1. If (x + 1) is a factor of the polynomial (2x* + kx) then the value of k is

(a) -2 (b) -3 () 2 d) 3
2. The value of (249)° — (248)° is

(a) 17 (b) 477 (c) 487 (d) 497
3. If%+% -1, where x, y # 0 then the value of (x’— 1) is

() 1 (b) -1 (© 0 3

4. Ifa+b+c=0then (@’ +b°+c%)is
(@) 0 (b) abc (c) 2abc (d) 3abc



10.

11.

12.

13.

14.

15.

16.

17.

18.
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. If (3x +1 )(Sx - %) = 9x” —p then the value of p is

2
() 0 (b) —§ © 1 CF}
. The coefficient of x in the expansion of (x + 3)%is
(a) 1 (b) 9 (c) 18 (d) 27
. Which of the following is a factor of (x + y)3 -+ yS) ?
(@) F+y’+2xy (b) FHy-xy () xy (d) 3xy
. One of the factors of (25x* — 1) + (1 +5x)° is
(a) 5+x (b) 5—x (c) 5x—1 (d) 10x
. If (x +5) is a factor of p(x) = x* = 20x + 5k then k = ?
(a) -5 (b) 5 (03 (d) -3
If (x+2) and (x — 1) are factors of (x> + 10x*+ mx + n) then
(@) m=5,n=-3 by m=7,n=-18
(c)m=17,n=-8 (d) m=23,n=-19
(104 X 96) =7
(a) 9894 (b) 9984 (c) 9684 (d) 9884
(305x308) ="?
(a) 94940 (b) 93840 (c) 93940 (d) 94840
(207 X193) =?
(a) 39851 (b) 39951 (c) 39961 (d) 38951
40> +b* +4ab+8a+4b+4="7
(a) 2a+b+2)? (b) 2a—b+2)*
() (a+2b+2)* (d) None of these
(*—4x-21)=?
(@) (x=7)(x-3) (b) (x+7)(x—3)
() (x=7)(x+3) (d) None of these
(4x*+4x-3)=7?
(a) 2x—-1)(2x—-3) (b) 2x+1)(2x—3)
() 2x+3)(2x—1) (d) None of these
6> +17x +5="2
(a) 2x+1)(3x+5) (b) 2x+5)(Bx+1)
(c) (bx+5)(x+1) (d) None of these
(x+1)is a factor of the polynomial
(@) X*—2x* +x+2 (b) ¥’ +2x*+x-2

(€ X’ +2x*—x-2 (d) X*+2x*—x+2

139
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19. 33 +2x*+3x+2 =2
(@) Bx—2)(x*~1)
(c) Bx+2)(x*~1)

2
20. Ifa+b+c—0then( +b + )
bc ab

(b) Bx—2)(x*+1)
(d) (Bx+2)(x*+1)

8. (d)
16. (c)

(@)1 (b) 0 (c) -1 d) 3

21. If x +y+z =9 and xy + yz +zx = 23, the value of (x’+y° +2z° = 3xyz) =2
(a) 108 (b) 207 (c) 669 d) 729

2. If%+§:—1then(a3—b3) =2
(@) -3 (b) 2 (c) -1 (d)o

ANSWERS (MCQ)

1. (c) 2(d 3@ 4@ 5@ 6(d 7@

9. (b) 10. (b) 11.(b) 12.(c) 13.(b) 14.(a) 15.(c)

17. (b) 18.(c) 19.(d) 20.(d) 21.(a) 22.(d)

HINTS TO SOME SELECTED QUESTIONS

1. Let p(x) = 2x” + kx. Then, p(-1) =
2X(-1)2+kX(-1)=0 = k=2.

2. (249)%— (248)% = (249 — 248) X (249 +248) = 1 X 497 = 497.

3. §+%=—l = X +y +ay =0

= - E+y ) =0 = -y’ =0.

4.a+b+c=0 = >+’ +c>—3abc=0 = a*+b>+c* = 3abe.

5. (3x+§>(3x——) (3 () (ox? ——) Hence, a =

6. (x+3)°=x"+3%+3X ¥ X 3X (x+3) =" +9x* +27x +27.

So, the coefficient of x is 27.
7. (x+y)3— (x3+y3) =3xy(x+y).
3xy is a factor of (x+y)° — (x* +17).
8. (25x* = 1)+ (1+5x)% = (5x +1)(5x — 1) + (5x + 1)

=G6x+1)[Gx—1)+(5x+1)] = (5x+1) X 10x.

10x is a factor of {(25x*— 1) + (1 +5x)} .
9. Let p(x) = x° —20x +5k.
Since (x +5) is a factor of p(x), we have p(-5) =
(-5)°=20 X (-5)+5k=0 = 5k=25 = k=5.
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10. Let p(x) = x> +10x” + mx +n. Then, p(-2)=0and p(1) =0.
(-2)°+10X (=2)2+m X (-2)+n=0 = n—2m=232. .. ()
DP+10X(1)*+mX1+n=0 = n+m=-11 ... (ii)

m=7andn=-18.

11. (104 X 96) = (100 +4) X (100 —4) = (100)2—42 =10000 — 16 = 9984.

12. (305 X 308) = 305 X (300 + 8)

= (305 X 300) + (305 X 8) = (91500 +2440) = 93940.
13. (207 X 193) = 207 X (200 - 7)

= (207 X 200) — (207 X 7) = (41400 — 1449) = 39951.
14. Given expression = (2a)”+b*+2°+2 X [(2a) X b+ (b X 2) + (2a X 2)] = (2a + b +2)*.
15. (x> —4x—21) = (x*— 7x +3x - 21)

=x(x=7)+3(x—-7)=(x—-7)(x+3).
16. (4x” +4x —3) = (47 + 6x — 2x —3) = 2x (2x +3) — (2x +3) = (2x +3) 2x — 1).
18. p(x) =x"+2x"—x-2 = p(-1)=(-1+2+1-2) =0.
(x+1)is a factor of (x> +2x* —x—2).

20.a+b+c=0 = @ +b>+c>=3abc=0 = a>+b*+c* = 3abc.

a b2+c_2)_ a’+b°+c® _ 3abe _

Now, (b_c e ab abe abc

21 (P +y +2° = Bayz) = (v +y+2) [P+ + 2 - xy—yz —2x]
=(x+y+2)[(x+y+2)° -3y +yz+zx)]
=9X(81-3X23)=9X(81-69)=(9x12) =108.

22, +%=—1 = 2+ +ab=0

SIS

= @-b)@+b+ab)=0 = a*-b>=0.

<



Linear Equations in

.4
’ Two Variables

INTRODUCTION

In earlier classes we have learnt that a linear equation in one variable x is of
the form ax +b =0, where a and b are real numbers and a #+ 0.

The value of x which satisfies a given linear equation, is called its
solution or root.

ax+b=0 = ax=-b = x:%b~

Thus, a given linear equation in one variable can be solved.

In this chapter, we shall introduce the notion of a linear equation in
two variables.
LINEAR EQUATIONS IN TWO VARIABLES
An equation of the form ax +by +c =0, where a, b, c are real numbers such that
a#+0and b+ 0, is called a linear equation in two variables x and y.
Examples ~ Each of the equations

(i) 2x+3y—12=0, (ii) 4x—y+5=0and (iii) y2x —v/3y—9=0

is a linear equation in two variables x and y.
ILLUSTRATIVE EXAMPLES

EXAMPLE 1 Write each of the following equations in the form ax + by +c = 0 and
indicate the values of a, b, ¢ in each case.

(i) 3=2x+y (ii) 3x —8 = 5y (iii) x = 4y
(iv) %—%=5 (v) 4y—3=y2x (vi)ix+y =6

SOLUTION  We have
(i)3=2x+y = 2x+y—-3=0.
This is of the form ax+by+c=0, where a=2,b=1 and
c=-3.
(ii) 3x—8=5y = 3x=5y+8
= 3x—-5y—-8=0.
This is of the form ax+by+c=0, where a=3,b=-5 and

c=-8.
142
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(ili) x=4y = x—4y=0
= x—4y+0=0.
This is of the form ax+by+c¢=0, wherea=1,b=-4 and
c=0.
(iv) §—§=5 = 2x -3y =30.
This is of the form ax+by+c =0, where 1 =2,b=-3 and
c=-30.
(v) 4y—3=\/§x = «/Ex—4y+3:0.

This is of the form ax+by+c=0, where a = V2, b=—4
and ¢ = 3.

(vi) ix+y=6 = nmx+y—6=0.
This is of the form ax+by+c=0, where a=m,b=1 and
c=-6.

Write each of the following as an equation of the form ax +by+c=0
and write the values of a, b, c in each case.

(i) x=-3 (i) y=>5 (iii) 3x = 2 (iv) 5y =4
We have
(i) x=-3 = x+3=0
= 1-x+0-y+3=0.
This is of the form ax+by+c=0, where a=1,b=0 and
c=3.
(i) y=5 = y-5=0
= 0-x+1-y=5=0.
This is of the form ax+by+c=0, where a=0,b=1 and
c=-5.
(iii) 3x=2 = 3x—-2=0
= 3x+0-y—-2=0.
This is of the form ax+by+c¢=0, where a=3,b=0 and
c=-2.
(iv) 5y=4 = 5y—-4=0
= 0-x+5y—-4=0.
This is of the form ax+by+c=0, where a=0,b=5 and
c=-4.

SOLUTION OF A LINEAR EQUATION

Let ax + by +c = 0 be a given linear equation in x and y.
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Then, a pair of values, one for x and one for y, which satisfy the given
equation, is called its solution.

If x = ooand y = B satisfy the equation ax + by + ¢ = 0 then we say that the
ordered pair (o, B) is its solution.

EXAMPLE3  Show that x =3 and y=2 is a solution of the linear equation
2x+3y =12.

soLuTioN  The given linear equation is 2x +3y —12 = 0. ... (@)
Substituting x =3 and y = 2 in (i), we get
LHS=(2X3+3X2-12)=(6+6—-12) =0=RHS.
x =3 and y =2 is a solution of the equation 2x + 3y = 12.

NOTE ~ We may say that (3, 2) is a solution of the equation 2x + 3y = 12.

EXAMPLE 4 Check which of the following are solutions of the equation x —2y = 4
and which are not.

(1) (2,0) (i) (0, —2) (iii) (4v/2,1/2) (iv) (4,0)
soLuTioN  The given equation may be written as x —2y —4 = 0. ... (A)
(i) Putting x =2and y =0in (A), we get
LHS=(2-2X0-4)=(2-0-4)=-2%0=RHS.
(2, 0) is not a solution of x —2y = 4.
(ii) Putting x =0and y =-21in (A), we get
LHS={0—2X (-2)—4} = {0+4—4} = 0 = RHS.
(0, —2) is a solution of x —2y = 4.
(iii) Putting x = 442 and y= Y2 in (A), we get
LHS= (4y/2 -2X /2 -4)= (4y/2-2y2-4)
=(2y/2-4)#+0=RHS.
(4«/5, «/E) is not a solution of x —2y = 4.
(iv) Putting x =4 and y = 0in (A), we get
LHS=(4-2X0-4)=(4—-0-4)=0=RHS.
(4, 0) is a solution of x —2y = 4.

AN IMPORTANT FACT A linear equation in two variables has infinitely many
solutions.

EXAMPLE 5 Find six different solutions of the equation x +2y = 6.

SOLUTION We have
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SOLUTION
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X+2y=6 = 2y=(6—x)
1 .
= y=§(6—x). ... (0)

Putting x =2 in (i), we get y = %(6 -2)= (%

Putting x =4 in (i), we get y = %(6—4) = (% X 2) =1
2<0)

Puttingx=6in(i),wegety=%(6—6):<§><0 =0.
. I _1 _(1 —
Putting x =—-21in (i), we gety—5{6—(—2)}—<§><8>—4.
. PR _1 _(1 _
Putting x =—41in (i), we get y = 5{6 —-(-4)}= (E X 10> =5.

Putting x =—61in (i), we get y = %{6 —(-6)} = (% X 12) =6.
So, the required solutions are given below.
2 4 6 -2 —4 -6

y | 2 [ 1o | 4|56

If x =2,y = 1lisasolution of the equation 2x + 3y = k, find the value

of k.

The given equation is 2x + 3y —k = 0. ... (@)

Since x = 2, y = 1is a solution of (i), we have
2X2+43X1-k=0 = 4+3-k=0= k=7.

Hence, k=7.

If x=2k—1and y =k is a solution of the equation 3x —5y—7 =0,

find the value of k.

The given equation is 3x =5y -7 = 0. ... (@)

Since x = 2k —1and y = k is solution of (i), we have
3X(2k-1)-5k-7=0

= 6k—-3-5k—-7=0 = k-10=0 = k=10.

Hence, k = 10.

EXERCISE 4A

1. Express each of the following equations in the form ax +by+c¢ =0 and
indicate the values of a, b, ¢ in each case.
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() 3x+5y=75 (i) 2x—%+6=0 (ifi) 3y —2x=6

(iv) 4x =5y (v) %—%21 (vi) «/Ex+x/§y=5

2. Express each of the following equations in the form ax+ by +c¢ =0 and
indicate the values of g, b, ¢ in each case.

i) x=6 (i) 3x-y=x-1 (i) 2x+9=0
i Lx V1
(iv) 4y =7 (v) x+y =4 Vi) 335"y

3. Check which of the following are the solutions of the equation
5x —4y = 20.

. " 5
(i) (4,0) (i) (0,5) Gii) (-2, 5)
. -5
(iv) (0, -5) v 23)
4. Find five different solutions of each of the following equations:
3
(@) 2x-3y =6 b) Z+i=3 (c) 3y = 4x

5. If x =3 and y =4 is a solution of the equation 5x — 3y =k, find the value
of k.

6. If x=3k+2 and y=2k—-1is a solution of the equation 4x—3y+1=0,
find the value of k.

7. The cost of 5 pencils is equal to the cost of 2 ballpoints. Write a linear
equation in two variables to represent this statement. (Take the cost of
a pencil to be X x and that of a ballpoint to be X y).

ANSWERS (EXERCISE 4A)

1. (i) 6x+10y-15=0,(a=6,b=10,c=-15)
(ii) 10x—y+30=0,(a=10,b=-1,c=30)
(i) —2x+3y—-6=0,(a=-2,b=3,c=-6)
(iv) 4x—-5y=0,(a=4,b=-5,c=0)

(v) 6x—=5y—-30=0,(a=6,b=-5,c=-30)

(vi) Y2x+4/3y-5=0,(a=v2,b=43,c=-5)
2. (@) x+0-y-6=0,(a=1,b=0,c=-6)

(ii) 2x—y+1=0,(a=2,b=-1,c=1)

(iii) 2x+0-y+9=0,(a=2,b=0,c=9)

(iv) 0-x+4y—-7=0,(a=0,b=4,c=-7)

(v) x+ty—4=0,(a=1,b=1,c=-4)

(vi) 3x—8y—1=0,(a=3,b=-8,c=-1)
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3. Onby (4,0), (0, -5), (2, j) are the solutions.

2

4. (a) | «x 0 3 6 9 -3
-2 0 2 4 -4
b) | «x 0 3 -3 6 9
10 6 14 2 -2
(c) X 3 -3 -6 6 9
Y -4 -8 8 12

5. k=3 6. k=-2 7.5x=2y=0

GRAPH OF A LINEAR EQUATION IN TWO VARIABLES

METHOD OF DRAWING A GRAPH OF ax+ by +¢=0,a+0,b+0
Step 1. Express y in terms of x.

Step 2.  Choose some convenient values of x and find the corresponding
values of y satisfying the given equation.

Step 3. Write down these values of x and y in the form of a table.
Step4. Plot the ordered pairs (x, y) from the table on a graph paper.

Step5. Join these points by a straight line and extend it in both the
directions.

This line is the required graph of the equation ax + by +c = 0.

SOLVED EXAMPLES
EXAMPLE 1 Draw the graph of the equation 2x — y + 3 = 0. Using the graph, find
the value of y when (a) x =2, (b) x ==3.
SOLUTION ~ We have
2x-y+3=0 = y=2x+3. ()
Putting x =0in (i), we get y = (2 X0+ 3) = 3.
Putting x = 1in (i), we get y = (2X1+3) =5.
Putting x =-1in (i), we get y = [2 X (-1) + 3] = 1.
Putting x =—21in (i), we get y = [2 X (=2) +3] = -1
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Thus, we have the following table:

x 0 1 -1 -2
y 3 5 1 -1

On a graph paper, draw lines X’OX and YOY’ representing
the x-axis and the y-axis respectively.

On this graph paper, plot the points A(0, 3), B(1, 5), C(-1, 1)
and D(-2, -1). Join AB, AC and CD to get a straight line BACD.
Produce it in both ways to get the required graph.

(a) On the x-axis, we take a point P for which x =2,i.e,, OP = 2.

From P, draw PE L X’OX, meeting the graph line BACD
produced at E. Then, E(2, 7) shows that
(x=2 = y=7),ie,whenx=2,theny=7.
(b) On the x-axis, we take a point Q for which x =-3, i.e,
OQ = 3 units.

From Q, draw QF L X’OX, meeting the graph line BACD
produced at F. Then, F(—=3, —3) shows that

(x=-3 = y=-3),ie, whenx=-3, then y =-3.
EXAMPLE 2 Draw the graph of the equation 2x + 3y = 11. From your graph, find
the value of y when (a) x =7, (b) x =—8.
SoLUTIoON  We have
(11-2x)

243y=11= y=—73 .. ()
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. (11-2X1) 9
Putt1ngx=1,wegety:#:§_
. (11-2X4) 3
Putt1ngx=4,wegety:#:§:
11-2X(-2
Puttingx=—2,wegety={3A:%:5_

11-2X (=5
Putting x =-5, we gety=%:%:7_

Thus, we have the following table:
x 1 4 -2 -5
Y 3 1 5 7

On a graph paper, draw lines X’OX and YOY" as the x-axis
and the y-axis respectively.

On this graph paper, plot the points A(1, 3), B(4, 1), C(-2, 5)
and D(-5, 7). Join AB, AC and CD to get the straight line
BACD. Produce it in both ways to get the required graph.

8

i

>

(a) On the x-axis, we take a point P for which x=7, ie.,
or=7.
From P, draw PE L X’OX, meeting DCAB produced at
E(7,-1).
(x=7 = y=-1). Thus, whenx =7, then y =-1.
(b) On the x-axis, we take a point Q on LHS of the y-axis, such
that OQ =x=-8.
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From Q, draw QF 1 X’OX, meeting BACD produced
above at F(—8,9).

(x=—-8 = y=9). Thus, when x =—8, then y =9.

Draw the graph of the equation 2x + 3y = 6. From the graph, find the
value of y, when

(i) x =% (ii) x = -3.

We have
- —_ _6—2x .
2x+3y=6 = 3y=6—2x = y= 3 (@)
6—(2X0 -
Putting x =01in (i), we get y = (3 )=630=%=2'

Putting y = 0in (i), we get (6-2x) =3X0=0=>2x=6=x=3.

. - (6-2x6) (6-12) -6
Putting x = 6 in (i), we get y = 3 =3 =7=_2'

Thus, we have the following table:

x 0 3 6
y 2 0 -2

On a graph paper, draw lines X’OX and YOY” as the x-axis
and the y-axis respectively.

Plot the points A(0, 2), B(3, 0) and C(6, -2) on this graph paper.
Join AB and BC to get the line ABC. Extend it in both the
directions to get the required graph.

Tk —@f =
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(a) On the x-axis, take a point P such that OP = x = % .

Draw PD L X’OX, meeting the graph line at D(%/ 1) :

Thus, <x =% = y= 1) - Thus, when x = %, theny =1.

(b) On the x-axis, take a point Q such that OQ = x =—3.
Draw QE L X’OX, meeting the graph line at E(=3, 4).
Thus, (x=-3 = y=4),ie, whenx=-3,theny =4.

A taxi charges X 20 for the first kilometre and @ X 12 per km for
subsequent distance covered. Taking the total distance covered as

x km and total fare y, write a linear equation depicting the relation
between x and y. Draw the graph between x and y.

From your graph, find the taxi charges for covering
(a) 12 km and (b) 20 km.

The required linear equation is given by
y=20+12(x—1) = y=8+12x. .. ()
Putting x = 11in (i), we get y = (8 + 12 X 1) = 20.
Putting x = 6 in (i), we get y = (8 + 12X 6) = 80.
Putting x = 10 in (i), we get y = (8 + 12X 10) = 128.
Putting x = 15in (i), we get y = (8 + 12X 15) = 188.

Thus, we have the following table.

x 1 6 10 15
Y 20 80 128 188

On a graph paper, draw lines X’OX and YOY” as the x-axis
and the y-axis respectively. Choose the scale.

Along the x-axis: 1 small division = 1 km.
Along the y-axis: 5 small divisions =¥ 40.

Now, the plot the points A(1, 20), B(6, 80), C(10, 128) and
D(15,188). Join AB, BC and CD to get the single graph line AD,
as shown below.
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(a) On the x-axis, take a point P such that OP = 12 km.
Draw PM L X’OX, meeting the graph line at M(12, 152).

Thus, (x=12 = y=152), i.e,, when distance covered is
12 km then the taxi-fare is ¥ 152.

(b) On the x-axis, take a point Q such that OQ = 20 km.
Draw QN L X”OX, meeting the graph line at N(20, 248).
Thus, (x =20 = y=248), i.e,, when distance covered is
20 km then the taxi-fare is ¥ 248.

There are two scales of measuring the temperature, namely degree
Fahrenheit (°F) and degree Celsius (°C). The relation between the

two scales is given by, F = %C +32.

(1) Ifthe temperature is 0°C, what is the temperature in Fahrenheit?

(ii) If the temperature is 50°C, what is the temperature in
Fahrenheit?

(iii) If the temperature is 86°F, what is the temperature in Celsius?
(iv) If the temperature is O°F, what is the temperature in Celsius?
(v) Find the numerical value of the temperature which is the same

in both the scales.

(vi) Draw the graph of the linear equation F = %C +32, taking C
along the x-axis and F along the y-axis.

(vii) Using this graph, fill in the blanks given below:
-5°C=(......)°F and 14°F=(......)°C.
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soLuTioN  The given relation is F = %C +32.
(i) Putting C =01n (A), we get

F=<%><O>+32=(0+32)=32.

C=0= F=32.
Hence, 0°C = 32°F.
(ii) Putting C =501n (A), we get

F=(%><50)+32=(90+32):122.

C=50 = F=122.
Hence, 50°C = 122°F.
(iii) Putting F = 861in (A), we get

%C+32=86 N %C=(86—32)=54

N c:(54><g)=30.

F=86 = C=230.
Hence, 86°F = 30°C.
(iv) Putting F=01in (A), we get

9 - 9c=-
£C+32=0 = £C=-32

5\ _-160 _

N C:<—32><—)_———17.8.

9 9
F=0= C=-178.
Hence, 0°F =-17.8°C.
(v) Let C =F. Then, (A) becomes
_9 9 _N\p=_
F=gF+32 = (5 1)F— 32

4 5

5 4

= 2F=-32 > F:<—32><—>:—

C=F=-40.
Hence, —40°C =—40°F.
(vi) We have, F = %C +32.
Putting C = 01in (A), we get

P=(%><0)+32=(0+32)=32.

153

. (A)

. (A)
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Putting C = 10 in (A), we get
F =(2><1o)+32 ~ (18+32) = 50.

5
Putting C = 20in (A), we get
F =(%><20)+32 = (36+32) = 68.
Thus, we have the following table.
C 0 10 20
F 32 50 68

On a graph paper, we take C along the x-axis and the
corresponding values of F along the y-axis.

We plot the points A(0, 32), B(10, 50) and C(20, 68) on this
graph paper.

Now, we join the points A, B, and B, C to get a line ABC,
which we extend in both the directions to get the required
graph of the given equation, as shown below.

'ahuzmhrﬁ
N |
N |

(vii) On the x-axis, we take a point P at which C =—5.

From P, draw PD 1 X’OX, meeting the line ABC at a
point D(-5, 23).

—5°C = 23°F.
On the y-axis, take a point Q at which F = 14.
From Q, draw QE || x-axis, meeting the line ABCD at the
point E(-10, 14).
Hence, 14°F = -10°C.
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There are two scales of measuring the temperature of a liquid, namely
Kelvin (K) and Fahrenheit (°F). The relation between the two scales

is given by F = %(K— 273) +32.
(i) Find the temperature of the liquid in Fahrenheit, when it is
313 K in Kelvin.
(ii) If the temperature of the liquid is 158°F then express it in
Kelvin.

(iii) Draw the graph of the linear equation, F = %(K —273)+32.

(iv) Using the graph, fill in the blanks given below:
95°F=(...... )Kand 300 K=(......)°F.

The given relation is, F = %(K —273)+32. .. (A)

(i) Putting K=3131in (A), we get
P=%><(313—273)+32

= F=(%><40)+32:(72+32)=104.

K=313 = F=104.
Hence, 313 K = 104°F.
(ii) Putting F =158 in (A), we get

%(K ~273) +32 =158

= 2(K-273)=(158-32) = 126

5
= (K-273)= (126 x g) =70

= K=(70+273)=343.
.. F=158 = K=343.
Hence, 158°F = 343 K.

(iii) We have, F = %(K —273)+32. o (A)
Putting K =273 in (A), we get

F= %(273 ~273)+32=(0+32) = 32.

Putting K =283 in (A), we get

F= %(283 ~273) +32 = (18 +32) = 50.
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Putting K =293 in (A), we get

F= %(293 ~273)+32 = (36 +32) = 68.

Putting K =298 in (A), we get

F= %(298 —273) +32 = (45+32) = 77.

Thus, we have the following table:

K 273 283 293 298
F 32 50 68 77

On a graph paper, we draw X’OX and YOY” as the x-axis
and the y-axis respectively. We take the values of K along
the x-axis and those of F along the y-axis.

As we start the values of K from 270, we make a kink
(-"\/—) at the origin and start with 270.

On the above graph, we plot the points A(273, 32),
B(283, 50), C(293, 68) and D(298, 77). Join AB, BC and CD
to get the graph line ABCD, which is extended in both the
directions, as shown below.

2

(iv) Along the y-axis, take a point P, showing 95°F. Draw
PQIIX'OX, meeting the graph line ABCD at Q. Draw
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QR L X’0OX, meeting the x-axis at R. Clearly, R represents
308 K.

Hence, 95°F = 308 K.

Further, let G be a point representing 300 K.

Draw GH L X’ OX, meeting ABCD at the point H(300, 80).

Hence, 300 K = 80°F.
If the work done by a force applied on a body is directly proportional
to the distance travelled by the body, express this in the form of an
equation in two variables, taking the constant force as 3 units. Also,

read from the graph the work done when the distance travelled by the
body is (i) O unit, (ii) 2 units.

Let W be the work done by a force on a body and let x be the
distance travelled by the body. Then,

W o x
= W = Fx, where F is the constant force applied on the body
= W=3x [ F=3units (given)].
Thus, the required equation in two variables is W =3x. ... (A)
Putting x =1in (A), we get W= (3 X1) = 3.
Putting x =3 in (A), we get W= (3 X 3) =09.
Putting x =4 in (A), we get W= (3 X 4) =12.
Putting x = 51in (A), we get W= (3X5) =15.
Thus, we have the following table.

x 1 3 4 5
W 3 9 12 15

On a graph paper draw mutually perpendicular lines X' OX
and YOY’ as the x-axis and the y-axis respectively.

Along the x-axis, take 10 small divisions = 1 unit and along the
y-axis, take 5 small divisions = 1 unit.

On this graph paper, plot the points A(1, 3), B(3, 9), C(4, 12)
and D(5, 15). Join AB, BC and CD to obtain the graph line
ABCD, shown below.
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10-small-divisions=-1-unit

i

Produce the graph line ABCD in both the directions.
(i) Clearly, the graph line passes through the point O(0, 0).
x=0=> W=0.
Thus, when the body travels 0 distance, the work done
is 0.
(ii) Take a point G on the x-axis such that x = 2.
Draw GH 1 x-axis, cutting ABCD at H(2, 6).
x=2 => W=6.
Thus, when the body travels 2 units, the work done is
6 units.

EXAMPLES  The force exerted to pull a cart is directly proportional to the
acceleration produced in the body. Express the statement as a
linear equation of two variables and draw the graph of the same
by taking the constant mass equal to 6 kg. Read from the graph
the force required when the acceleration produced is (i) 5m/s?,
(i) 6 m/s*.
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When a force F is applied on a body, let an acceleration a be
produced. Then,

Focag = F=ma, where m is the mass of the body
F=6a ... (@) [ m=6kg(given)].

On a graph paper, let us draw two mutually perpendicular
lines X’OX and YOY” as the x-axis and the y-axis respectively.

On this graph paper, we take the values of a along the x-axis
and the corresponding values of F along the y-axis.

Some of the values of 2 and F are given below.

a 0 3 4 8
F 0 18 24 48

On the graph paper, we plot the points O(0, 0), A(3, 18), B(4, 24)
and C(8, 48). Join OA, AB and BC to get the graph line OABC.

(i) On the graph paper, take a point P along OX such that
OP =4 =5. Draw PD 1 X’OX, meeting the line OABC at
D. Clearly, D(5, 30) cuts OABC at D.

So, when a =5, we have F = 30.

(ii) On the graph paper, take a point Q along OX such that
OQ =a=6.Draw QE 1 X"OX, meeting OABC at E.

Clearly, E(6, 36) cuts OABC at E. Hence,a =6 = F=36.
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ME SIMPLE GRAPHS

(i) The graph of the equation x = 0 is the y-axis.
(ii) The graph of the equation y = 0 is the x-axis.
(iii) The graph of the equation x = 3 is a line parallel to the y-axis at a
distance of 3 units to its right.
(iv) The graph of the equation x =—3 is a line parallel to the y-axis at a
distance of 3 units to its left.
(v) The graph of the equation y =2 is a line parallel to the x-axis at a

distance of 2 units above the x-axis.

(vi) The graph of the equation y =—2is a line parallel to the x-axis at a

distance of 2 units below the x-axis.

X

(i) and (ii)

o

(iii) The equation of a line AB is x = 3. (iv) The equation of a line CD is x = -3.
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(vi) The equation of a line GH is y = 2.

EXERCISE 4B
. Draw the graph of each of the following equations.
(i) x=4 (ii) x+4=0 (iii) y=3 (iv) y=-3
(V) x=-2 (vi) x=5 (vil) y+5=0 (viii) y=4

. Draw the graph of the equation y = 3x.

From your graph, find the value of y when (i) x =2 (if) x =—2.
. Draw the graph of the equation x +2y -3 =0.

From your graph, find the value of y when i) x =5  (ii) x =-5.
. Draw the graph of the equation, 2x =3y =5.

From your graph, find (i) the value of y when x = 4 and (ii) the value of
x when y =3.
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Draw the graph of the equation, 2x +y = 6.
Find the coordinates of the point where the graph cuts the x-axis.

. Draw the graph of the equation, 3x +2y = 6.

Find the coordinates of the point where the graph cuts the y-axis.

. Draw the graphs of the equations 3x -2y =4and x +y -3 =0.

On the same graph paper, find the coordinates of the point where the
two graph lines intersect.

. Draw the graph of the line 4x + 3y = 24.

(i) Write the coordinates of the points where this line intersects the
x-axis and the y-axis.

(ii) Use this graph to find the area of the triangle formed by the graph
line and the coordinate axes.

. Draw the graphs of the lines 2x+y =6 and 2x—y+2=0. Shade the

region bounded by these lines and the x-axis. Find the area of the
shaded region.

10. Draw the graphs of the lines x—y =1 and 2x+y = 8. Shade the area
formed by these two lines and the y-axis. Also, find this area.

11. Draw the graph for each of the equations x+y =6 and x —y =2 on the
same graph paper and find the coordinates of the point where the two
straight lines intersect.

12. Two students A and B contributed I 100 towards the Prime Minister’s
Relief Fund to help the earthquake victims. Write a linear equation to
satisfy the above data and draw its graph.

ANSWERS (EXERCISE 4B)
2.4y (ii) y=-6 3.0 y=1 (ii) y=4
4. (Q)y (i) x=7 5. (3,0) 6. (0,3) 7.(2,1)
8. (i) A(6, O) and B(0, 8) (ii) 24 sq units 9. 8 sq units
10. 13.5 sq units 11. (4,1) 12. x+y =100

MULTIPLE-CHOICE QUESTIONS (MCQ)

Choose the correct answer in each of the following questions:

1.

2.

The equation of the x-axis is
(a) x=0 (b) y=0 (©x=y (d) x+y=0
The equation of the y-axis is
(a) x=0 (b) y=0 (© x=y (d) x+y=0



10.

11.
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. The point of the form (g, a), a # 0 lies on

(a) the x-axis (b) the y-axis
(c) theliney =x (d) thelinex+y=0
. The point of the form (a, —a), a # 0 lies on
(a) the x-axis (b) the y-axis
(c) theliney =x (d) thelinex+y=0
. The linear equation 3x — 5y = 15 has
(a) a unique solution (b) two solutions
(c) infinitely many solutions (d) no solution
. The equation 2x + 5y = 7 has a unique solution, if x and y are
(a) natural numbers (b) rational numbers
(c) positive real numbers (d) real numbers

. The graph of y =5is a line

(a) making an intercept 5 on the x-axis
(b) making an intercept 5 on the y-axis
(c) parallel to the x-axis at a distance of 5 units from the origin
(d) parallel to the y-axis at a distance of 5 units from the origin

. The graph of x =4 is a line

(a) making an intercept 4 on the x-axis
(b) making an intercept 4 on the y-axis
(c) parallel to the x-axis at a distance of 4 units from the origin

(d) parallel to the y-axis at a distance of 4 units from the origin

. The graph of x+3 =01is a line

(a) making an intercept -3 on the x-axis

(b) making an intercept -3 on the y-axis

(c) parallel to the y-axis at a distance of 3 units to the left of y-axis

(d) parallel to the x-axis at a distance of 3 units below the x-axis
The graph of y+2 =01is a line

(a) making an intercept of -2 on the x-axis

(b) making an intercept of -2 on the y-axis

(c) parallel to the x-axis at a distance of 2 units below the x-axis

(d) parallel to the y-axis at a distance of 2 units to the left of y-axis
The graph of the linear equation 2x + 3y = 6 meets the y-axis at the point

(@) (2,0) (b) (3,0) (©) (0,2) (d) (0,3)
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12. The graph of the linear equation 2x +5y = 10 meets the x-axis at the

point

(@) (0,2) (b) (2,0) (©) (5,0) (d) (0,5)
13. The graph of the line x = 3 passes through the point

(a) (0, 3) (b) (2,3) () (3,2) (d) none of these
14. The graph of the line y = 3 passes through the point

(a) (3,0) (b) (3,2) (o) (2,3) (d) none of these
15. The graph of the line y = —3 does not pass through the point

(@) (2,-3) (b) (3,-3) (©) (0,-3) d 3,2

16. The graph of the line x —y = 0 passes through the point

-11 3 -3
@G5 ®F3) oy @y
17. Each of the points (-2, 2), (0, 0), (2, -2) satisfies the linear equation

(@ x—y=0 (b) x+y=0
() —x+2y=0 (d) x-2y=0
18. How many linear equations can be satisfied by x =2 and y = 3?
(a) only one (b) only two
(c) only three (d) infinitely many
19. A linear equation in two variables x and y is of the form ax+by+c =0,
where
(@) a+0,b+0 (b) a+0,b=0
(c)a=0,b+0 (d)a=0,c=0

20. If (2, 0) is a solution of the linear equation 2x + 3y =k then the value
of kis

(a) 6 (b) 5 (c) 2 (d) 4
21. Any point on the x-axis is of the form
(@) (x, y) (b) 0, y) (©) (v, 0) (d) (x, %)
22. Any point on the y-axis is of the form
@) (v, y) (b) 0, y) (©) (v, 0) d @ v
23. x =5, y =21is a solution of the linear equation
(a) x+2y=7 (b) Sx+2y=7
() x+y=7 (d) bx+y=7
24. If the point (3, 4) lies on the graph of 3y = ax + 7 then the value of a is
(@) 2 (b) 2 © 3 ) 2
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ANSWERS (MCQ)
®) 2@ 3@ 4 5@ 6@ 7.0 8

9. () 10.(c) 1L () 12 () 13.(c) 14.(c) 15 (d) 16. (d)

O o0 N O U1 = W

10.

11.
12.

13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.

.(b) 18.(d) 19.(a) 20.(d) 2L () 22.(b) 23.(c) 24.(b)

HINTS TO SOME SELECTED QUESTIONS

. The point (4, a), a # 0 lies on the line y = x.

. The point (a, —a), a # 0 lies on the line x +y = 0.

. The linear equation 3x — 5y = 15 has infinitely many solutions.

. 2x+5y =7 has a unique solution only when x, y are natural numbers.

. The graph of y = 5 is a line parallel to the x-axis at a distance of 5 units from the origin.
. The graph of x = 4is a line parallel to the y-axis at a distance of 4 units from the origin.

. The graph of x +3 = 0 is a line parallel to the y-axis at a distance of 3 units to the left of

y-axis.

The graph of y +2 =0 is a line parallel to the x-axis at a distance of 2 units below the
x-axis.

The graph of 2x + 3y = 6 cuts the y-axis at the point, where x = 0, i.e., at the point (0, 2).
The graph of 2x+5y =10 cuts the x-axis at the point where y =0, i.e., at the point
(5, 0).

The graph of the line x = 3 passes through the point (3, 2).

The graph of the line y = 3 passes through the point (5, 3).

The line y = —3 does not pass through the point (-3, 2).

The graph of the line x —y = 0, passes through the point (1, 1).

Each of the points (-2, 2), (0, 0) and (2, -2) satisfies the linear equation x +y = 0.
Infinitely many equations can be satisfied by x =2 and y = 3.

A linear equation in two variables is of the form ax + by +c¢ =0, wherea+ 0,b 0.
Puttingx=2and y=0in2x+3y =k, we getk=(2X2+3X0)=(4+0)=4.

Any point on the x-axis is of the form (x, 0).

Any point on the y-axis is of the form (0, y).

Clearly, x +y =7 is satisfied by x =5, y = 2.

Since 3y = ax +7 is satisfied by (3, 4), we have

3X4=aX3+7 = 3a+7=12 = 3a=5 = a=%
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REVIEW OF FACTS AND FORMULAE

1. LINEAR EQUATION An equation of the form ax + by +c¢ = 0, where a, b, ¢ are real
numbers such that a0 and b+ 0, is called a linear equation in two variables
xand y.

2. (i) SOLUTION OF A LINEAR EQUATION We say that x = o and y = B is a solution of
ax+by+c=0ifaa+bp+c=0.
(i) The equation ax + by + c = 0 has infinitely many solutions.
(i) The graph of the equation ax + by + ¢ = 0 is a straight line.

3. (i) The equation of x-axis is y = 0.

(i) The equation of y-axis is x = 0.

4. (i) The equation x = 5 may be writtenas1-x+0-y—-5=0.

(i) The equation y = -3 may be writtenas0-x+1-y+3 =0.

<



Coordinate Geometry

’

INTRODUCTION

The French mathematician René Descartes in 1637 introduced the Cartesian
system of coordinates for describing the position of a point in a plane.
This idea has given rise to an important branch of mathematics, known as
Coordinate Geometry.

CARTESIAN COORDINATES

ORDERED PAIR A pair of numbers a and b listed in a specific order with a at the first
place and b at the second place is called an ordered pair (a, b).

Note that (a, b) # (b, a).
Thus, (2, 3) is one ordered pair and (3, 2) is another ordered pair.

WHAT IS COORDINATE GEOMETRY?

We represent each point in a plane by means of an ordered pair of real
numbers, called the coordinates of that point.

The branch of mathematics in which geometric problems are solved
through algebra by using the coordinate system is known as coordinate
geometry.

COORDINATE SYSTEM

COORDINATE AXES The position of a point in a plane is determined with reference
to two fixed mutually perpendicular lines, called the coordinate axes.

Let us draw two lines X’OX and YOY’, which are perpendicular to
each other and intersect at the point O.

These lines are called the coordinate axes or the axes of reference.
The horizontal line X’ OX is called the x-axis.

The vertical line YOY” is called the y-axis.

The point O is called the origin.

We can fix a convenient unit of length and taking the origin as zero,
mark equal distances on the x-axis as well as on the y-axis.

CONVENTION OF SIGNS The distances measured along OX and OY are taken
as positive and those along OX’ and OY” are taken as negative, as shown in
the figure given below.

167
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COORDINATES OF A POINT IN A PLANE

Let P be a point in a plane.

Let the distance of P from the y-axis = a units.
And, the distance of P from the x-axis = b units.
Then, we say that the coordinates of P are (a, b).
a is called the x-coordinate, or abscissa of P.

b is called the y-coordinate, or ordinate of P.

4
T
I
|
I
TtP(a, b
| ﬂ @5
| ¥
| b,
| !
. ! fim
X' Oj———a———» X
|
|
|
|
Y'v

QUADRANTS Let X’OX and YOY” be the coordinate axes.

These axes divide the plane of the paper into four regions, called
quadrants. The regions XOY,YOX’, X’OY’ and Y'OX are respectively
known as the first, second, third and fourth quadrants.
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Using the convention of signs, we have the signs of the coordinates in
various quadrants as given below.

Region | Quadrant | Nature of x and y | Signs of coordinates
):(0)'% I x>0,y>0 (+ +)
YOX’ I x<0,y>0 (= +)
X' oY’ 11 x<0,y<0 =-)
Y’ OX v x>0,y<0 (+-)
Y
11 I
=) (+. %)
o X
111 v
=) (+.-)
v

NOTE Any point lying on the x-axis or y-axis does not lie in any quadrant.

EXAMPLE 1

SOLUTION

Draw the lines X’OX and YOY' as axes on the plane of a graph
paper and plot the points given below.

(1) A5, 3) (ii) B(-3, 2)
(iii) C(=5,—4) (iv) D(2,-6)
Let X’OX and YOY” be the coordinate axes.
Fix a convenient unit of length and starting from O, mark
equal distances on OX, OX’, OY and OY". Use the convention
of signs.

(i) Starting from O, take +5 units on the x-axis and then +3
units on the y-axis to obtain the point A(5, 3).

(ii) Starting from O, take -3 units on the x-axis and then +2
units on the y-axis to obtain the point B(-3, 2).

(iii) Starting from O, take -5 units on the x-axis and then —4
units on the y-axis to obtain the point C(-5, —4).
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(iv) Starting from O, take 2 units on the x-axis and then -6
units on the y-axis to obtain the point D(2, -6).

These points are shown below.

> a o <

(5.3)

N W
h
o——————2

(-5.-4)

|
(o))
Oe—————————

(2.-6)

EXAMPLE 2 In which quadrants do the given points lie?
(i)4,-2) ()(3,7) (i) (-1,-2)  (iv)(3,6)

SOLUTION (i) Points of the type (+, -) lie in the 4th quadrant.
Hence, the point (4, —2) lies in quadrant IV.

(ii) Points of the type (-, +) lie in the 2nd quadrant.
Hence, the point (-3, 7) lies in quadrant II.

(iii) Points of the type (-, -) lie in the 3rd quadrant.
Hence, the point (-1, =2) lies in quadrant IIL

(iv) Points of the type (+, +) lie in the 1st quadrant.
Hence, the point (3, 6) lies in quadrant L

EXAMPLE 3 Write down the coordinates of each of the points P, Q, R, S and T, as
shown in the figure given on next page.
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SOLUTION Draw perpendiculars PL, QM, RN, SU and TV on the x-axis.
(i) The distance of P from the y-axis = OL = 2 units.
The distance of P from the x-axis = LP = 4 units.
Hence, the coordinates of P are (2, 4).

(ii) The distance of Q from the y-axis = OM = 4 units.
The distance of Q from the x-axis = MQ = 2 units.
Hence, the coordinates of Q are (4, 2).

(iii) The distance of R from the y-axis = ON = =2 units.
The distance of R from the x-axis = NR = 3 units.
Hence, the coordinates of R are (-2, 3).

(iv) The distance of S from the y-axis = OU = 5 units.
The distance of S from the x-axis = US = —3 units.
Hence, the coordinates of S are (5, —3).

(v) The distance of T from the y-axis = OV = —4 units.
The distance of T from the x-axis = VT = -1 unit.

Hence, the coordinates of T are (—4, —1).

POINTS ON COORDINATE AXES

(i) COORDINATES OF A POINT ON THE x-AXIS Every point on the x-axis is at a
distance of 0 unit from the x-axis. So, its ordinate is 0.
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Thus, the coordinates of every point on the x-axis are of the form (x, 0).

(i) COORDINATES OF A POINT ON THE y-AXIS Every point on the y-axis is at a
distance of 0 unit from the y-axis. So, its abscissa is 0.

Thus, the coordinates of every point on the y-axis are of the form (0, y).
REMARK The coordinates of the origin are (0, 0).

EXAMPLE 4  On which axes do the given points lie?
(i) (7,0) (i) (0, —3) (iii) (0, 6) (iv) (=5, 0)
SOLUTION (i) In (7, 0), we have the ordinate = 0.
(7, 0) lies on the x-axis.
(ii) In (0, —3), we have the abscissa = 0.
(0, —3) lies on the y-axis.
(iii) In (0, 6), we have the abscissa = 0.
(0, 6) lies on the y-axis.
(iv) In (=5, 0), we have the ordinate = 0.
(=5, 0) lies on the x-axis.
EXAMPLE5  The three vertices of a AABC are A(1, 4), B(~2, 2) and C(3, 2). Plot
these points on a graph paper and calculate the area of AABC.
SoLUTION  Let X’OX and YOY” be the x-axis and the y-axis respectively,
drawn on a graph paper.
Let A(1, 4), B(-2, 2) and C(3, 2) be the vertices of AABC.
Draw AL 1 X’OX, meeting BC at M.




EXAMPLE 6

SOLUTION

EXAMPLE 7

Coordinate Geometry 173

BC =(BD + DC) = (2 +3) units = 5 units
AM = (AL - LM) = (4 —2) units = 2 units

ar(AABC) = (£ x BC x AM) sq units

1
2

(% X5 X 2) sq units = 5 sq units.

The three vertices of a square ABCD are A(3,2),B(-2,2) and
D(=3, 3). Plot these points on a graph paper and hence, find the
coordinates of C. Also, find the area of square ABCD.

Let X’OX and YOY” be the x-axis and y-axis respectively,
drawn on a graph paper.

Let A(3, 2), B(-2, 2) and D(3, —3) be the three vertices of square
ABCD.

Abscissa of C = abscissa of B =—2.

Ordinate of C = ordinate of D =—3.

Thus, the coordinates of C are (=2, —3).
Side of sq ABCD = CD = (2 + 3) units = 5 units.
ar(sq ABCD) = (5 X 5) sq units = 25 sq units.
The three vertices of a rectangle ABCD are A(2,2), B(—3,2) and

C(=3, 5). Plot these points on a graph paper and find the coordinates
of D. Also, find the area of rectangle ABCD.
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soLuTiIoN  Let A(2,2),B(-3,2) and C(-3,5) be the three vertices of a

rectangle ABCD.
Let the y-axis cut the rectangle ABCD at the points L and M
respectively.

B¢ 2)

Abscissa of D = Abscissa of A = 2.
Ordinate of D = Ordinate of C =5.
coordinates of D are (2, 5).
AB = (BL+LA) = (3+2) units = 5 units.
BC = (5—2) units = 3 units.
ar(rectangle ABCD) = (AB X BC)
= (5X 3) sq units
=15 sq units.

EXERCISE 5
1. On the plane of a graph paper draw X’OX and YOY" as coordinate axes
and plot each of the following points.
(i) A5, 3) (ii) B(6,2) (iii) C(-5,3) (iv) D(4,-6)
(v) E(-3,-2)  (vi) F(-4,4) (vii) G(3,-4)  (viii) H(5,0)
(ix) 1(0, 6) (%) J(=3,0) (xi) K(0,-2)  (xii) O(0, 0)
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Write down the coordinates of each of the following points A, B, C, D
and E.

. For each of the following points, write the quadrant in which it lies.

(i) (-6,3) (ii) (-5,-3) (iil) (11, 6) (iv) (1,-4)
(v) (-7,-4) (vi) (4,-1) (vii) (-3, 8) (viii) (3,-8)

. Write the axis on which the given point lies.
(i) (2,0) (i) (0,-5) (iif) (=4, 0) (d) (0,-1)

. Which of the following points lie on the x-axis?
(i) A0, 8) (i) B(4,0) (iii) C(0,-8)  (iv) D(=6,0)
v) E@,1) (vi) F(=2,-1)  (vii) G(~1,0)  (viii) H(0,-2)

. Plot the points A(2, 5), B(-2, 2) and C(4, 2) on a graph paper. Join AB, BC

and AC. Calculate the area of AABC.

. Three vertices of a rectangle ABCD are A(3, 1), B(-3, 1) and C(-3, 3). Plot

these points on a graph paper and find the coordinates of the fourth
vertex D. Also, find the area of rectangle ABCD.

HINT Coordinates of D are (3, 3).

ANSWERS (EXERCISE )

2. A(=6,5), B(5,4), C(=3,2), D(2, -2) and E(-1, -4).

@

(i) 11 (if) TII (iii) T (iv) IV
(v) III (vi) IV (vii) TI (viii) TV
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4. (i) x-axis (ii) y-axis (iii) x-axis (iv) y-axis
5. (ii) B(4,0) (iv) D(-6,0)  (vii) G(-1,0)
6. 9 sq units 7. D(3, 3), 6 sq units

MULTIPLE-CHOICE QUESTIONS (MCQ)

Choose the correct answer in each of the following questions:
1. In which quadrant does the point (-7, —4) lie?

(a) IV (b) O (c) III (d) None of these
2. If x> 0 and y < 0 then the point (x, y) lies in quadrant

(@I (b) III () I d) Iv
3. Ifa <0 and b > 0 then the point (g, b) lies in quadrant

(a) IV (b) 11 (c) I (d) none of these
4. A point both of whose coordinates are negative lies in quadrant

(@I (b) I (c) III (iv) IV

5. The point (other than origin) for which abscissa is equal to the ordinate
will lie in the quadrant

(a) T'only (b) TorIl (c) TorIII (d) MorlIV
6. The points (-5, 3) and (3, -5) lie in the

(a) same quadrant

(b) II and III quadrants respectively

(c) Il'and IV quadrants respectively

(d) IV and II quadrants respectively
7. Points (1, -1), (2, -2), (-3, -4), (4, -5)

(a) all lie in the II quadrant (b) all lie in the III quadrant

(c) all lie in the IV quadrant (d) donotliein the same quadrant
8. Point (0, -8) lies

(a) in the II quadrant (b) in the IV quadrant

(c) on the x-axis (d) on the y-axis

9. Point (-7, 0) lies
(a) on the negative direction of the x-axis
(b) on the negative direction of the y-axis
(c) in the III quadrant
(d) in the IV quadrant



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,
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The point which lies on the y-axis at a distance of 5 units in the negative
direction of the y-axis is

(@) (-5,0) (b) (0,-5) (©) (5,0) (d) (0,5)
The ordinate of every point on the x-axis is
(@)1 (b) -1
(¢) 0 (d) any real number
If the y-coordinate of a point is zero then this point always lies
(a) on the y-axis (b) on the x-axis
(c) in the I quadrant (d) in the IV quadrant

If O(0, 0), A3, 0), B(3, 4), C(0, 4) are four given points then the figure
OABCis a

(a) square (b) rectangle (c) trapezium (d) rhombus
If A(-2,3) and B(-3,5) are two given points then
(abscissa of A) — (abscissa of B) = ?

(a) 2 (b) 1 (c) -1 (d) 2
The perpendicular distance of the point A(3, 4) from the y-axis is

(@ 3 (b) 4 (c) 5 d) 7
Abscissa of a point is positive in

(a) Iand II quadrants (b) I and IV quadrants

(c) I quadrant only (d) II quadrant only
The point at which the two coordinate axes meet is called the

(a) abscissa (b) ordinate (c) origin (d) quadrant
The point whose ordinate is 3 and which lies on the y-axis is

(@) (3,0) (b) (0,3) (©) (3,3) (d (1,3)
Which of the following points lies on the line y = 2x +3?

(@) (2,8) (b) 3,9) (©) (4,12) (d) (5,15)
Which of the following points does not lie on the line y = 3x +4?

(@) (1,7) (b) (2,10) © L1 (d) (4,12)
Which of the following points does not lie in any quadrant?

(a) (3,-6) (b) (-3,4) © G,7) (d) (0,3)

The area of AAOB having vertices A(0, 6), O(0, 0) and B(6, 0) is
(a) 12 sq units  (b) 36 sq units (c) 18 sq units  (d) 24 sq units

ANSWERS (MCQ)
© 2(d) 3®) 4@ 5@ 6@ 7. 8@
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@ 10.(b) 1. () 12.(b) 13.(b) 14. (b) 15. (a)

(0 18.(b) 19.(b) 20.(d) 21 (d) 22 (c)

HINTS TO SOME SELECTED QUESTIONS

. The point (=7, —4) lies in III quadrant.
. If x> 0and y < 0 then the point (x, y) lies in IV quadrant.
. If a <0and b > 0 then the point (g, b) lies in II quadrant.

. A point both of whose coordinates are negative lies in III quadrant.

. (-5, 3) and (3, -5) lie in IT and IV quadrants respectively.
. (1,-1), (2,-2), (-3, -4), (4, -5) do not lie in the same quadrant.
. (0, -8) lies on the y-axis.

. (-7, 0) lies on the negative direction of the x-axis.

The required point is (0, -5).

Every point on the x-axis is of the form (x, 0) and therefore its ordinate is 0.
Any point of the form (x, 0) lies on the x-axis.

Clearly, OA = CB = 3 units and OC = AB = 4 units. C(0, 4)

16. (b)

. If a> 0 then (g, a) lies in I quadrant and if a4 < 0 then (g, a) lies in III quadrant.

B(3, 4)

OABC is a rectang]le.

0(0, 0)

(abscissa of A) — (abscissa of B) = (-2) —(-3) = (-2+3) = 1.
Perpendicular distance of A(3, 4) from the y-axis is 3. Y

A3, 0)

A3, 4)

X'

v’
Abscissa of a point is positive in I and IV quadrants.

The two coordinate axes meet at the origin.

A point lying on the y-axis with ordinate 3 is (0, 3). A0.6)
Clearly, (3, 9) satisfies y = 2x + 3.

Clearly, (4, 12) does not satisfy y = 3x + 4.

The point (0, 3) does not lie in any quadrant.

ar(AAOB) = (% X6 X 6) sq units = 18 sq units. 0(0,0)

<

B(6, 0)



.6 Introduction to
’ Euclid’s Geometry

HISTORY

The word ‘geometry’ comes from the Greek words ‘geo” meaning the “earth’
and ‘metrein’ meaning ‘to measure’. Geometry appears to have originated
from the need for measuring lands. This branch of mathematics was
studied in various forms in ancient civilizations.

The geometry of the Vedic Period (800 BC to 500 BC) originated with
the construction of altars (or Vedis) for performing Vedic rites. Square and
circular altars were used for household rituals while altars having shapes as
combinations of rectangles, triangles and trapeziums were used for public
rituals (worship). The Sriyantra consists of nine interwoven isosceles triangles.

The Greeks developed geometry in a very systematic manner. Three
Greek mathematicians, namely, Thales (600 BC), Pythagoras (Thales” Pupil,
572 BC) and Euclid (300 BC) contributed a lot on geometry.

Thales proved that a circle is bisected by its diameter. Pythagoras
developed the theory of geometry to a great extent. Euclid introduced
the method of proving mathematical results by using deductive logical
reasoning and the previously proved results. The geometry of plane figures
is known as Euclidean geometry. His famous book ‘Elements’, divided into
thirteen chapters, contains wonderful results on geometry.

In Indus Valley Civilization, the size of bricks was taken as
(4 X2X1)inches.

Three Indian mathematicians Aryabhata (born AD 476), Brahmagupta
(born AD 598) and Bhaskara II (born AD 1114) are the main contributors in
geometry.

Aryabhata worked out the area of an isosceles triangle, the volume of
a pyramid and approximate value of .

Brahmagupta discovered the formula for finding the area of a cyclic
quadrilateral.

Bhaskara II gave a dissection proof of Pythagoras’ theorem.

AXIOMS AND POSTULATES

Self-evident true statements used throughout mathematics and not
specifically linked to geometry are called axioms while those specific
to geometry are known as postulates. However, nowadays, we do not

distinguish between axioms and postulates.
179
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EUCLID’s AXIOMS
1. Things which are equal to the same thing are equal to one another.
. If equals are added to equals, the wholes are equal.
. If equals are subtracted from equals, the remainders are equal.
. Things which coincide with one another are equal to one another.

. The whole is greater than the part.

N Q1 &~ W N

. Things which are double of the same thing are equal to one
another.

7. Things which are halves of the same thing are equal to one
another.

ILLUSTRATIONS

1. If the area of a triangle equals the area of a rectangle and the
area of the rectangle equals that of a square, then the area of the
triangle also equals the area of the square.

2. Magnitudes of the same kind can be compared and added
(or subtracted). But, magnitudes of different kinds cannot be
compared.

3. Everything equals itself.
4. If A > B, then there exists a quantity C such that A =B +C.

EUCLID’S FIVE POSTULATES
Postulate 1 A straight line may be drawn from any one point to any other point.

Euclid assumed that there is a unique line joining two distinct points.

Postulate 2 A terminated line can be produced indefinitely.

In present-day term, we say that a line segment can be extended on
either side to form a line.
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Postulate 3 A circle can be drawn with any centre and any radius.
Postulate 4 All right angles are equal to one another.

Postulate 5 (Playfair’s axiom) If a straight line falling on two straight lines makes
the interior angles on the same side of it taken together less than two right angles,
then the two straight lines, if produced indefinitely, meet on that side on which the
sum of the angles is less than two right angles.

In the given figure, the line AB
falls on two straight lines CD and EF
cutting them at the points G and H
such that ZCGH+ ZEHG < 180° on
the left side of AB. E

So, the straight lines CD and
EF when produced on the left-hand
side will meet at a point.

C

Later on, the fifth postulate was modified as under:
‘For every line L and for every point P not lying on L, there exists a unique
line M passing through P and parallel to L.

P

- =M

-~ |

An Important Result Two distinct intersecting lines cannot be parallel to the
same line.

STATEMENTS A sentence which can be judged to be true or false is called a statement.

Examples (i) The sum of the angles of a triangle is 180°, is a true
statement.

(ii) The sum of the angles of a quadrilateral is 180°, is a false
statement.

(iii) x+10 > 15 is a sentence but not a statement.
THEOREMS A statement that requires a proof is called a theorem.
Establishing the truth of a theorem is known as proving the theorem.
Examples (i) The sum of all the angles around a point is 360°.
(ii) The sum of the angles of a triangle is 180°.

COROLLARY A statement whose truth can easily be deduced from a theorem, is
called its corollary.

SOME TERMS RELATED TO GEOMETRY

POINT A point is an exact location.
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A fine dot represents a point. P
We denote a point by a capital letter—A, B, P, Q, etc.

In the given figure, P is a point.

LINE SEGMENT The straight path between two points A A B
and B is called the line segment AB.

The points A and B are called the end points of the line segment AB.
A line segment has a definite length.

The distance between two points A and B is equal to the length of the
line segment AB.

Clearly, AB and BA denote the same line segment.
J— e
RAY A line segment AB when extended indefinitely in one direction is the ray AB.

—>
Ray AB has one end point A. X 5
A ray has no definite length.
A ray cannot be drawn, it can simply be represented on the plane of a
paper.
To draw a ray would mean to represent it.

LINE A line segment AB when extended indefinitely in both the directions is called
the line AB.

A line has no end points. A B

A line has no definite length.

A line cannot be drawn, it can simply be represented on the plane of
a paper.

To draw a line would mean to represent

it. Sometimes, we label lines by small letters /,
m, n, etc.

m

HALF-LINE Let A, B and C be any three —— —L
points on a given line / such that A lies
between B and C and we delete the point A.

Then, each of the two remaining parts, namely B A

oO—F+—m 1
and 2 s are called half-lines.

INCIDENCE AXIOMS ON LINES

(i) Aline contains infinitely many points.
(ii) Through a given point, infinitely
many lines can be drawn.
(iii) One and only one line can be drawn
to pass through two given points A
and B.
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COLLINEAR POINTS Three or more than three points are said Pe  Q
to be collinear, if there is a line which =& ¢ ‘R

contains them all.

In the given figure A, B, C are collinear points, while P, Q, R are
noncollinear.

INTERSECTING LINES Two lines having a c B
common point are called intersecting lines. :>o<::
The point common to two given A D

lines is called their point of intersection.
In the given figure, the lines AB and CD intersect at a point O.

CONCURRENT LINES Three or more lines intersecting at the ~ m L
same point are said to be concurrent.

In the given figure, lines I, m, n pass through the

same point P and therefore, they are concurrent.

PLANE A plane is a surface such that every point of the line joining any two points

on it, lies on it.

Examples The surface of a smooth wall; the surface of the top of the table;
the surface of a smooth blackboard; the surface of a sheet of
paper, etc., are close examples of a plane. These surfaces are
limited in extent but the geometrical plane extends endlessly
in all directions.

PARALLEL LINES Two lines | and m in a plane are = - L
said to be parallel, if they have no point in common
and we write, I || m.

- =-m
The distance between two parallel lines always remains the same.

NUMBER OF LINES PASSING THROUGH TWO GIVEN POINTS

An Important Axiom Given two distinct points, there is a unique line that passes
through them.

Let A and B be two given points.

How many lines passing through A, will pass through B?

Clearly, only one, namely the line AB.

How many lines passing through B, will pass through A?

Clearly only one, namely the line AB.

Thus, there is one and only one line, passing through two given points.

Hence, the given axiom is true.
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SOME RESULTS ON LINES

THEOREM 1 Prove that two distinct lines cannot have more than one point in
common.
GIVEN  Two distinct lines [ and m.
TOPROVE [ and m cannot have more than one point in common.
PROOF If I||m, then clearly there is no point common to both [ and m.
So, let us consider the case when [ is not parallel to m.

If possible, let P and Q be two L
points common to both / and m.

Then, I contains both the points P m
and Q. 4//'
And, m contains both the points P and Q.

But, we know that there is only one line passing through two
distinct points P and Q.

I=m.

This contradicts the hypothesis that / and m are distinct.

Thus, our supposition is wrong.

Hence, two distinct lines cannot have more than one point in

common.
PARALLEL LINES AXIOM If P is a point outside a P
given line 1, then one and only one line can be # -m
drawn to pass through P and parallel to I. - -1

Thus, we can say that two intersecting lines cannot be both parallel to

a given line.

THEOREM 2  Prove that the lines which are parallel to a given line are parallel.

GIVEN Three lines I, m and » such that || n and m || n.

TOPROVE [|m.

PROOF  If possible, let I be not parallel to m.
Then, [ and m should intersect ata o |
unique point P. -—  am
Thus, through a point P outside n, there «———————n
are two lines / and m, both parallel to .
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But, two distinct intersecting lines cannot be parallel to the
same line.

So, we arrive at a contradiction.
Since the contradiction arises by assuming that [ is not parallel to
m, hence [ || m.

3 Iflines AB, AC, AD and AE are parallel to a line I, show that the
points A, B, C, D, E are collinear.

GIVEN AB, AC, AD and AE are lines, all parallel to a line /.
TOPROVE A, B, C, D, E are collinear.

PROOF

EXAMPLE

SOLUTION

Since AB, AC, AD and AE are all parallel to a line /, it follows that
A is a point outside /, through which lines AB, AC, AD and AE are
drawn, each parallel to .

But, by parallel lines axiom, one and only one line can be drawn
through A and parallel to /.

This is possible only when A, B, C, D, E all lie on the same line.
Hence, A, B, C, D, E are collinear.

SOLVED EXAMPLES

1 If A, Band C are three points on a line and B lies between A and C
(as shown in the given figure), then prove that AB+ BC = AC.

- 4 -
t t

A B c

Itis clear from the given figure that AC coincides with AB + BC.

By Euclid’s Axiom 4, we know that the things that coincide
with one another are equal to one another.

AB+BC = AC.

EXAMPLE 2 If a point C lies between two points A and B such that AC = BC,

SOLUTION

then prove that AC = %AB.
Let us consider three points A, C and B on a line such that
AC =BC.Then, AC=CB [ BC=CB]

By Euclid’s Axiom 2, we know
that if equals be added to equals,

then the wholes are equal.
AC=CB = AC+AC=AC+CB
= 2AC=AB
[by Euclid’s Axiom 4, AC+CB = AB]
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EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION

EXAMPLE 5

SOLUTION
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= AC= %AB [ halves of equals are equal]

Hence, AC = 5 AB.
In the given figure, if AC=BD, A B c D
then prove that AB = CD.
By Euclid’s Axiom 2, we know that if equals be subtracted
from equals, then the remainders are equal.

AC=BD = AC-BC=BD-BC

= AB=CD.

Hence, AB=CD.

Solve the equation, x —5 = 15.
By Euclid’s Axiom 2, we know that if equals be added to
equals, then the wholes are equal.
x-5=15 = x-5+5=15+5
= x=20.
Hence, x = 20.

Prove that an equilateral triangle can be constructed on any given
line segment.

Let AB be the line segment of given length. With A as centre
and AB as the radius, draw a circle. With B as centre and BA as
the radius, draw another circle, cutting the first circle at C. Join
AC and BC to form AABC.

C C
A B A B
Now, AB=AC (radii of the same circle)
And BA=BC (radii of the same circle)
AB=BC [- BA=AB]

But, by Euclid’s Axiom 1, it follows that the things which are

equal to the same thing are equal to one another.
AB=BC=AC.

Hence, AABC is an equilateral triangle.
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EXAMPLE 6  In the given figure, C is the midpoint of AB, D B Y
is the midpoint of XY and AC = XD. Using an
Euclid’s axiom, prove that AB = XY.
c D
X
B
X Y
c

SOLUTION  We have
AB=2AC [ Cisthe midpoint of AB]
and XY =2XD [." Disthe midpoint of XY].
Now, AC=XD (given)
= 2AC=2XD [by Euclid’s Axiom 6]
= AB=XY [by Euclid’s Axiom 7]
Hence, AB = XY.

EXAMPLE7  In the given figure, a AABC is given in

A
which AB = BC and BX = BY. Show that
AX=CY.
GIVEN A AABC in which AB=BC. Also, X and
Y are points on AB and BC respectively such that
A

BX =BY.
TOPROVE AX=CY.

PROOF By Euclid’s Axiom 3, we know that when equals are subtracted
from equals, the remainders are equal.

AB =BC and BX = BY
= AB—-BX=BC-BY [equals are subtracted from equals]
= AX=CY.

Hence, AX = CY.
EXAMPLES  In the given figure, we have

£1=23 and £2 = /4. Show that
ZA=ZC.

SOLUTION  In the given figure, it is given
that

Z1=43and £2 = /4.

By Euclid’s Axiom 2, we know
that when equals are added to

B
/\
A (o}
v

D

equals, the wholes are equal.
L1+ £2=23+24 = LA=ZLC.
Hence, ZA = ZC.
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EXAMPLE9  In  the given  figure, we  have 2\
L1=43,22=24 and £3=24. Prove
that £1 = Z2.

SOLUTION Euclid’s Axiom 1 says, the things which
are equal to the same thing are equal to
one another.
(£1=243and £3 = 24) \2
= Z1=4/4 [by Euclid’s Axiom 1].
Now, £1 = /4 (proved) and £2 = Z4 (given)
= Z1=4/2 [by Euclid’s Axiom 1].
Hence, £1 = £2.

EXAMPLE 10 Write which of the following statements are true and which are false.
(i) A simple closed figure made up of three or more line segments is
called a polygon.
(ii) Part of a line with two end points is called a line segment.
(iii) In geometry, we take a point, a line and a plane as undefined
terms.
(iv) Euclid’s fourth axiom says that everything equals itself.
(v) The Euclidean geometry is valid only for figures in the plane.
(vi) A figure formed by two rays with a common initial point is
called an angle.

SOLUTION (i) True (ii) True (iii) True (iv) True
(v) True, as it fails on the curved surfaces (vi) True
EXERCISE 6

1. What is the difference between a theorem and an axiom?
2. Define the following terms:
(i) Line segment (ii) Ray (iii) Intersecting lines
(iv) Parallel lines (v) Half-line (vi) Concurrent lines
(vii) Collinear points (viii) Plane
3. In the adjoining figure, name:
(i) Six points

(ii) Five line segments
(iii) Four rays

(iv) Four lines

(v) Four collinear points
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4. In the adjoining figure, name:
(i) Two pairs of intersecting lines and their
corresponding points of intersection

(ii) Three concurrent lines and their points

of intersection
(iii) Three rays
(iv) Two line segments
5. From the given figure, name the following:
(i) Three lines
(ii) One rectilinear figure _ c G .

(iif) Four concurrent points

6. (i) How many lines can be drawn to pass through a given point?
(i) How many lines can be drawn to pass through two given points?
(iif) In how many points can the two lines at the most intersect?
(iv) If A, B, C are three collinear points, name all the line segments
determined by them.
7. Which of the following statements are true?
(i) A line segment has no definite length.
(ii) A ray has no end point.
(iii) A line has a definite length.
(iv) Aline A(_)B is the same as line éj)ﬁ
— —
(v) A ray AB is the same as ray BA.
(vi) Two distinct points always determine a unique line.

(vii) Three lines are concurrent if they have a common point.
(viii)Two distinct lines cannot have more than one point in common.
(ix) Two intersecting lines cannot be both parallel to the same line.
(x) Open half-line is the same thing as ray.

(xi) Two lines may intersect in two points.

(xii) Two lines are parallel only when they have no point in common.
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8. In the given figure, L and M are the mid- 4 L
points of AB and BC respectively.

(i) If AB =BC, prove that AL = MC.
(i) If BL = BM, prove that AB = BC.

HINT (i) AB=BC = 2 AB=2BC = AL=MC.
(ii) BL=BM = 2BL=2BM = AB =BC.

ANSWERS (EXERCISE 6)

S — —> .l

- o
E F (i) EG,FH,EF,GH, MN (iii) EP, GR, GB, HD
«—>

> o o> o o o

Rard
R} {AB CD, p} (ii) AB,EF,GH, R (i) RB, RH, R

(1V) RQ, RP
Lad >

(i) AB, PQ, RS (ii) CEFG (i) A, E, F, B

(i) infinitely many (ii) one only (iii) one point only
(iv) AB,BC, AC

7. (iv), (vi), (vii), (viii), (ix), (x), (xii)

MULTIPLE-CHOICE QUESTIONS (MCQ)
Choose the correct answer in each of the following questions:
1. In ancient India, the shapes of altars used for household rituals were
(a) squares and rectangles (b) squares and circles
(c) triangles and rectangles (d) trapeziums and pyramids

2. In ancient India, altars with combination of shapes like rectangles,
triangles and trapeziums were used for

(a) household rituals (b) public rituals

(c) both (a) and (b) (d) none of (a), (b) and (c)
3. The number of interwoven isosceles triangles in Sriyantra is

(a) five (b) seven (c) nine (d) eleven

4. In Indus Valley Civilization (about BC 3000), the bricks used for
construction work were having dimensions in the ratio of
(a) 5:3:2 (b) 4:2:1 (c)4:3:2 (d) 6:4:2

5. Into how many chapters was the famous treatise, ‘The Elements’
divided by Euclid?



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
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@) 13 () 12 () 11 ) 9

. Euclid belongs to the country

(a) India (b) Greece (c) Japan (d) Egypt

. Thales belongs to the country

(a) India (b) Egypt (c) Greece (d) Babylonia

. Pythagoras was a student of

(a) Euclid (b) Thales (c) Archimedes (d) Bhaskara

. Which of the following needs a proof?

(a) axiom (b) postulate (c) definition  (d) theorem
The statement that ‘the lines are parallel if they do not intersect’ is in the
form of

(a) a definition (b) an axiom (c) apostulate (d) a theorem
Euclid stated that ‘all right angles are equal to each other’, in the form of
(a) a definition (b) an axiom (c) a postulate (d) a proof
A pyramid is a solid figure, whose base is

(a) only a triangle (b) only a square
(c) only a rectangle (d) any polygon
The side faces of a pyramid are
(a) triangles (b) squares (c) trapeziums (d) polygons
The number of dimensions of a solid are
(a) 1 (b) 2 ()3 (d) 5
The number of dimensions of a surface is
(a) 1 (b) 2 ()3 (d) o
How many dimensions does a point have
(@ o0 (b) 1 (c) 2 (d) 3

Boundaries of solids are

(a) lines (b) curves (c) surfaces (d) none of these
Boundaries of surfaces are

(a) lines (b) curves (c) polygons  (d) none of these
The number of planes passing through 3 noncollinear points is

(a) 4 (b) 3 (c) 2 (d)1
Axioms are assumed

(a) definitions

(b) theorems

(c) universal truths specific to geometry

(d) universal truths in all branches of mathematics
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21. Which of the following is a true statement?
(a) The floor and a wall of a room are parallel planes.
(b) The ceiling and a wall of a room are parallel planes.
(c) The floor and the ceiling of a room are parallel planes.
(d) Two adjacent walls of a room are parallel planes.
22. Which of the following is a true statement?
(a) Only a unique line can be drawn to pass through a given point.
(b) Infinitely many lines can be drawn to pass through two given
points.
(c) If two circles are equal, then their radii are equal.
(d) A line has a definite length.
23. Which of the following is a false statement?
(a) An infinite number of lines can be drawn to pass througha given
point.

(b) A unique line can be drawn to pass through two given points.

— —
(c) Ray AB =ray BA.
(d) A ray has one end point.

24. A point C is called the midpoint of a line segment AB if
(a) Cis an interior point of AB
(b) AC=CB
(c) Cis an interior point of AB such that AC = CB
(d) AC+CB=AB

25. A point C is said to lie between the points A and B if
(a) AC=CB (b) AC+CB=AB
(c) points A, C and B are collinear (d) none of these

26. Euclid’s which axiom illustrates the statement that when x+y =15,
thenx+y+z=15+2z2?

(a) first (b) second (c) third (d) fourth
27. A is of the same age as B and C is of the same age as B. Euclid’s which
axiom illustrates the relative ages of A and C?

(a) First axiom (b) Second axiom
(¢) Third axiom (d) Fourth axiom

ANSWERS (MCQ)
1L.®b 2(b) 3 40 5@ 6@® 7 s (b
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(d 10.() 11.() 12 (d) 13.(a) 14 (c) 15 (b) 16. (a)

(@ 18. () 19.(d) 20.(d) 2L () 22.(c) 23.(c) 24 (c)
.(©  26.(b) 27. ()

HINTS TO SOME SELECTED QUESTIONS

. In ancient India, the shapes of altars used for household rituals were squares and

circles.

. Inancient India, altars with combination of rectangles, triangles and trapeziums were

used for public rituals.

. There were nine interwoven isosceles triangles in Sriyantra.
. The size of bricks in Indus Valley Civilization was 4 : 2 : 1.

. Euclid divided his book ‘The Elements’ into 13 chapters.

. Euclid belongs to Greece.

. Thales belongs to Greece.

. Pythagoras was a student of Thales.

. A theorem needs a proof.

Lines are parallel if they do not intersect is stated as a definition.
Euclid stated that all right angles are equal to each other in the form of a postulate.
A pyramid is a solid figure whose base is any polygon.

The side faces of a pyramid are triangles.

A solid has 3 dimensions, namely length, breadth and height.

A surface has 2 dimensions namely, length and breadth.

A point has 0 dimensions.

Boundaries of solids are called surfaces.

Boundaries of surfaces are curves.

A unique plane passes through 3 given noncollinear points.

Axioms are assumed universal truths in all branches of mathematics.
The floor and the ceiling of a room are the parallel planes.

If two circles are equal, then their radii are equal.

A point C is called the midpoint of line segment AB, if C is an interior point of AB
such that AC = CB.

A point C is said to lie between A and B if the points A, C and B are collinear.

Second axiom states that if equals be added to equals, then wholes are equal.
Here(A=BandC=B) = A=C.

First axiom states that the things which are equal to the same thing are equal to one
another.
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REVIEW OF FACTS
1. EUCLID’S AXIOMS
(i) Things which are equal to the same thing are equal to one another.
(ii) If equals are added to equals, the wholes are equal.
(iii) If equals are subtracted from equals, the remainders are equal.
(iv) Things which coincide with one another are equal to one another.

(v) The whole is greater than the part.

)
)
)
(vi) Things which are double of the same thing are equal to one
another.

(vii) Things which are halves of the same thing are equal to one
another.

2. EUCLID’S FIVE POSTULATES
POSTULATE 1. A straight line may be drawn from one point to any other point.

Given two distinct points, there is a unique line that passes through
them.

POSTULATE 2. A terminated line can be produced indefinitely.
POSTULATE 3. A circle can be drawn with any centre and any radius.
POSTULATE 4. All right angles are equal to one another.

POSTULATE 5. For every line L and for every point P not lying on L, there exists
a unique line M passing through P and parallel to L.

3. INCIDENCE AXIOMS ON LINES
(i) A line contains infinitely many points.
(ii) Through a given point, infinitely many lines can be drawn.

(iii) One and only one line can be drawn to pass through two given
points A and B.

4. (i) A solid has 3 dimensions, namely
length, breadth and height.

(ii) Boundaries of solids are called surfaces.
Boundaries of surfaces are curves.

A surface has 2 dimensions. “A B

)
(iii)
(iv)
(v) A pyramid is a solid whose base is a
polygon and whose side faces are triangles.

<



Lines and Angles

BASIC TERMS AND DEFINITIONS
ANGLE When two rays originate from the same end point, then an angle is
formed.

The rays making an angle are called the arms of the angle and the end point is
called the vertex of the angle.

- —

In the given figure, two rays AB and AC B
originate from the same end point A, forming an
angle denoted by ZBAC or £ZCAB or ZA.

— —
Clearly, AB and AC are the arms of this angle
and A is its vertex. A c

We measure an angle in degrees, denoted by “*’.
If ZA = 60°, we write, m(£A) = 60°.

VARIOUS TYPES OF ANGLES
(i) ACUTE ANGLE An angle whose measure is more than 0° but less

than 90° is called an acute angle.

(if) RIGHTANGLE An angle whose measure is 90° is called a right angle.

(iif) OBTUSE ANGLE An angle whose measure is more than 90° but less
than 180° is called an obtuse angle.

(iv) STRAIGHTANGLE An angle whose measure is 180° is called a
straight angle.

(V) REFLEXANGLE An angle whose measure is more than 180° but less
than 360° is called a reflex angle.

(vi) COMPLETEANGLE An angle whose measure is 360° is called a
complete angle.

Acute angle Right angle Obtuse angle
X° v°
A C A B A C
(i) Acute angle (i) Right angle (iii) Obtuse angle
(0° < x° < 90°) (y° =90°) (90° < z° < 180°)

195
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Straight angle o Reflex angle Complete angle
FS (a §“° -
B O A B
(iv) Straight angle (vi) Complete angle
(s° = 180°) (u® = 360°)

(v) Reflex angle
(180° < t° < 360°)

EQUAL ANGLES Two angles are said to be equal, if they are B
of the same measure. b

Thus, £ZA=4B © m(£LA)=m(<B).

_)
ANGLE BISECTOR A ray AD is said to be the bisector of
ZBAC, if /BAD = ZCAD.

INTERIOR OF AN ANGLE The interior of ZBAC is the set of
all points in its plane which lie on the same side of AB as C
and also on the same side of AC as B.

Interior
of ZBAC

EXTERIOR OF AN ANGLE The exterior of ZBAC is the set of
all points in its plane which do not lie on the angle or in its A C
interior.

Example In the given figure, the points D, E, F, G
lie in the interior of ZBAC, while A, B, C,
H lie on ZBAC. And, the points ], K, L lie

in the exterior of ZBAC.
COMPLEMENTARY ANGLES Two angles are said to be / <
complementary, if the sum of their measures is 90°. ‘L

Two complementary angles are called the complement of each other.
Example Angles measuring 65° and 25° are complementary angles.

SUPPLEMENTARY ANGLES Two angles are said to be supplementary if the sum of
their measures is 180°.

Two supplementary angles are called the supplement of each other.

Example Angles measuring 62° and 118° are supplementary angles.

SOLVED EXAMPLES

EXAMPLE 1 Find the measure of an angle which is 24° more than its complement.
SOLUTION  Let the measure of the required angle be x°.

Then, measure of its complement = (90 — x)°.



EXAMPLE 2

SOLUTION

EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION

EXAMPLE 5

SOLUTION
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x—(90-x)=24 = 2x=114 = x=57.

Hence, the measure of the required angle is 57°.

Find the measure of an angle which is 32° less than its supplement.

Let the measure of the required angle be x°.

Then, measure of its supplement = (180 — x)°.
(180-x)—x=32 = 2x=148 = x=74.

Hence, the measure of the required angle is 74°.

Two supplementary angles are in the ratio 3 : 2. Find the angles.

Let the measures of the given angles be (3x)° and (2x)°
respectively.

Since the given angles are supplementary, we have
3x+2x =180 = 5x =180 = x=36.
the measures of the given angles are (3X36)° and
(2X36)°,i.e, 108° and 72° respectively.
The supplement of an angle is one third of the given angle. Find the
measures of the given angle and its supplement.
Let the measure of the given angle be x°.

Then, the measure of its supplement = (180 — x)°.

180-x=2x = 3(180-x) =x

3
= 540—-3x=x
= 4x =540 = x=135.
Hence, the measure of the given angle is 135° and the measure

of its supplement is (180 — 135)° = 45°.

Find the measure of an angle, if seven times its complement is 10°
less than three times its supplement.

Let the measure of the required angle be x°.
Then, its complement = (90 — x)°
and its supplement = (180 — x)°.
7(90 —x) =3(180—x)— 10
= 630-7x=540-3x—-10
= 4x=100 = x=25.

Hence, the measure of the required angle is 25°.
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EXERCISE 7A
1. Define the following terms:
(i) Angle (ii) Interior of an angle
(iii) Obtuse angle (iv) Reflex angle
(v) Complementary angles (vi) Supplementary angles
2. Find the complement of each of the following angles:
(i) 55° (ii) 16°
(iii) 90° (iv) % of a right angle
3. Find the supplement of each of the following angles:
(i) 42° (ii) 90°
(iii) 124° (iv) % of a right angle

4. Find the measure of an angle which is
(i) equal to its complement, (ii) equal to its supplement.
. Find the measure of an angle which is 36° more than its complement.
. Find the measure of an angle which is 30° less than its supplement.
. Find the angle which is four times its complement.
. Find the angle which is five times its supplement.

O© 0 N S G

. Find the angle whose supplement is four times its complement.
10. Find the angle whose complement is one third of its supplement.
11. Two complementary angles are in the ratio 4 : 5. Find the angles.

12. Find the value of x for which the angles (2x —5)° and (x —10)° are the
complementary angles.

ANSWERS (EXERCISE 7A)
2. (i) 35° (ii) 74° (iii) 0° (iv) 30°
3. (i) 138°  (ii) 90° (iii) 56° (iv) 126°
4. (i) 45° (ii) 90° 5. 63° 6. 75° 7. 72°
8. 150° 9. 60° 10. 45° 11. 40°, 50° 12. x =35
HINTS TO SOME SELECTED QUESTIONS
5. x=(90—x) +36. Find x.

(o)}

. x=(180—x)—30. Find x.
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7. x=4(90—x). Find x.
8. x=5(180—x).Find x.
9. (180—x) =4(90 —x). Find x.

10. (90-x) = %(180 -x) = 270-3x =180 -x. Find x.

11. 4x+5x=90. Find x.
12. (2x—=5)+ (x—10) = 90. Find x.

SOME ANGLE RELATIONS
ADJACENT ANGLES Two angles are called adjacent angles, if
(i) they have the same vertex,
(i) they have a common arm and

(iii) their non-common arms are on either side of the

B
common arm.
In the given figure, ZAOC and £BOC are adjacent
angles having the same vertex O, a common arm OC c
and their non-common arms OA and OB on either & _
side of OC. 0 A

LINEAR PAIR OF ANGLES  Two adjacent angles are said to form a linear pair of angles,
if their non-common arms are two opposite rays.

In the adjoining figure, ZAOC and #BOC ¢
are two adjacent angles whose non-common
arms OA and OB are two opposite rays, i.e., ‘ ‘
BOA is a line. B o A

ZAOC and ZBOC form a linear pair of angles.

SOME RESULTS ON ANGLE RELATIONS

THEOREM 1 Ifa ray stands on a line then the sum of the adjacent angles so formed
is 180°.

GIVEN A ray CD stands on a line AB such that ZACD and £BCD are

formed.

TOPROVE ZACD+ 2BCD = 180°. Ei :
CONSTRUCTION Draw CE L AB. |
PROOF ZACD=ZACE+ZECD ... (i) i

and ZBCD=/BCE-ZECD.  ..(i) <% c 5
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Adding (i) and (ii), we get
ZACD+ £BCD = (£LACE+ ZECD) + (£BCE + ZECD)
=/ACE+ ZBCE
=(90° +90°) = 180° [~ £LACE = «BCE =90°].
Hence, ZACD + £ZBCD = 180°.

REMARK We may state the above theorem as
‘the sum of the angles of a linear pair is 180°".

COROLLARY 1 Prove that the sum of all the angles formed on the same side of a line
at a given point on the line is 180°.

GIVEN AOB is a straight line and rays OC, OD and
OE stand on it, forming ZAOC, £COD, £DOE and
ZEOB.
ToPROVE ZAOC+ £COD + 2DOE + ZEOB = 180°.
PROOF Ray OC stands on line AB.
ZAOC+ 2COB = 180°
= ZAOC+(£COD+ 2ZDOE + ZEOB) = 180°
[ £COB=«£COD + £2DOE + £ZEOB] = 180°
= ZAOC+ £COD + £DOE + ZEOB = 180°.

Hence, the sum of all the angles formed on the same side of line AB
at a point O on it is 180°.

A o B

COROLLARY 2 Prove that the sum of all angles around a point is 360°.
GIVEN A point O and the rays OA, OB, OC and OD
make angles around O.

TOPROVE ZAOB+ £ZBOC+ £COD + £AOD = 360°.

CONSTRUCTION  Produce ray OB backwards to a < -____
point E such that EOB is a line. E

PROOF  Clearly, EOB is a straight line and the ray
OA stands on it.

ZAOE+ ZAOB = 180°. .. (1)
We know that the sum of all angles at a point on a given line on the
same side of it, is 180°.

ZBOC+ £COD + £DOE = 180°. ... (ii)
Adding the corresponding sides of (i) and (ii), we get
ZAOE+ ZAOB+ ZBOC + £COD + £DOE = 360°
= ZLAOB+£BOC+ £COD+ (£LAOE + £DOE) = 360°
= ZAOB+ZBOC+ £COD+ ZAOD = 360°.
Hence, the sum of all the angles around a given point is 360°.
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THEOREM 2  (Converse of Theorem 1) If the sum of two adjacent angles is 180°
then the non-common arms of the angles are in a straight line.

GIVEN Two adjacent angles ZAOC and £BOC with

common arm OC such that ZAOC + ZBOC = 180°.

TOPROVE OA and OB are in the same straight line,
i.e.,, AOB is a straight line.

CONSTRUCTION  If possible, let AOB be not a straight §
line. Then, produce AO to D so that AOD is a straight line.
PROOF By our assumption, AOD is a straight line and ray OC stands on it.
ZAOC+ £COD =180° [linear pair].
But, ZAOC + £BOC = 180° [given].
ZAOC+ £COD =2A0C+ £BOC [each equal to 180°].
So, £COD =4£BOC.
But, this is not true, since a part cannot be equal to whole.
our supposition is wrong.
Hence, AOB is a straight line.
VERTICALLY OPPOSITE ANGLES Two angles are called a pair of vertically opposite
angles, if their arms form two pairs of opposite rays.

Let two lines AB and CD intersect at a point O.
Then, two pairs of vertically opposite angles are 0
formed: c B

(i) £AOC and £BOD (il) £ZAOD and ZBOC.

THEOREM 3 If two lines intersect then the vertically opposite angles are equal.
GIVEN Two lines AB and CD intersect at a point O.
TOPROVE (i) ZAOC = £BOD, (i) £LAOD = £ZBOC.
PROOF  Since ray OA stands on line CD, we have
ZAOC+ ZAOD =180° [linear pair]. A D
Again, ray OD stands on line AB.
ZAOD+ ZBOD =180° [linear pair].
ZAOC+ £ZAOD =2ZA0D+ £ZBOD [each equal to 180°]
ZAOC =«£BOD.
Similarly, ZAOD = ZBOC.

C B

SOLVED EXAMPLES

EXAMPLE 1 In the adjoining figure, AOB is a straight
line. Find £ AOC and £BOD.




202

SOLUTION

EXAMPLE 2

SOLUTION

EXAMPLE 3

SOLUTION
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Since AOB is a straight line, the sum of all the angles on the
same side of AOB at a point O on it, is 180°.

x+65+(2x—20) =180
= 3x=135 = x=45.
ZAOC =x° =45°and £BOD = (2 X 45—-20)° =70°.

In the adjoining fiqure, what value of x

c
will make AOB a straight line?
AOB will be a straight line, if }(3’( * 5)°‘ (2x - 25"
ZAOC + £BOC = 180°. A © B

(3x+5)+(2x—25) =180
= 5x=200 = x=40.
Hence, x = 40 will make AOB a straight line.

Calculate £ AOC, £BOD and £ AOE in
the adjoining figure, it is being given that
ZCOD =90°, /BOE =72°and AOB is a
straight line.

Since AOB is a straight line, the

sum of all the angles on the lower E
side of AOB at a point O on it,
is 180°.

ZAOE + ZBOE = 180°
= 3x+72=180

= 3x=(180-72)=108 = x=%=36.

Again, AOB is a straight line and O is a point on it.

So, the sum of all angles on the upper side of AOB at a point
O on it, is 180°.

ZAOC+ ZCOD + 2DOB = 180°
= x+90+y=180
[© ZAOC =x°, 2COD = 90° and ZDOB = y°]
= 36+90+y=180 [. x=236]
= 126+y=180 = y=(180-126) = 54.
ZAOC =x°=36°, ZBOD = y° = 54°,
ZAOE = (3x)° = (3% 36)° = 108°.



EXAMPLE 4

SOLUTION

EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION
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In the given figure, ray OC stands on a

C

straight line AOB. Ray OD and ray OE D
are the bisectors of ZAOC and £BOC :
respectively. Find the measure of Z DOE. A o 5
Since AOB is a straight line and the ray OC stands on it.

ZAOC+ £BOC =180°
= $ZA0C+7/BOC=90°
= ZCOD+ ZCOE =90°
= ZDOE =90° [ £COD+ £COE = £DOE].

Hence, the bisectors of a linear pair are at right angles.

In the given figure, lines XY and LM
intersect at O. If Z/XOL=a, ZLOP =,
ZPOY =90°, £ZXOM =canda:b=2:3,
find the value of c.

Itis given thata:b=2:3.

So, let a = (2x)° and b = (3x)°.

In the given figure, ray OP stands on line XY
ZXOP+ £POY =180°

= ZXOL+ ZLOP+90° =180° [ ZPOY =90°]
= a+b+90=180

= a+b=90

= 2x+3x=90 = 5x=90 = x=18.

a=(2x)°=(2X18)°=36°and b = (3x)° = (3 X 18)° = 54°.
Again, ray OX stands on line LM.

ZLOX+ £XOM =180°
= a+c=180°
= 36°+c=180° = c=(180"—36°) = 144°.
Hence, c = 144°.
In the given figure, if x +y =z+w then prove that
AOB is a line.

We know that the sum of all the angles around
a point is 360°.
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x+y+z+w=360°
= (xt+y)+(z+w)=360°
= (x+y)+(x+y)=360° [ z+w=x+y]
= 2(x+y)=360° = x+y=180°
Hence, AOB is a straight line.

EXAMPLE7  In the given figure, if P
ZPQR =2ZPRQ then prove
that #PQS = ZPRT.

SOLUTION  Since ray QP stands on

line ST, we have S Q R T
ZPQR+ £PQS =180°. ... ()
Again, ray RP stands on line ST.
ZPRQ+ £PRT =180°. ... (ii)

From (i) and (ii), we get
ZPQR+ £PQS = 2ZPRQ + £PRT
= ZLPRQ+ £PQS=4£PRQ+ £ZPRT ['" ZPQR = ZPRQ]
= ZPQS=ZPRT.
Hence, £PQS = ZPRT.
EXAMPLES  In the given figure, £ XYZ =56° and XY is

produced to a point P. If ray YQ bisects £ZYP,
find 2 XYQ and reflex ZQYP.

SOLUTION Since XY is produced to point P, it follows
that XP is a straight line and ray YZ stands
on it.

ZXYZ+ 2ZYP = 180°
= 56°+/ZYP = 180°
= ZZYP=(180° - 56°) = 124°

S LZYQ=5/ZYP- (% x 1z4°) = 62°,

/XYQ = /XYZ+ 2ZYQ = (56° +62°) = 118°.
Also, ZQYP = %AZYP = (% X 124°) = 62°.

reflex ZQYP = 360° - ZQYP = (360 — 62)° = 298"



EXAMPLE 9

SOLUTION

EXAMPLE 10

SOLUTION

EXAMPLE 11
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In the given figure, AB, CD and EF are
three lines concurrent at O. Find the value

of .
Lines EOF and AOB intersect each
other at the point O.

ZBOE = £ AOF = 5y. (@)

[vertically opposite angles]

Also, the sum of all the angles formed on the upper side of
COD at the point O is 180°.

£4DOB+ £ZBOE + £LEOC = 180°
= 2y+5y+2y=180° [using (i)]
= 9y=180° = y=20°.
Hence, y = 20°.

In the given figure, AB is a mirror, M
PQ is the incident ray and QR, the p | R
reflected ray. If ZPQR=112°, find }
ZPQA. "z
A Q B

When a ray falls on a mirror, it is reflected and
angle of incidence = angle of reflection = x° (say).
QM is drawn normal to AB and therefore,
angle of incidence = ZPQM,
angle of reflection = ZMQR
and ZAQM =90°.
Now, ZPQM+ ZMQR = ZPQR =112° (given)
2/PQM =112°
ZPQM = 56°.
So, ZPQA = ZAQM — ZPQM = 90° — 56° = 34°.
Prove that the bisectors of a pair of vertically opposite angles are in
the same straight line.

GIVEN Two lines AB and CD intersect at a point O. 3
Also, OE and OF are the bisectors of ZAOC and * B
F

ZBOD respectively.

A D

TOPROVE EOF is a straight line.

PROOF  Since the sum of all the angles around a point is 360°, we have:

ZAOC+ £ZBOC+ £BOD + £ZAOD = 360°
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ZAOC+2£BOC+ £BOD = 360°
[" £LAOD = ZBOC (vert. opp. £)]
2/EOC+22BOC +22£BOF = 360°
[ OE is the bisector of ZAOC and OF is the bisector of ZBOD]
ZEOC+ £ZBOC + ZBOF =180°
ZEOF =180°, i.e., ZEOF is a straight angle.

Hence, EOF is a straight line.

EXAMPLE 12

SOLUTION

In the given figure, ray OC is the bisector
of ZAOB and OD is the ray opposite to
OC. Show that ZAOD = ZBOD.

Since OC is the bisector of ZAOB,
we have

ZBOC = ZAOC. ... (@)
Since ray OB stands on line DOC at a point O, we have

ZBOC + £ZBOD = 180°. ... (ii)
Again, ray OA stands on line DOC at a point O, so we have

ZAOC+ £AOD = 180°. ... (iii)

From (ii) and (iii), we get

ZAOC+ £AOD = «£BOC + £ZBOD
= ZAOD=2ZBOD [ £AOC = 2BOC from (i)].
Hence, ZAOD = ZBOD.

EXERCISE 7B

1. In the adjoining figure, AOB is a straight

line. Find the value of x. c
l- 620 Xo -
A o) B
2. In the adjoining figure, AOB is a straight
line. Find the value of x. Hence, find ZAOC ¢ D
and ZBOD. 55°
 (Bx=T7) (x +20)°

A o) B



10.

. In the adjoining figure, AOB is a straight line.

. In the adjoining figure, x: y:z=5:4:6. If XOY

. In the adjoining figure, three coplanar lines AB,

. In the adjoining figure, three coplanar lines AB,
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Find the value of x. Hence, find £ZAOC, ZCOD
and ZBOD.

is a straight line, find the values of x, y and z.

. In the adjoining figure, what value of x
will make AOB, a straight line?
(3x+20)7 A (4x~36)°
A o) B
. Two lines AB and CD intersect at O. If C B
ZAOC =50°, find £ZAOD, ZBOD and £BOC. 509
0)
A D

CD and EF intersect at a point O, forming angles
as shown. Find the values of x, y, z and t.

CD and EF intersect at a point O. Find the value
of x. Hence, find ZAOD, ZCOE and £AOE.

. Two adjacent angles on a straight line are in the ratio 5 : 4. Find the

measure of each one of these angles.

If two straight lines intersect each other in such a way that one of the
angles formed measures 90°, show that each of the remaining angles
measures 90°.
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11.

12.

13.

14.

15.

16.

(e RN - N

11.
12.
13.
14.
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Two lines AB and CD intersect at a point O such
that ZBOC + ZAOD = 280°, as shown in the figure.
Find all the four ang]es.

Two lines AB and CD intersect each other at a
point O such that ZAOC:ZAOD =5:7. Find all
the angles.

In the given figure, threelines AB, CD and EF
intersect at a point O such that ZAOE = 35°
and ZBOD =40°. Find the measure of
Z2AOC, ZBOF, ZCOF and £DOE.

In the given figure, the two lines AB and
CD intersect at a point O such that
ZBOC =125°. Find the values of x, y and z.

If two straight lines intersect each other then prove that the ray opposite
to the bisector of one of the angles so formed bisects the vertically
opposite angle.

Prove that the bisectors of two adjacent supplementary angles include
a right angle.

ANSWERS (EXERCISE 7B)
. 118 2. x=28,ZA0C =77°, ZBOD = 48°
. x=32,ZA0C =103°, ZCOD =45°, ZBOD = 32°
. x=60,y=48,z=72 5. x =28

. ZAOD =130°, ZBOC =130°, ZBOD = 50°
. x=40,y=40,z=50,t=90
. x=18, ZAOD =36°, ZCOE =90°, ZAOE = 54° 9.100°, 80°

ZBOC =140°, ZAOD = 140°, ZAOC = 40°, ZBOD = 40°
ZAOC=75°=2BOD, ZAOD =105° = ZBOC

ZAOC =40°, ZBOF = 35°, ZCOF = 105°, £DOE = 105°
x=055,y=125,2z=55
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HINTS TO SOME SELECTED QUESTIONS

4. Letx =(5t)°, y = (4t)°and z = (6¢)°.
x+y+z=180° = 5t+4t+6t=180 = 15t=180 = t=12.
x=(5X12)° =60°, y = (4 X 12)° =48° and z = (6 X 12)° = 72°.

8. ZDOF = ZEOC = (5x)° [vertically opposite 4].
Now, EOF is a line. Sum of all angles above it is 180°.
3x+5x+2x=180 = 10x =180 = x=18.

Z/BOF = (3X18)° = 54°, /DOF = ZEOC = (5X 18)° = 90°, ZAOD = (2 X 18)° = 36°.
£ AOE = ZBOF =54°, ZCOE = ZDOF = 90°.

9. 5x+4x=180 = 9x=180 = x=20.

So, the angles measure 100° and 80°.
11. ZBOC=ZA0D [vertically opposite £].
ZBOC = ZAO0OD = 140°.
ZAOC+ZAOD =180° = £ZAOC+140° =180° = ZAOC = 40°.
ZBOD = ZAOC = 40°.
12. Let AOC = (5x)° and ZAOD = (7x)°.
ZAOC+ZAOD =180° = 5x+7x=180 = 12x=180 = x =15.
ZAOC = (5% 15)° = 75° and LAOD = (7 X 15)° = 105°.
ZBOD=Z2A0C =75 [vertically opposite £].
ZBOC=2A0D =105° [vertically opposite 4].
13. ZAOC =2BOD =40° [vertically opposite A4].
ZBOF = ZAOE = 35° [vertically opposite A4].
14. y=2/BOC =125° [vertically opposite £].
y+z=180° = 125°+z=180° = z=55°=x [vertically opposite £].
15. Let the ray OE bisects ZAOC and ray OF be opposite to OE.
Then, EOF is a straight line.
/1=/4and £2=2/3. [vert. opp. £]
But, £1=2/2 = £4=1/3.

RESULTS ON PARALLEL LINES

PARALLEL LINES If two lines lie in the same plane and = -1
do not intersect when produced on either side then such m
lines are said to be parallel to each other.

TRANSVERSAL A straight line which cuts two or more straight lines at distinct
points is called a transversal.
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THE ANGLES FORMED WHEN A TRANSVERSAL CUTS TWO LINES

Let AB and CD be two lines, cut by a transversal t
t. Then, the following angles are formed. 2/[
N

(i) Pairs of corresponding angles:
(£1=25); (LA=28); (£2=26)
and (£3 = £7). - AN

(ii) Pairs of alternate interior angles: (£3, £5) and (£4 = £6).

3 4

5 6

(iii) Pairs of consecutive interior angles (allied angles or conjoined
angles): (£4 = £5) and (£3, £6).

REMARKS We shall abbreviate as follows:
(i) Corresponding angles as corres. A.

(ii) Alternate interior angles as alt. int. 4.

(iii) Consecutive interior angles as co. int. 4.

CORRESPONDING ANGLES AXIOM

If a transversal cuts two parallel lines then each pair of corresponding
angles are equal.

Conversely, if a transversal cuts two lines, making a pair of corresponding
angles equal, then the lines are parallel.

Thus, whenever AB||CD are cut by a transversal ¢, then £1 = £5; £4 = /8;
£2=/6and £3=47.
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On the other hand, if a transversal ¢ cuts two lines AB and CD such that
(£1=45)or (L4 =48)or (£L2=426)or (£3 =£7) then AB| CD.

THEOREM 1 If a transversal intersects two parallel lines then alternate angles of
each pair of interior angles are equal.

GIVEN AB| CD and a transversal t cuts AB at E and CD at F, forming two
pairs of alternate interior angles, namely (£3, £5) and (£4 = £6).

TOPROVE «£3=/5and £4 = ~6.

PROOF We have: t
£3=/1 (vert. opp. £) -— 2/57(1 -
and £1=45  (corres. 4). A 374 B
£3=/15. 65
Again, Z4 =22 (vert. opp. £) A S
and Z£2=26 (corres. £). f
4 =26,

Hence, £3=245and £4 = Z6.

THEOREM2 If a transversal intersects two parallel lines then each pair of
consecutive interior angles are supplementary.

GIVEN AB| CD and a transversal t cuts AB at E and CD at F, forming two
pairs of consecutive interior angles, namely (£3, £6) and (£4, £5).
TOPROVE Z£3+£6=180°and £4+ £5=180°.

PROOF  Since ray EF stands on line AB, we 5 /7( t
have: £3+ /4 =180° (linear pair). - E/N

But, £4=26 (alt.int. 4) A /e B
Z3+ 26 =180°. 75

Again, since ray FE stands on line CD, c 77%/8 D

we have: £6 + £5 =180°.

But, £6 =24 (alt. int. £)
Z4+ 25 =180°.
Hence, 23+ 26 =180°and £4 + £5 = 180°.

THEOREM 3  (Converse of Theorem 1) If a transversal intersects two lines, making
a pair of alternate interior angles equal, then the two lines are
parallel.

GIVEN A transversal t cuts two lines AB and CD at E and F respectively
such that /3 = /5.

TOPROVE AB]|CD.
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PROOF We have: £3 =45 (given). t
But, £3=21 (vert. opp. 4) - 2/E7<‘1 .
/1=/5. A 3V 74 B
But, these are corresponding angles. 6
AB|CD (by corres. 4 axiom). e 7;%5 b

THEOREM4  (Converse of Theorem 2) If a transversal intersects two lines in such
a way that a pair of consecutive interior angles are supplementary
then the two lines are parallel.

GIVEN A transversal cuts two lines AB and CD at E and F respectively such
that £4 + £5 = 180"
ToPROVE AB| CD.
PROOF  Since ray EB stands on line t, we have: t
Z1+24=180° (linear pair) - 2/E7<‘1
and Z4+2/5=180° (given). ®
L1+ 24= 24+ /5. 6
This gives, £1 = Z5. ¢ s b
But, these are corresponding angles. 7//
AB|CD (by corres. 4 axiom).

SOLVED EXAMPLES

EXAMPLE 1 Prove that the two lines which are both parallel to the same line are
parallel to one another.

GIVEN Three lines [, m, n such that!||n and m || n.
TOPROVE [|m.

CONSTRUCTION  Draw a transversal ¢, cutting [, m, n at E, F, G respectively.

PROOF Since [||n and transversal ¢ cuts t
them at E and G respectively, so - E /<‘1 L
Z1=23 (corres. A£). FKZ
Again m|n and transversal t cuts = K =m
them at F and G respectively, so - G/A3 »n

£2=2/3 (corres. 4).
Z1=22 (eachequal to £3).

But these are corresponding angles formed when the transversal ¢
cuts [ and m at E and F respectively.

lm (by corres. £ axiom).
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EXAMPLE 2 If a line is perpendicular to one of the two given parallel lines then
prove that it is also perpendicular to the other line.

GIVEN [, m, n are three lines such thatm | nand [ L m. il

TOPROVE [ Ln. ]

PROOF  Since ! L m, we have: £1 =90°. - i -
Now, m || n and the transversal / cuts them. 2 -

£2=21 (corres. 4)
Z£2=90° [. £1=90°]
Hence, I L n.

EXAMPLE 3 If two parallel lines are intersected by a transversal then prove that
the bisectors of any pair of alternate interior angles are parallel.

GIVEN AB| CD are cut by a transversal t at E and F respectively; EG and
FH are the bisectors of a pair of alt. int. £, ZAEF and ZEFD respectively.

ToPROVE EG| FH.

PROOF  Since AB||CD and ¢ is a transversal, / t

we have: - E .
ZAEF=ZEFD [alt.int. £] G

= Loaer=1Ermp ; "
2 2 c F D

= ZGEF = ZEFH. /

But, these are alternate interior angles formed when the transversal

EF cuts EG and FH.
EG| FH.

EXAMPLE4  If the bisectors of a pair of corresponding angles formed by a
transversal with two given lines are parallel, prove that the given
lines are parallel.

GIVEN A transversal PQ cuts two lines AB and CD at E and F respectively.
EG and FH are the bisectors of a pair of corresponding angles ZPEB and

ZEFD respectively such that EG || FH.
ToPROVE AB| CD. ﬂ/
E G

PROOF EG| FH are cut by the transversal EF.

.. ZPEG=ZEFH (corres. 4)
= ZGEB=ZHFD H
= 2/GEB=2/HFD c F D
= /PEB=/EFD Q
‘+ /GEB = %LPEB and ZHED = %LEFD] :
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But, these are corresponding angles when AB and CD are cut by
the transversal PQ.

AB|CD (by corres. 4 axiom).

EXAMPLE 5 If two parallel lines are intersected by a transversal, prove that the
bisectors of the two pairs of interior angles enclose a rectangle.

GIVEN AB|CD and a transversal ¢ cuts them t
at E and F respectively. EG, FG, EH and FH c /
are the bisectors of the interior angles ZAEF,
ZCFE, £BEF and ZEFD respectively.

ToPROVE EGFH is a rectangle. - —

c P D
PROOF AB|CD and the transversal ¢ cuts /
them at E and F respectively.

ZAEF=ZEFD [alt. int. £]

A H B

= %AAEF - %AEFD — /GEF = ZEFH.

But, these are alternate interior angles formed when the transversal
EF cuts EG and FH.

EG| FH.Similarly, EH || FG.
EGFH is a parallelogram.
Now, ray EF stands on line AB.
. ZAEF+ ZBEF=180° (linear pair)

= %LAEF + %LBEF =90° = /GEF+ ~HEF =90°

= ZGEH=90° [." £GEF+ £ZHEF = ZGEH].
Thus, EGFH is a parallelogram, one of whose angles is 90°.
Hence, EGFH is a rectang]le.

EXAMPLE6  In the given figure, l|m and t
a transversal t cuts them. If 1
Z1=70° find the measure of 3/74
each of the remaining marked
angles. A o
soLuTIoN  Clearly, a ray t stands on 7/8
line / making adjacent angles
Zland £2.
£1+£2=180° = 70°+~£2=180°
= /2= (180°-70°) = 110°.
Z4=2,2=110° [vertically opposite 4]
and £3=21=70° [vertically opposite A4].
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Now, I ||m and ¢ is the transversal.
£5=23=70° [alternate interior 4],
Z6=24=110° [alternate interior £],
£7=23=70° [corresponding 4]
and £8=24=110° [corresponding 4].
£2=110°,£3=70°, £4 =110°, £5 =70°, £6 = 110°,
£7 =70°and £8 = 110°.
EXAMPLE 7 In the given figure, I || m and a transversal

t cuts them. If £1:22=5:4, find the
measure of each of the marked angles.

SOLUTION  Let £1 = (5x)° and £2 = (4x)". ‘; Z m
Clearly, the ray t stands on line [.
Z1+£2=180° = bx+4x =180
= 9x =180 = x=20.
1= (5% 20)° = 100° and 22 = (4 X 20)° = 80°.
Now, £3 =2£1=100° [vertically opposite 4]
Z4=2,2=80° [vertically opposite £].

w N
B

Now, || m and t is the transversal.
£5=23=100° [alternate interior 4]
Z6=24=80° [alternate interior 4]
£7=23=100° [corresponding 4]
£8=2,4=80° [corresponding 4]
Z1=100°, £2=80°, £3 =100°, £4 = 80°
£5=100°, £6 = 80°, £7 =100°, £8 = 80°.

EXAMPLE8 In the given figure, AB|CD and A B
ZAOC=x°. If ZOAB=104° and 104°
Z0CD = 116°, find the value of x. obxe
116°
c D

SOLUTION Through O draw OE || AB| CD.
Then, ZAOE + ZCOE = x°.
Now, AB||OE and AO is the transversal. g
Z0AB+ £AOE = 180°
= 104°+ £ZAOE = 180°
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= ZAOE = (180—-104)° =76°.

Again, CD || OE and OC is the transversal.
ZCOE+ £0CD = 180°

= ZCOE+116°=180°

= ZCOE =(180°—-116°) = 64°.
ZAOC=Z2A0OE+ ZCOE = (76° + 64°) = 140°.

Hence, x = 140.

EXAMPLE9  In the given figure, AB||CD, ZABO=40°, A B
ZCDO =35°. Find the value of the reflex 40°
ZBOD and hence the value of x. X°
35°
C D

SOLUTION Through O, draw EO || AB||CD.
Then, ZEOB + ZEOD = x°.
Now, AB||EO and BO is the transversal.
ZABO+ ZBOE =180° [consecutive int. £]
= 40°+ £BOE =180°
= ZBOE = (180° — 40°) = 140°.
Again, CD || EO and OD is the transversal.
.. ZEOD+ £0DC = 180°
= ZEOD+35°=180°
= ZEOD = (180° —35°) = 145°.
reflex ZBOD = x° = (£LBOE + ZEOD)
= (140° +145°) = 285°.

Hence, x = 285.

EXAMPLE 10  In the given figure, AB| CD || EF, ¢
PQ|RS, ZRQD=25 and . /7/ :

ZCQP = 60°. Find ZQRS. <! e

SOLUTION  CD is a line and the ray QP <& Qs D,
stands on it. £ 607 F

ZCQP+ 2PQD = 180° LS ~

= 60°+£PQD = 180°

= ZPQD = (180°—60°) = 120°.

s ZPQR=4PQD+ £ZRQD = (120° +25°) = 145°.
Now, PQ| RS and QR is the transversal.
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SOLUTION

EXAMPLE 12

SOLUTION
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ZQRS = ZPQR = 145° [alternate interior A].
Hence, ZQRS = 145°.

In the given figure, AB||CD, ¢ D

ZABE =120°, ZECD = 100° and
ZBEC = x°. Find the value of x.

Through E, draw FEG || AB|| CD. A C D

Now, FE||AB and BE is the
transversal.

ZBEF + 2 ABE = 180° ~F E 5
[co-interior 4]
= ZBEF+120° = 180°

= ZBEF = (180°—120°) = 60°.

Again, CD || EG and CE is the transversal.
ZCEG+ £ZECD =180° [co-interior 4]

= ZCEG+100°=180°

= ZCEG = (180°—100°) = 80°.

Now, FEG is a straight line.

ZBEF+ ZBEC+ £CEG = 180°
= 60°+x°+80°=180° = x+140=180 = x =40.
Hence, x = 40.

In the given figure, AB|CD, E
/BAE=50°, ZAEC=x° and \_ 100°
ZECD = 100°. Find the value of x.
c D
50°
A B

Through E, draw a line
GEH || AB||CD.

Now, GE||AB and EA is the
transversal.

ZGEA = £ZEAB = 50° [alt. int. A].
Again, EH ||CD and EC is the transversal.

/HEC+ £ECD =180° [co. int. £]
= ZHEC+100°=180° = ZHEC = 80°.
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Now, GEH is a straight line.

ZGEA+ ZAEC+ ZHEC=180° [straight angle]
=  50°+x°+80°=180° = x°=50°.
Hence, x = 50.

EXAMPLE 13 In the given figure, AB||CD, ZEAB = 105°,
ZAEC=25° and ZECD=x°. Find the
value of x.

SOLUTION From E, draw EF || AB|| CD.

Now, EF||CD and CE is the transversal.
2DCE + ZCEF =180° [co. int. 4]

= x°+ZCEF=180°

= ZCEF =(180°—x°).

Again, EF || AB and AE is the transversal.
ZBAE+ ZAEF =180° [co. int. 4]

= 105°+ ZAEC+ ZCEF =180°

= 105°+25° +(180° —x°) = 180°

=  x° =130

Hence, x = 130.

EXAMPLE 14  Two plane mirrors, m and n, are
placed parallel to each other as
shown in the figure. A ray AB is
incident on the first mirror. It is
reflected twice and emerges in the
direction CD. Prove that AB||CD.

GIVEN  Two mirrors m and n such that m || n. The paths taken by the incident
ray AB after reflections at m and n are BC and CD respectively. Also, BM
and CN are normals to m and n respectively.

ToPROVE AB| CD.
PROOF  Since m ||n and CN L n, therefore, CN L m.
Now, BM L mand CN L m = BM| CN.
Now, BM ||CN and BC is a transversal.
Z2=/3 [alt. int. A].
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But, Z1 =42 and £3 =44 [by laws of reflection]

=  Z1+4£2=2(£2) and £3+ 24 =2(£3)

= L1+42=23+44 [ £L2=43 = 2(£2)=2(£3)]
= ZABC=4BCD.

But, these are alternate interior angles formed when lines AB and
CD are cut by the transversal BC.

AB||CD.
EXAMPLE 15  If the arms of one angle are respectively parallel to the arms of another
angle, show that the two angles are either equal or supplementary.
GIVEN  Two angles ZABC and £DEF such that BA | ED and BC | EF.
TOPROVE ZABC=4ZDEF or £ABC+ ZDEF =180°.

PROOF  The arms of the angles may be parallel in the same sense or in the
opposite sense. So, three cases arise.

(ii) (iii)
Case | When both pairs of arms are parallel in same sense [Fig. (i)]:
In this case, BA || ED and BC is the transversal.
ZABC =41 (corres. 4).
Again, BC || EF and DE is the transversal.
£1=2DEF (corres. A4).
Hence, ZABC = ZDEF.
Casell When both pairs of arms are parallel in opposite sense [Fig. (ii)]:
In this case, BA || ED and BC is the transversal.
ZABC =41 (corres. 4).
Again, FE| BC and ED is the transversal.
ZDEF=/1 (alt. int. £).
Hence, ZABC = ZDEF.
Case lll When one pair of arms are parallel in same sense and other pair
parallel in opposite sense: [Fig. (iii)]
In this case, BA || ED and BC is the transversal.
ZEGB=ZABC [Alt Int. A£].
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Now, BC|| EF and DE is the transversal.
ZDEF+ /ZEGB=180° [Co. Int. £]

= ZDEF+ZABC=180° [." £ZEGB=ZABC].

Hence, ZABC and £DEF are supplementary.
EXAMPLE 16  Prove that the opposite angles of a parallelogram are equal.
GIVEN A ||gm ABCD in which AB||DC and AD || BC.
TOPROVE ZA=2ZCand £B=4D.
PROOF AB| DC and AD is a transversal,

ZBAD+ £ADC = 180°. .. ()
Again, AD || BC and DC is a transversal.
ZADC + 2DCB = 180°. .. (ii)
From (i) and (ii), we get D > ¢
ZBAD+ £ADC=2ADC+ £DCB
= ZBAD=4DCB = £ZA=ZC.
Similarly, ZB = £D.
Hence, ZA=24Cand £B=4D. A = B
EXAMPLE 17 In the given figure, AB|CD | EF, T A
/DBG=x, ZEDH=y, ZAEB=2 "H & -
ZEAB=90° and «BEF = 65°. Find 65°
the values of x, y and z. 4
X
G H +F
v

SOLUTION  EF||CD and ED is the transversal.

ZFED+ ZEDH =180° [co-interior 4]
= 65°+y=180° = y=(180°—65°) = 115°.
Now, CH || AG and DB is the transversal.

x=y=115° [corresponding A].

Now, ABG is a straight line.
s ZABE+ZEBG=180° [linear pair]
= ZABE+x=180°
= ZABE+115°=180°
= ZABE =(180°—115°) = 65°.
We know that the sum of the angles of a triangle is 180°.
From AEAB, we get
ZEAB+ ZABE+ ZBEA =180°
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= 90°+65°+z=180°
= z=(180°-155°) = 25".
x=115°, y=115°and z = 25°.
EXAMPLE 18  In the given figure, AB || DE. Prove that: D E
ZABC+ £BCD =180°+ ZCDE.

A B
CONSTRUCTION Draw CF || BA.
PROOF CF| BA and CB is the transversal.
ZABC+ £ZBCF = 180° .. (D) [co-interior A].
Again, FC || DE and DC is the transversal.
ZFCD =ZCDE ... (ii) [alternate interior £].

Adding the corresponding sides of (i) and (ii), we get
ZABC+ (£BCF + £FCD) = 180° + ZCDE.
= ZABC+ £BCD =180°+ £CDE.
EXAMPLE 19 In the given figure, ZABC = 80°

and £DEF = 45°. The arms DE
and EF of ZDEF cut BC at P

and Q respectively. Prove that :
PD | BA. 80° N

SOLUTION Let ZEPQ = x°.
We know that the sum of the angles of a triangle is 180°.
ZEPQ+ ZPEQ+ ZEQP =180°
= ZEPQ+45°+35°=180°
= ZEPQ=(180°—80°) = 100°.
Now, EPD is a straight line.
ZEPQ+ £ZDPQ=180° = 100° + £DPQ = 180°
= ZDPQ = (180° —100°) = 80°.
Thus, ZABP = ZDPQ [each equal to 80°].
But, these are corresponding angles.
Hence, PD || BA.
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EXAMPLE 20  [n the given figure, AB| CD and
ZCDP=35°. PD is produced
downwards to meet AB at E and
ZBEF=75° If DQI|EF, find C

ZAED, ZDEF and ZPDQ. A

SOLUTION  ABJ|CD and PDE is the transversal.

ZAED = ZCDP =35° [corresponding 4£].

Now, AB is a straight line and ray PDE stands on it.
ZAED+ ZDEF + ZBEF = 180°

= 35°+ZDEF+75° =180°

= /DEF = (180° - 110°) = 70".

Now, DQ| EF and PDE is the transversal.
ZPDQ=ZDEF=70° [corresponding 4£].

Thus, ZAED = 35°, ZDEF = 70° and £PDQ = 70°.

EXAMPLE 21 In the given figure, AB||CD, ZA=90° E

and £ AEC = 40°. Find ZECD. IF
soLutioN  Through C draw CF || AE, cutting o i

AB at G. lc ‘

Now, CF||AE and EC is the " N .

transversal. c )

ZECG=ZAEC =40° [alternate int. 4£].
Now, CF || AE and AGB is a transversal.

ZFGB=Z2EAG =90° [corresponding 4]
Again, AB||CD and GC is the transversal.

ZGCD =ZFGB =90° [corresponding 4]

ZECD =ZECG+ £GCD = (40° +90°) = 130°.
Hence, ZECD = 130°.

EXAMPLE22 In the given figure, AB]| CD, A G F B
ZGED =125° and EF L CD. Find
£AGE, ZGEF and ZFGE.
SOLUTION AB||CD and GE is the transversal. 125
ZAGE = ZGED =125° ¢ E b

[alternate interior 4]
and £GEF = (£LGED - ZFED) = (125° —90°) = 35°.
Now, AB||CD and EF is the transversal.
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ZBFE+ ZFED =180° [sum of int. 4]
= ZBFE+90°=180° = £BFE =90".
Now, AB is a straight line and EF stands on it.

ZGFE+ ZBFE =180° = ZGFE+90° =180°

= ZGFE = (180° —90°) = 90°.

We know that the sum of the angles of a triangle is 180°.
In AGEF, we have

ZGEF+ ZEFG + ZFGE = 180°
= 35°+90°+ ZFGE =180°
= ZFGE = (180°—125°) =55°.
Hence, Z AGE =125°, ZGEF = 35° and ZFGE = 55°.

EXERCISE 7C

. In the given figure, [ || m and a transversal
t cuts them. If £1 = 120°, find the measure
of each of the remaining marked angles.

. In the given figure, [ || m and a transversal t
t cuts them. If £7 = 80°, find the measure
of each of the remaining marked angles.

m
. In the given figure, I || m and a transversal ¢
t cuts them. If £1:£2=2:3, find the 24
measure of each of the marked ang]es. L
m
. For what value of x will the lines / and m %
be parallel to each other? _ (@x=200

(2x + 10)°
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5. For what value of x will the lines / and m be parallel to each other?

NI
e

A

75

E D

7. In the given figure, AB||CD || EF. Find the value of x.

9. In each of the figures given below, AB|CD. Find the value of x in

each case.
A B A B A B

35° 55° X
116

E Xc>

EQx°
x°( <O

65° 25° 124°

(i) (ii) (iii)
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10. In the given figure, AB || CD. Find the value of x.

B D
P E| G 2
Y x5
85 A
H
115°
F
R A Cc
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14. In the given figure, AB || CD. Find the value of x, y and z.

15. In the given figure, AB | CD. Prove that /BAE — ZECD = Z AEC.

BN

16. In the given figure, AB||CD. Prove that p + g4 —r = 180.

17. In the given figure, AB||CD and EF || GH. Find the values of x, y, z and ¢.
E G

e Vg

o Vz°

\/ a

A
1"

0

H
18. In the given figure, AB||CD and a
transversal t cuts them at E and F A Et/Z B

respectively. If EG and FG are the bisectors
of ZBEF and ZEFD respectively, prove
that ZEGF = 90°. G
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19. In the given figure, AB|CD and a .
transversal t cuts them at E and F A £ B
respectively. If EP and FQ are the bisectors ‘ “
of ZAEF and ZEFD respectively, prove
that EP|| FQ. P Q
¢ 7 b
20. In the given figure, BA| ED and BC | EF. Show that £ ABC = ZDEF.
Af D
E F
B c
21. In the given figure, BA|ED and BC|EF. Show that

ZABC+ £ZDEF =180°.

B C

22. In the given figure, m and n are two plane

mirrors perpendicular to each other. Show
that the incident ray CA is parallel to the
reflected ray BD.

23. In the figure given below, state which lines are parallel and why?

80°
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24. Two lines are respectively perpendicular to two parallel lines. Show
that they are parallel to each other.

ANSWERS (EXERCISE 7C)

1. £2=60°, £3=120°, £4 =60°, £5=120°, £6 = 60°, £L7 =120°, £8 = 60°

2. /1 =80°, £2=100°, £3 =80°, £4 = 100°, £5 = 80°, £6 = 100°, £8 = 100°

3. £L1=72°,£2=108°, £3=72°,£4 =108°, £5=72°, 26 = 108",
£7=72°,/8=108°

4. x=30 5. x=25 6. x =105 7. x=20

8. x=105,y=75,z=150 9. 1) x=100 (ii)) x =280 (iii) x =120
10. x =110 11. x=70,y =50 12. x =45 13. x =20

14. x=35,y=70,z=75 17. x=60,y=60,z=70,t =70

23. AB||CD, DE not parallel to AC

HINTS TO SOME SELECTED QUESTIONS

2. £5=2/7=80° [vert. opp. £].
£1=25=80° [corresponding A].
£1=280°,4£2=100° and so on.
3. Let £1 = (2x)° and £2 = (3x)°.
Then, 2x+3x =180 = 5x =180 = x =36.
£1=72°,22=108° and so on.
4. Corresponding angles are equal.
3x—-20=2x+10 = x=30.
5. Sum of consecutive interior angles is 180°.
3x+5+4x=180 = 7x=175 = x=25.
ZBCD+ ZCDE =180° = ZBCD+75°=180° = ZBCD =105°.
ZABC =4BCD [alternate interior £] = x° =105°.

o

7. EF||CD and EC is the transversal.
ZECD+ ZCEF =180° = ZECD +130° =180° = ZECD =50°.
ZABC=4BCD |[alternate int. £] = 70=x+50 = x=20.
8. 75° =y° [alternate int. £] = y=75.
ZEGF+ ZEGD =180° = ZEGF+125° =180° = ZEGF =55°.
z°+y°+55°=180° = z+75+55=180 = z=50.
x+y=180° = x+75=180 = x=105.
x =105,y =75and z = 50.
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9. (i) Draw EF | ABIICD.
/BEF=/ABE=35° [alt.int. 4].
/DEF=/CDE=65° [alt. int. 4].

x° = (/BEE + ZDEF) = (35° +65°) = 100°.

(ii) AB| EO and BO is the transversal.
ZABO+ ZEOB =180°
= 55°+ZEOB=180° = ZEOB =125".
CD | EO and DO is the transversal.
ZCDO+ ZEOD = 180°
= 25°+ZEOD =180° = ZEOD =155°
x° = (125° +155°) = 280°.
(iii) Draw EF || AB||CD.
ZBAE + ZAEF = 180°
= 116°+£ZAEF=180° = ZAEB=64°.
ZCEF+ ZECD =180° = ZCEB = (180° —124°) = 56°.
x° = (64° +56°) = 120°.

10. Draw EF || AB| CD.
2DCB+ 2CEF =180°
= 130°+£ZCEF =180° = ZCEF =50°.
AB| EF and AE is the transversal.
Z/BAE + ZAEF =180°
=  x+(20°+50°)=180° = x°=110°.

11. 75°+20°+ ZGEF =180° = ZGEF =85°.
Sum of the angles of a triangle is 180°.
85+x+25=180 = x=(180-110) =70.
25°+y° =75° [corresponding £] = y=50.
12. AB||CD and AC cuts them.
ZBAC+ ZACD =180°
= 75°+ZLACD=180° = £ACD =105°.
ZECF=ZACD = 105°.
Sum of the angles of a triangle is 180°.
105° +30° +x° =180° = x =(180—135) = 45.
13. ZQGH = ZGEF = (180—-85)° =95° [corresponding £].
ZCHQ+ ZGHQ =180° = 115° + ZGHQ = 180°
= ZGHQ = (180° - 115°) = 65°.
95+65+x=180 = x=(180—160) = 20.
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14. AB|CD and AC is the transversal.
x°=35° [alt.int. £].
AB| CD and AD is the transversal.
z=75 [alt. int. £].
x+y+75=180 = 35+y+75=180 = y=70.
x=35y=70and z=75.
15. Through E, draw EF | AB||CD. b

EF||CD and EC is the transversal. B
ZCEF+ ZECD =180°. X e

AB| EF and EA is the transversal.
ZBAE + ZAEF = 180°. \

So, ZCEF+ ZECD=24BAE+ ZAEF \

= ZBAE-ZECD=ZCEF- £ZAEF = ZAEC. E

16. Draw HF || AB| CD.

p°+£1=180°, (180° —r°) + £2 = 180°.
p°+ L1+ £2-r°=180° [adding]
p+q—r=180 [ 21+ 22=¢4°]

17. x=60 [vert. opp. £]
ZQPR = (180° —110°) =70° = ZBQS =z° [corresponding £]
x°+ZQRS=110° [alt.int. £] = 60° + ZQRS = 110°
= ZQRS =50°.
x°+ZQRS+1t°=180° [consecutive int. 4]
= 110°+t°=180° = t=70.
y°+ZQRS+t°=180° = y°+50°+70°=180° = y = 60.

18. £«BEF+ £DFE =180°

> %LBEF + %LDFE = 90°

= ZGEF+ ZGFE =90°.
In AEGF, we have
ZGEF+ £ZGFE+ ZEGF =180° = ZEGF =90°.
19. AB||CD and t is the transversal.
ZAEF=ZEFD [alt. int. 4]
= 2sapF=1/EFD
= ZFEP=ZEFQ.
But these are alternate interior angles.
Hence, EP || FQ.
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Produce DE to meet BC at P.

BA| PD and BPC is the transversal.
ZABC=2DPC [corresponding 4].
EF || BC and DP is the transversal.
ZDPC =ZDEF [corresponding 4].
Hence, ZABC = ZDEF.
Produce ED to meet BC at P.
AB|| PE and BPC is the transversal.
ZABP+ ZBPE =180°
= ZABC+ ZBPE=180". ()
Now, EF | BPC and EP is the transversal.
ZBPE =ZPEF = ZBPE=/DEF. ...(ii)
Hence, ZABC+ ZDEF = 180° [using (ii)].
Let the normals at A and B meet at P.
Since angle of incidence = angle of reflection, we have
Z1=/2and £4 = /3.
As the mirrors are perpendicular to each other, we have
BP||OA and AP ||OB.
Since BP L PA, we have ZAPB =90°.
£2+ 23 =90
L1+ 24= 22+ £3=90°.
So, L1+ £2+ £3+ £4 =180°.
ZCAB+ £ZABD =180°.
Hence, AC || BD.
Since £ZBAC=ZACD, which are alternate angles,
ZACD+ ZCDE = (110° + 80°) = 190° + 180°.
DE and AC are not parallel.
Let!||mandletp L land g L m.Then, £1=90°and £3 = 90°.

Now, I||m and p is a transversal.
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AB|CD. But,

£2=21=90°.
Also, £3=90° (given)

2

£3=22 (each =90°) -
But these are corresponding angles.

plg.

MULTIPLE-CHOICE QUESTIONS (MCQ)

Choose the correct option in each of the following questions:

1. If one angle of a triangle is equal to the sum of the other two angles,

then the triangle is
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(a) an isosceles triangle (b) an obtuse triangle
(c) an equilateral triangle (d) aright triangle

2. An exterior angle of a triangle is 110° and its two interior opposite
angles are equal. Each of these equal angles is

(a) 70° (b) 55° (c) 35° (d) 273
3. The angles of a triangle are in the ratio 3 : 5 : 7. The triangle is

(a) acute angled (b) obtuse angled

(c) right angled (d) an isosceles triangle

4. If one of the angles of a triangle is 130° then the angle between the
bisectors of the other two angles can be

(a) 50° (b) 65° (c) 90° (d) 155°
5. In the given figure, AOB is a straight line. The
value of x is

(a) 12 (b) 15

(C) 20 (d) 25 _ 60° 3x°
A O B

6. The angles of a triangle are in the ratio 2 : 3 : 4. The largest angle of the
triangle is

(a) 120° (b) 100° (c) 80° (d) 60°
7. In the given figure, Z/OAB=110° and £ZBCD =130° then £ABC is
equal to

(a) 40° (b) 50° (c) 60° (d) 70°
8. If two angles are complements of each other then each angle is
(a) an acute angle (b) an obtuse angle
(c) aright angle (d) areflex angle
9. An angle which measures more than 180° but less than 360°, is called
(a) an acute angle (b) an obtuse angle
(c) astraight angle (d) areflex angle

10. The measure of an angle is five times its complement. The angle
measures

(a) 25° (b) 35° () 65° () 75°
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15.
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Two complementary angles are such that twice the measure of the one
is equal to three times the measure of the other. The larger of the two
measures

(a) 72° (b) 54° (c) 63° (d) 36°
In the given figure, AOB is a straight
line. If ZAOC =4x° and ZBOC =5x° then c
ZAOC =7
(a) 40° (b) 60° AR
(c) 80° (d) 100° A o B

In the given figure, AOB is a straight line.

If ZAOC = (3x+10)° and ZBOC = (4x - 26)°, c
then ZBOC =?

(a) 96° (b) 86° (3x + 10)° (4x - 26)°

(c) 76° (d) 106°~A ) B
In the given figure, AOB is a straight line.
If £AOC=(3x-10)°, £COD=50° and c
ZBOD = (x +20)° then ZAOC =? D

° ° 50°
(a) 40 (b) 60 (3x - 10)° (x + 20)°
(c) 80° (d) 50° ~A 0 B

Which of the following statements is false?
(a) Through a given point, only one straight line can be drawn.
(b) Through two given points, it is possible to draw one and only one
straight line.
(c) Two straight lines can intersect only at one point.
(d) A line segment can be produced to any desired length.
An angle is one fifth of its supplement. The measure of the angle is
(a) 15° (b) 30° (c) 75° (d) 150°
In the adjoining figure, AOB is a straight line.
Ifx:y:z=4:5:6,theny="

(a) 60° (b) 80°
(c) 48° (d) 72°
- —
In the given figure, straight lines AB and CD c o B
intersect at O. If ZAOC=¢, £BOC=6 and Py
0 =3¢, thenp =2 - 0 s

@) 30° (b) 40° (c) 45° (d) 60°
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19. In the given figure, straight lines AB and CD A D
intersect at O. If ZAOC + ZBOD = 130° then >o<
ZAOD =7 e B

(a) 65° (b) 115°
(c) 110° (d) 125°

20. In the given figure; AB is a mirror, PQ is the p R
incident ray and QR is the reflected ray. If
ZPQR =108° then ZAQP =? 108°

(@) 72° ®) 18° ° a B
(c) 36° (d) 54°

21. In the given figure, AB|CD. If ZBAO = 60° o

and Z0OCD = 110° then ZAOC =?
(a) 70° (b) 60°
(c) 50° (d) 40° g/ _____

22. In the given figure, AB||CD. If ZAOC = 30°

and ZOAB = 100° then ZOCD = ? D
(a) 130° (b) 150° B
(c) 80° (d) 100°
C
100° 30°
A (6]

23. In the given figure, AB||CD. If ZCAB = 180°
and ZEFC =25° then ZCEF =?

(a) 65° (b) 55°
(c) 45° (d) 75°

24. In the given figure AB|CD and CD]| EF.
Ify:z=3:7thenx="7?
(a) 108° (b) 126°
(c) 162° (d) 63°
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25. In the given figure, AB||CD.If ZAPQ =70° _ A P B
and ZPRD = 120° then ZQPR =? 70°
(a) 50° (b) 60°
(c) 40° (d) 35° 1200
[ Q R D
26. In the given figure, AB|CD. If B
ZEAB=50° and ZECD =60° then
ZAEB=7?
(a) 50° E
(b) 60° 60°
(c) 70° c 50°
(d) 55° A

27. In the given figure, ZOAB = 75°, ZOBA = 55° and ZOCD = 100°. Then,
Z20DC =7
A
75°
550

100°

c

(a) 20° (b) 25°

(c) 30° (d) 35°
28. In the adjoining figure, what is the value of y?

(a) 36 (b) 54

(c) 63 (d 72

ANSWERS (MCQ)

1. (d) 2.(b) 3.(a 4(d) 5 (b 6 ()
9.(d) 10.(d) 11 (b) 12.(c) 13.(b) 14 (c)
17. (a) 18.(c) 19.(b) 20.(c) 21 (c) 22.(a)
25. (a) 26.(c) 27.(c) 28.(b)

7. ()
15. (a)
23. (b)

8. (c)
16. (b)
24. (b)



236 Secondary School Mathematics for Class 9

HINTS TO SOME SELECTED QUESTIONS

4. In AABC, let ZA = 130°. Then, 2B + 2C = (180° —130°) =50°. A

1 1, c0-(L 509\ =050
52B+52C=(5x507)=25"

Required angle = (180° — 25°) = 155°. B c
6. 2x+3x+4x =180 = 9x=180° = x=20°.

Largest angle = 4x° = 4 X 20° = 80°.

7. ZABE+ ZOAB = 180° c
= ZABE+110° =180° = ZABE=70". - A e
And, ZBCD + #CBF = 180° 110°
= 130°+ZCBF =180° = ZCBF = 50°. X

70° +x° +50° =180 = x = 60°. e B F

20. Angle of incidence = angle of reflection = x° (say).
Draw QM as normal to AB at Q.

21. Produce DC to E on left-hand side.
ZOEC=20AB=60° [corresponding 4£].
ZECO = (180° — 110°) = 70°.

ZEOC+ Z0OEC+ ZECO = 180°
= ZEOC+60°+70°=180° = ZEOC =50°.

23. ZACD+80° =180° = ZACD =100°.
ZECF=ZACD=100° [vert. opp. £].
100° +25° + ZCEF = 180° = ZCEF =55°.

24. x+y=180°, y+z=180°.

Let y = (3p)°and z = (7p)°. Then
3p+7p=180 = p=18.
y="54°,z=126°and x = (180° —54°) = 126°.
28. x+y =90, 3x+72=180.
x=36and y =54.

IMPORTANT FACTS AND FORMULAE

1. ANGLE Two rays AB and AC having a common end B
point A form angle BAC, written as ZBAC or
ZA.

We measure angles in degrees, denoted by “*’.

A c
2. (i) RIGHT ANGLE  An angle whose measure is 90° is called a right angle.

(i) ACUTE ANGLE An angle whose measure is more than 0° but less than
90° is called an acute angle.
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(iii) OBTUSE ANGLE An angle whose measure is more than 90° but less than
180° is called an obtuse angle.

(iv) STRAIGHT ANGLE An angle whose measure is 180° is called a straight
angle.

(v) REFLEXANGLE An angle whose measure is more than 180° but less than
360° is called a reflex angle.

(vi) COMPLETE ANGLE An angle whose measure is 360° is called a complete
angle.

3. (i) COMPLEMENTARY ANGLES Two angles are said to be complementary, if
their sum is 90°.

Example ~ Complement of 30° = (90° —30°) = 60°.

(i) SUPPLEMENTARY ANGLES Two angles are said to be supplementary, if
their sum is 180°.

Example  Supplement of 30° = (180° —30°) = 150°.
4. (i) ADJACENT ANGLES  Two angles are called adjacent angles, if
(a) they have the same vertex,
(b) they have a common arm, and
(c) their non-common arms are on either side of the common arm.

(ii) LINEAR PAIR OF ANGLES Two adjacent angles are said to form a linear
pair, if their sum is 180°.

5. (i) If a ray stands on a line, then the sum of the
adjacent angles so formed is 180°.

w)

In the given figure, a ray CD stands on a
line AB.

ZACD+ £ZBCD = 180°. A c B

(ii) The sum of all the angles formed on the same side of D
a line at a given point on the line is 180°. c

In the given figure, AOB is a line.
ZAOC+ ZCOD+ £DOE+ ZEOB = 180°. = -
(iii) The sum of all the angles around a point is 360°.

6. VERTICALLY OPPOSITE ANGLES If two lines AB and A D
CD intersect at a point O then the vertically
opposite angles are equal. o

i.e.,, ZAOC = 2BOD and #BOC = ZAOD. c

7. The sum of the angles of a triangle is 180°.

<
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TRIANGLE A plane figure bounded by three line segments is called a triangle.

We denote a triangle by the symbol A.
A AABC has:

(i) three vertices, namely A, B and C;
(i) three sides, namely AB, BC and CA;
(iii) three angles, namely £A, ZB and £C.

A triangle has six parts—three sides and three ang]es.

A

B C

TYPES OF TRIANGLES ON THE BASIS OF SIDES

(i) EQUILATERAL TRIANGLE A triangle having all sides A
equal is called an equilateral triangle.

In the given figure, ABC is a triangle in which
AB=BC=CA.

AABC is an equilateral triangle.

w
(@]

(ii) 1ISOSCELES TRIANGLE A triangle having two sides A
equal is called an isosceles triangle.

In the given figure, ABC is a triangle in which
AB=AC.
AABC is an isosceles triangle.
(iii) SCALENE TRIANGLE A triangle in which P

all the sides are of different lengths is
called a scalene triangle.

Py

In the given figure, POR is a triangle  Q
in which PQ #+ QR # PR.
APQR is a scalene triang]le.

PERIMETER OF A TRIANGLE The sum of the lengths of three sides of a triangle is
called its perimeter.

TYPES OF TRIANGLES ON THE BASIS OF ANGLES

(i) RIGHT-ANGLED TRIANGLE A triangle in which one of the angles measures
90° is called a right-angled triangle or simply a right triangle.
238
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In a right-angled triangle, the side opposite
to the right angle is called its hypotenuse and
the remaining two sides are called its legs.

In the given figure, AABC is a right triangle

in which ZB=90°, AC is the hypotenuse,
and AB, BC are its legs.

>
>
‘Q
)
N
(bg

B

(ii) ACUTE-ANGLED TRIANGLE A triangle in which every
angle measures more than 0° but less than 90° is called
an acute-angled triangle.

@
[ ’
O O

In the given figure, ABC is a triangle in which
every angle is an acute angle.

AABC is an acute-angled triangle.

(iii) OBTUSE-ANGLED TRIANGLE A triangle in which P
one of the angles measures more than 90°
but less than 180° is called an obtuse-angled
triangle. Q R

/

In the given figure, PQR is a triangle in which ZPQR is an obtuse
angle.

APQR is an obtuse-angled triangle.

SOME TERMS RELATED TO A TRIANGLE

I. MEDIANS The median of a triangle corresponding
to any side is the line segment joining the
midpoint of that side with the opposite vertex.

-
>
m

In the given figure, D, E, F are the respective
midpoints of sides BC, CA and AB of AABC.

AD is the median, corresponding to side BC.

w
o
(@]

BE is the median, corresponding to side CA.
CF is the median, corresponding to side AB.

The medians of a triangle are concurrent, i.e., they intersect each
other at the same point.

CENTROID The point of intersection of all the three medians of a triangle
is called its centroid.

In the above figure, the medians AD, BE and CF of AABC intersect
at the point G.

G is the centroid of AABC.
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ALTITUDES The  altitude of a  triangle N
corresponding to any side is the length of M
perpendicular drawn from the opposite vertex to H

that side. 5 —

The side on which the perpendicular is
being drawn, is called its base.

In the given figure, AL L BC; BM L CAand CN L AB.
AL is the altitude, corresponding to base BC.

BM is the altitude, corresponding to base CA.

CN is the altitude, corresponding to base AB.

A triangle has three altitudes.

The altitudes of a triangle are concurrent.

ORTHOCENTRE The point of intersection of all the three altitudes of a
triangle is called its orthocentre.

In the above figure, the three altitudes AL, BM and CN of AABC
intersect at a point H.

H is the orthocentre of AABC.
INCENTRE OF ATRIANGLE  The point of intersection A

of the internal bisectors of the angles of a triangle
is called its incentre.

In the given figure, the internal bisectors of
the angles of AABC intersect at I.

I is the incentre of AABC. Let ID L BC.

Then, a circle with centre I and radius ID is called the incircle of
AABC.

CIRCUMCENTRE OF A TRIANGLE The point of A
intersection of the perpendicular bisectors of the l“
sides of a triangle is called its circumcentre. M

In the given figure, the right bisectors of the B C
sides of AABC intersect at O. "

O is the circumcentre of AABC.

With O as centre and radius equal to OA = OB = OC, we draw a
circle passing through the vertices of the given triangle.

This circle is called the circumcircle of AABC.
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SUMMARY

(i) ceNTRoID The point of intersection of the medians of a triangle is called
its centroid.

(if) ORTHOCENTRE The point of intersection of the altitudes of a triangle is
called its orthocentre.

(iii) INCENTRE The point of intersection of the internal bisectors of the angles
of a triangle is called its incentre.

(iv) CIRCUMCENTRE The point of intersection of the perpendicular bisectors of
the sides of a triangle is called its circumcentre.

EXTERIOR AND INTERIOR OPPOSITE ANGLES OF A TRIANGLE

Let ABC be a triangle, one of whose sides A
BCis produced to D. Then, ZACD is called

an exterior angle (or remote angle), while

ZABC and ZBAC are called its interior

opposite angles.

SOME RESULTS ON TRIANGLES

THEOREM 1 The sum of the angles of a triangle is 180.
GIVEN A AABC.
TOPROVE Z1+/2+ /3 =180
CONSTRUCTION  Through A, draw a line DAE || BC.
PROOF DAE| BC and AB is the transversal.
Z4 =22 [alternate interior A£].
DAE | BC and AC is the transversal.
Z5=23 [alternate interior A4].
Now, DAE is a straight line.
L4+ 1+ £5=180°
[angles on the same side of DAE at the point A]
= L1+ 44+ 2£5=180°
= /1+22+23=180° [ 2z4=s2and £5=/3].
Hence, the sum of the angles of a triangle is 180°.

REMARKS As a consequence of the above theorem, it follows:
(i) A triangle cannot have more than one right angle.
(ii) A triangle cannot have more than one obtuse angle.

(iii) In a right triangle, the sum of two acute angles is 90°.
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THEOREM

GIVEN A AABC whose side BC has been
produced to D forming exterior angle £4.

TOPROVE Z4=/1+22.

PROOF

Secondary School Mathematics for Class 9

2 Ifaside of a triangle is produced then the exterior angle so formed is
equal to the sum of the two interior opposite angles.

We know that the sum of the
angles of a triangle is 180°.

Z1+ 242+ £3=180°.
Also, £3+ £4=180° ... (ii) [linear pair].
From (i) and (ii), we get

L3+44=21+2£2+ /3.

Hence, £4 =41+ Z2.

COROLLARY  An exterior angle of a triangle is greater than either of the interior

GIVEN A AABC whose side BC has been
produced to D forming exterior angle £4.

TO PROVE

PROOF

opposite angles.

Z4 > /1and £4 > £2.

We know that an exterior angle

of a triangle is equal to the sum

of the interior opposite angles.
L4 =21+ L2,

So, 44 > Z1and £4 > £2.

Hence, an exterior angle of a triangle is greater than each of the

interior opposite angles.

SOLVED EXAMPLES

EXAMPLE 1 The angles of a triangle are in the ratio 4 : 5 : 6. Find the angles.

SOLUTION

Let the required angles be (4x)°, (5x)° and (6x)°.
We know that the sum of the angles of a triangle is 180°.
4x+5x+6x =180 = 15x =180
= x=12.
So, the required angles are
(4X12)°,(5X12)°and (6 X 12)°, i.e., 48°, 60° and 72°.

EXAMPLE2  Ina AABC,24A=34B=6ZC, then find ZA, /B and £C.

SOLUTION

Let2/A =34B=64C =k (say).



EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION
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3 6
We know that the sum of the angles of a triangle is 180°.
ZA+ZB+£C=180°

k. k., k
= gt =180

= (Bk+2k+k) = (180 X 6)
= 6k=(180%6) = k=180.

4A2<k)° <180> 90°, /B = (k) (180) 60°

Then, LA = <k>o /B= <k>o and 4C2<k)o.

2 3)=\73
and AC:@O (120) 30°.

Hence, ZA =90°, 4B = 60° and £C = 30°.

Ina AABC, ZA+ 2B =65°and ZB+ ZC = 140°. Find the angles.
ZA+ZB=65°and £B+ £C =140°
= LA+ 2B+ 4B+ ZC=(65°+140°)
= (LA+4B+£C)+£B=205°
= 180°+4«£B=205° [. LA+ 4B+ £C=180°]
= /B =(205°-180°) = 25°.
ZC =(140° — £B) = (140° — 25°) = 115°
and £A = (65° — £B) = (65° —25°) = 40°.
Hence, £A =40°, «B =25°and £C = 115°.
Ina AABC, £A— 2B =33°and £B— £C = 18°. Find the angles of
the triangle.
ZA—-/B=33°and £B-ZC=18°
= ZLA=(33°+«B)and £C=(£B—-18°). .. ()
We know that the sum of the angles of a triangle is 180°.
LA+ ZB+£C=180°
= (33°+4B)+/B+(/B-18°)=180° [using (i)]
= 34B=165° = £B=55".
ZA=(33°+4£B)=(33°+55°) = 88°.
and £C=(£B—-18°) = (55° -18°) =37~.
Hence, £A =88°, ZB =55°and £C = 37°.
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EXAMPLE 5
point O. Prove that ZBOC = 90° + %LA.

GIVEN A AABC in which BO and CO are the
bisectors of £B and £C respectively.

TOPROVE <ZBOC = (90" + %4A> .

PROOF  We know that the sum of the angles of a
triangle is 180°.
. LA+ ZB+2C=180°

1 1
244+

= %LA +OBC+2OCB = 90°

= AB+%4C=90°

= /OBC+/0CB= (90° - %4A> :

Now, in AOBC, we have
Z0BC+ £Z0CB+ 2BOC = 180°

In a AABC, the bisectors of #B and £C intersect each other at a

. )

[sum of the angles of a triangle]

> (90°- %4A)+ Z/BOC=180° [using (i)]

= LBOC:1800_<9O°—l4A):<900+l4A

2 2

Hence, £BOC = (90° + 5.2 A):
EXAMPLE6  In a AABC, the sides AB and AC
are produced to points D and E
respectively. The bisectors of ZDBC
and ZECB intersect at a point O.
Prove thatABOC=(90°—%LA>'

SOLUTION Since ABD is a line, we have

4B+ /CBD =180° [linear pair]

= 1 g 1 cpp=9goe

7By
= %LB +/CBO = 90°

= ZCBO= (90° - %AB) :

) :
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Again, ACE is a straight line.
ZC+ ZBCE=180° [linear pair]

1 1 — ano

= %LC +/BCO = 90°

=~ /BCO= (90° —%4(:)- (i)
We know that the sum of the angles of a triangle is 180°.

So, from AOBC, we get
ZCBO+ 4£BCO + £BOC =180°

o _ l o _ l — o
N (90 243)+<90 24c)+ /BOC =180
[using (i) and (ii)]
= 180°-1(/B+£C)+ ZBOC=180°
=~ ZBOC= %(43 +20)
= ZBOC=5(ZA+/B+2C)-32A

[adding and subtracting %AA]
= /BOC = (% X 180°) ~3oA rr zA+ 2B+ 2C=1807]

~ /BOC= (90° - %4A> :

Hence, 2 BOC = (90° - %4A> :

EXAMPLE7 In a AABC, BE 1 AC, ZEBC =40°
and ZCAD=30°. If LACD=x° and
2 ADB =y°, find the values of x and y.

SOoLUTION  We know that the sum of the angles of a
triangle is 180°.

In ABCE, we have
ZCBE+ £BEC+ £ZECB =180°
40°+90° +x° =180° = x=50.
Now, in ZACD, the side CD has been produced to B.
ext. /ZBDA = ZDAC+ ZACD




246

EXAMPLE 8

SOLUTION

EXAMPLE 9

SOLUTION
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= y°=30°+x° = y=(30+50)=80.
Hence, x =50 and y = 80.

In the given figure, the side BC of A E
AABC has been produced to a point
D. If the bisectors of ZABC and
ZACD meet at point E then prove that

/BEC = %ABAC.

Side BC of AABC has been produced to D.
ZACD =24BAC+ £ABC

1 _1 1
= LsACD=1sBAC+Y2ABC
= ZECD=7%/BAC+%2ABC. ()

Again, side BC of AEBC has been produced to D.
Z/ECD =/CBE+ ZBEC

= ZECD=3/ABC+ZBEC. (i)

From (i) and (ii), we get

1

2 ABC+ ZBEC = %LBAC + %AABC

[each equal to ZECD].

/BEC = %ABAC.

Ina AABC, £B > £C. If AD L BC and A
AE is the bisector of ZBAC then prove
that / DAE = %(AB - 20).
Since AE is the bisector of £ZBAC,
we have

ZBAE = ZCAE. (D)
In AABD, we have ZADB =90°.

ZABD+ ZBAD =90°
= ZABD =(90°—-4£BAD)
= ZB=(90°—4£BAD). ... (ii)
In AADC, we have ZADC =90°.
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GIVEN ABIICD and t is a transversal, cutting them at
E and F respectively. Also, EG and FG, the bisectors
of ZBEF and ZDFE respectively, meet at G.

ToPROVE ZEGF =90°.
PROOF ABIICD and t is a transversal.

=
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2CAD+ £ACD =90°
= ZACD=(90°-ZCAD)
= ZC=(90°—-ZCAD). ... (iii)
On subtracting (iii) from (ii), we get
(£B-£C)=(90° - ZBAD) - (90° — £CAD)
=ZCAD- £ZBAD
= (£LCAE + £ZDAE) - (£LBAE - ZDAE)
=2/DAE [using (i)].
ZDAE = %(AB -20).
If two parallel lines are cut by a transversal, prove that the bisectors
of the interior angles on the same side of the transversal intersect
each other at right angles.

ZBEF + /DFE =180°
[ co.int. £ are supplementary]

%ABEF + %ADFE =90° = L1+ .2 =90°, ()

But, in AEGF, we have

=

Z1+ 22+ ZEGF =180° [sum of the £ of a A]
90° + ZEGF =180° [using (i)]

= ZLEGF=90°.
Hence, ZEGF =90°.

EXAMPLE 11

SOLUTION

A AABC is right angled at A and Lis a
point on BC such that AL L BC. Prove
that Z/BAL = ZACB.

>

We know that in a right-angled

,_
O

triangle, the sum of the two acute B
angles is 90°.

So, in right triangle AALB, we have
ZBAL+ ZABL=90° = ZBAL+ ZABC =90°. ... (i)
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12

EXAMPLE
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In right triangle BAC, we have

ZABC+ £ACB=90°. ... (ii)
From (i) and (ii), we get

ZBAL+ ZABC=ZABC+ £ZACB.
Hence, Z/BAL = ZACB.

Show that the bisectors of the base angles of a triangle can never
enclose a right angle.

GIVEN A AABC in which BO and CO are the bisectors of the base angles

ZBand £C respectively.
TOPROVE ZBOC is not a right angle. A
PROOF  If possible, let ZBOC = 90°.

Then, ZCBO+ ZBCO = 180°

=

=
=

l l — o
243+24C—90

ZB+2C=180°
ZA=0° [ LA+ 2B+ 2C=180°].

This shows that the points A, B, C do not form a triangle, which
is false.

So, our assumption is wrong.

Hence, ZBOC is not a right angle.

EXAMPLE 13

SOLUTION

In the given figure, prove that x = .+ +7.

Join B and D and produce BD to E.
Let ZABD =p°, ZCBD = g° and let
ZADE =s°and ZCDE = t°.

Then, p+g=pand s+t =x.

Now, side BD of AABD has been
produced to E.

s=pta.
Again, side BD of ACBD has been produced to E.



EXAMPLE 14

SOLUTION

EXAMPLE 15

SOLUTION
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t=q+y. ... (ii)
Adding the corresponding sides of (i) and (ii), we get
stt=(p+q+aty
= x=B+oa+ty. [ s+t=xandp+q=]
Hence, x=a+p +y.
The side BC of AABC is A
produced to D. The bisector of

£ A meets BC at E. Prove that
ZABC+ £ACD =2ZAEC.

Side BE of AABE has been
produced to C.

ZAEC =ZABE+ ZBAE

B E c )

—~ JAEC=/ABC+ %LA

= 2ZAEC=2ZABC+ ZA. .. (@)
Again, side BC of AABC has been produced to D.

ZACD =2ABC+ ZA. ... (ii)
On subtracting (ii) from (i), we get

2/AEC—-Z£ACD =2ABC

ZABC+ £ZACD =2£AEC.

In the given figure, AABC is an
isosceles triangle in which AB =AC
and AE bisects ZCAD. Prove that
AE| BC.

We know that the angles opposite
to equal sides of a triangle are
equal.

AB=AC = 4ZB=/C.
Now, side BA of AABC has been produced to D.
ZCAD=2/B+ZC [exterior angle = sum of int. opp. £]
= 2ZCAE=2«C [ ZB=2«Cand ZCAD = 2£CAE]
= ZCAE=Z«C.
But, these are alternate interior angles.
AE| BC.
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EXAMPLE 16  In the given figure, side BC of A
AABC is produced to form ray
BD and CE| BA. Show that
ZACD=2A+ZB. Deduce
that LA+ ZB+2ZC=180°. B c b~

SOLUTION  CE||BA and AC is the transversal.

ZACE=ZA ... (i) [alternate interior A].
Again, CE || BA and BD is the transversal.

ZECD =ZB ... (i1) [corresponding A].
From (i) and (ii), we get

ZACE+ZECD=ZA+ 4B

ZACD=ZA+ 4B
= ZA+4ZB+4C=4£ACD+ £ZACB

m

= a straight angle = 180°.
Hence, ZACD=ZA+ 4ZBand LA+ 4B+ 2ZC =180°.
EXAMPLE 17 In AABC, it is given that £A=70°
ZB=252°, BO and CO are the bisectors

of £B and ZC respectively. Find ZOCB
and ZBOC.

SOLUTION  We know that the sum of the angles
of a triangle is 180°.

LA+ 2B+ 2C=180°
= 70°+52°+/C=180°
= /C=(180°-122°) = 58°.

_l _l o) — o
AOCB—ZAC—<2><58> 29

and ~OBC = %LB - (% x 520) = 267,

In ABOC, we have
Z0OBC+ £0OCB + £ZBOC = 180°
= 26°+29°+/BOC=180°
= ZBOC = (180° —55°) = 125°.
Hence, ZOCB = 29° and ZBOC = 125°.



EXAMPLE 18

SOLUTION

EXAMPLE 19

SOLUTION
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In the given figure, PQ L PS, PQ| SR, P Q
/SQR=28" and /QRT=70°. If (Xﬁ;
ZPQS=x° and ZPSQ=y°, find the

values of x and y. Y -
PQ||SRT and QR is a transversal. S R T

ZPQR=ZQRT [alternate interior angles]
= ZPQS+/SQR=2QRT
= x+28=70
= x=(70—-28)=42.
In right APQS, we have

ZSPQ+ £ZPQS+ £ZQSP =180°

[sum of the angles of a A is 180°]

= 90°+x°+y° =180°
= x°+y°=90° = 42+y=90 [. x=42]
= y=(90-42)=48.
Hence, x =42 and y = 48.

In the given figure, lines AB and 2

CD intersect at a point P such that 1007

ZPAC=45°, ZACP=100° and &% ey
ZPBD =65°. Find ZCPA,ZDPB

and ZBDP. D

We know that the sum of the angles of a triangle is 180°.
In AACP, we have

ZPAC+ ZACP+ £ZCPA =180°
= 45°+100°+ £CPA =180°
= ZCPA=(180°—-145°) =35".

ZDPB = ZCPA =35° [vertically opp. 4£].
In APBD, we have

ZDPB+ ZPBD+ ZBDP = 180°

[sum of the angles of a triangle]

= 35°+65°+ZBDP =180°
= 100°+ £BDP =180°
= ZBDP = (180°—-100°) = 80°.
Hence, Z/CPA =35°, /DPB = 35° and £ BDP = 80°.
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EXERCISE 8

. In AABC, if ZB =76°and £C =48, find L A.

. The angles of a triangle are in the ratio 2 : 3 : 4. Find the angles.

. In AABC,if 3£Z4A=42B =6£C, calculate ZA, ZB and £C.

. In AABC,if ZA+ /B =108°and B+ 2C =130, find ZA, ZB and ZC.
. InAABC,if LZA+ 2ZB=125°and LA+ £C =113°, find LA, ZB and £C.
. In APQR, if ZP~2£Q =42°and £Q - ZR =21°, find £P, ZQ and ZR.

. The sum of two angles of a triangle is 116° and their difference is 24°.

Find the measure of each angle of the triangle.

. Two angles of a triangle are equal and the third angle is greater than

each one of them by 18°. Find the angles.

. Of the three angles of a triangle, one is twice the smallest and another

one is thrice the smallest. Find the angles.

In a right-angled triangle, one of the acute angles measures 53°. Find
the measure of each angle of the triangle.

If one angle of a triangle is equal to the sum of the other two, show that
the triangle is right angled.

If each angle of a triangle is less than the sum of the other two, show
that the triangle is acute angled.

If one angle of a triangle is greater than the sum of the other two, show
that the triangle is obtuse angled.

In the given figure, side BC of AABC A
is produced to D. If ZACD =128°
and ZABC =43°, find ZBAC and

Z ACB. 43° Gl

\j

w
O
@)

In the given figure, the side BC of A

AABC has been produced on the

left-hand side from B to D and on

the right-hand side from C to E. 106° 18
If ZABD =106° and £ZACE =118°, D B cC E
find the measure of each angle of

the triangle.
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16. Calculate the value of x in each of the following figures.

Given: AB||CD

V) (vi

17. In the figure given alongside, A

D,
AB|CD, EF|BC, 4£BAC=60° and /5%,\
<« DHF = 50°. Find ZGCH and ZAGH. E G H,A50°

B C
18. Calculate the value of x in the given c
figure.
30°
D X
55° 45°
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19. In the given figure, AD divides ZBAC in the ratio 1 : 3 and AD = DB.
Determine the value of x.

B D C

20. If the sides of a triangle are produced in
order, prove that the sum of the exterior
angles so formed is equal to four right

angles.
21. In the adjoining figure, show that D
ZA+ZB+2C+ 2D+ ZE+ ZF = 360". . c
F B
A

22. Inthe given figure, AM | BCand AN is the bisector of ZA.If ZABC = 70°
and £ZACB =20°, find ZMAN.

A
70° 20°
B M N c
F
23. In the given figure, BAD || EF, £ AEF = 55°
and ZACB = 25°, find ZABC. D

25°




24.

25.

26.

27.

28.

29.
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In a AABC, it is given that
ZA:ZB:ZC=3:2:1 and CD L AC.
Find £ZECD.

B C E

In the given figure, AB|DE and BD | FG such that ZABC =50° and
ZFGH = 120°. Find the values of x and y.

B F
50°
120°
X b/
A CvE G H
D

In the given figure, AB||CD and EF is a A E B
transversal. If ZAEF = 65°, ZDFG = 30°, 65° L
ZEGF=90° and £ZGEF=x°, find the G
value of x. 30

c F D

In the given figure, AB|CD,

B D
ZBAE=65° and ZOEC =20°. Find
ZECO.
65°
VA 9

C
E

In the given figure, AB||CD and EF
is a transversal, cutting them at G _ 35° -
and H respectively. If ZEGB =35° AQ ’ 7 G B
and QP L EF, find the measure of c N ¥ )
ZPQH. P

F

A G F B

In the given figure, AB|CD and
EF 1 AB. If EG is the transversal
such that ZGED = 130°, find ZEGF. \1300
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ANSWERS (EXERCISE 8)
1. LA =56° 2. 40°, 60°, 80° 3. ZA=80°, £B=60°, £C =40°
4. L/A=50°,Z/B=58°,£C=72° 5. Z/A=58°,4B=67°,2C =55°
6. LP=95°,/0Q=53°, LR = 32° 7. 70°,46°, 64°
8. 54°, 54°, 72° 9. 60°, 90°, 30° 10. 53°,37°,90°
14. ZBAC=85°, LACB =52° 15. LZA=44°, /B=74°, ZC=62°
16. (i) x=50 (ii))x=120 ({ii)x=55 (iv)x=75 (v)x=30 (vi)x=30
17. ZGCH =60°, ZAGH = 110° 18. x =130 19. x=90
22. ZMAN =25° 23. LABC =30° 24. ZECD = 60°
25. x =70°, y = 60° 26. x =55 27. ZECO =45° 28. ZPQH =55°
29. ZEGF =50°

HINTS TO SOME SELECTED QUESTIONS

6. P-Q=42 = P=(Q+42),Q-R=21 = R=(Q-21).
P+Q+R=180° = (Q+42)+Q+(Q—-21)=180 = Q=53.
11. A=B+C = A+A=A+B+C=180° = 2A=180°=A=90°.
12. A<B+C = 2A<A+B+C=180° = A <90°.
B<A+C = 2B<A+B+C=180° = B<90° etc.
13. A>B+C = 2A>A+B+C=180° = A>90°.
14. ZBAC+ £ZABC =ext. ZACD = ZBAC+43° =128° = ZBAC = 85°.
Also, ZBAC+ ZABC + ZACB = 180°. Find £ACB.
15. ZABC = (180° —106°) = 74°, LACB = (180° — 118°) = 62°.
74° +62°+ ZBAC =180°. Find £BAC.
17. ZACD = ZBAC =60° [alternate int. £].
ZGCH=ZACD =60°, ZCHG =50° [vert. opp. £].
In AGCH, we have 60° +50° + ZHGC = 180°.
/HGC =70° and ~ AGH = (180° - 70°) = 110°.
18. 30° +a, = o, 45° + o, = B.
Adding, (30° +45°) + (a, + o) =a+ P
= 75°+55°=x° = x=130.

19. ZBAC = (180° — 108°) = 72°.
ZBAD:ZCAD=1:3
/BAD = (i X 72°) =18°, ZCAD = (% X 72°) = 54°,
AD=DB = /DBA=/BAD = 18".
LA+ ZB+2C=180° = 72°+18°+x° = 180° = x=90.
20. ZACD =/A+ /B, /BAE = ZB+/C and ZCBF = /C+ ZA.
ZACD+ /BAE+ /CBF =2(Z A+ /B+ /C) = (2 X 180°) = 360".
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21. Divide the whole figure into two triangles, namely ADFB and D
AEAC.
LA+ ZB+ZC+ 4D+ ZE+ ZF
=(LA+ZC+ ZLE)+(£B+ 4D+ ZF)
= (180° +180°) = 360°.

E C

22. LZA+ZB+ZC=180° = LA+70°+20°=180° = £A=90".
In AABM, ZABM + ZBMA + ZBAM = 180°.
70°+90° + ZBAM =180° = ZBAM =20°.

ZBAN = %AA =45° = /BAM+ ZMAN = 45°

= /MAN = (45° —20°) = 25°.
23. ZCAD = ZAEF =55° [corresponding A].
ZBAC+ ZCAD =180° = ZBAC =125°.
ZABC+ £ZBAC+ ZACB=180° = £ZABC =30°.
"
¢)=30.
ZACB+ ZACD+ ZECD = 180° [a straight angle]
= 30°+90°+ ZECD =180° = ZECD =60°.
25. ZCDE=ZABC=50° [alt. int. 4].
BDIIFG and DF is the transversal.
ZEFG = ZCDE = 50°. Also, y = (180° —120°) = 60°.
x+y+ZEFG=180° = x+60°+50°=180° = x=70°.
26. ZEFD =ZAEF =65° [alternate £].
ZEFG = (65° —30°) = 35°, ZFGE = 90°.
In AEFG, we have 35° +90° +x° = 180° = x =55.
27. ZDOE = ZBAE = 65° [corresponding A£].
Now, COD is a straight line.
ZCOE + ZDOE =180° = ZCOE +65° =180°
= ZCOE =115°.

24, /C= (180 x

In AOCE, we have
115°+20° + ZOCE = 180° = ZOCE = 45°.
28. ZGHD = ZEGB =35° = ZPHQ=4GHD =35° (vert. opp. £).

MULTIPLE-CHOICE QUESTIONS (MCQ)
Choose the correct answer in each of the following questions:
1. InaAABC,if3£4A=424B=6ZCthen A:B:C=?
(a) 3:4:6 (b) 4:3:2 (c)2:3:4 (d) 6:4:3



258 Secondary School Mathematics for Class 9

2. InaAABC,if ZA—-«4B=42°and ZB—-«ZC=21°then £ZB=?

(a) 32° (b) 63° (c) 53° (d) 95°
3. In a AABC, side BC is produced to D. If A
ZABC =50°and ZACD =110°then LA =?
(a) 1600 (b) 600 110°
o ° 50°
(c) 80 (d) 30 £ & 5

4. Side BC of AABC has been produced to D on left and to E on right-hand
side of BC such that ZABD = 125° and ZACE = 130°. Then, ZA =?
A

125° 130°

D B C E
(@) 50° (b) 55° () 65° () 75°

5. In the given figure, the sides CB and BA of AABC
have been produced to D and E respectively

A 0
such that ZABD = 110° and ZCAE = 135°. Then, 135
ZACB=7?
(a) 65° (b) 45°
(c) 55° (d) 35° R
D B C

6. The sides BC, CA and AB of AABC have
been produced to D, E and F respectively.
/BAE+ ZCBF+ZACD="?

(a) 240° (b) 300°
(c) 320° (d) 360°

7. In the given figure, EAD | BCD. Ray
FAC cuts ray EAD at a point A such that
ZEAF =30°. Also, in ABAC, ZBAC = x° and
ZABC = (x+10)°. Then, the value of x is

(a) 20 (b) 25
(c) 30 (d) 35
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8. In the given figure, two rays BD and CE intersect at a point A. The
side BC of AABC have been produced on both sides to points F and G
respectively. If ZABF = x°, ZACG =y° and ZDAE = z° thenz =?

(a) x+y—180 (b) x+y+180 (c) 180—(x+y) (d) x+y+360°
9. In the given figure, lines AB and CD intersect at a point O. The sides

CA and OB have been produced to E and F respectively such that
ZOAE =x°and £DBF = y°.

If ZOCA =80°, ZCOA = 40° and £BDO = 70° then x° +y° =?

(a) 190° (b) 230° (c) 210° (d) 270°
10. In a AABC, it is given that A
ZA:ZB:ZC=3:2:1and ZACD = 90°.
If BC is produced to E then ZECD =? y
(a) 60°
(b) 50° B C E
(c) 40°
(d) 25°
11. In the given figure, BO and CO are the bisectors A
of ZB and £C respectively. If £A=50° then d
ZBOC=?
(a) 130° (b) 100°
(c) 115° (d) 120°

w
(@]
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12. In the given figure, side BC of AABC has A
been produced to a point D. If ZA =3y°,
ZB=x°, ZC=5y° and ZCBD =7y°. Then,
the value of x is

(a) 60 (b) 50 B c D
(c) 45 (d) 35

ANSWERS (MCQ)
1L®b 2@ 3®) 4@ 5@ 6@ 70b 8@

9. (b) 10.(a) 1L () 12 (a)

HINTS TO SOME SELECTED QUESTIONS

1 Let3A=4B=6C=k Then, A=K, p=K c=k.
3B=4C=¢
_k .k k_
aBc-5 KK g5

2. ZA=2B+42°and £C = (£B-21°).
A+B+C=180° = (B+42)+B+(B-21) =180
= 3B=159 = B=53".
3. Ext. ZACD = ZBAC+ ZABC = x+50=110 = x=60.
4. ZABC = (180° —125°) = 55° and ZACB = (180° — 130°) = 50°.
ZA+2ZB+2£C=180° = £LA+55°+50° =180°
= ZA=(180°-105°) = 75°.
5. ZBAC = (180° —135°) = 45° and ZABD = (180° —110°) = 70°.
ZA+ZB+2C=180° = 45°+70°+ ZLACB=180° = ZACB=65°.
7. ZCAD = ZEAF =30° [vert. opp. 4].
ZACD =180°—(30°+90°) =60° = x+(x+10)=60 = x=25.
. ZBAC=ZEAD =z°, ZABC = (180° —x°), ZBCA = (180° — y°).
ZBAC+ ZABC+ ZBCA =180°
= z+(180—-x)+(180-y)=180 = z=(x+y)—180.
9. Ext. ZOAE = ZOCA+ ZCOA = x° =(80° +40°) = 120°.
ZBOD = ZCOA =40° (vert. opp. £)
Ext. £DBF = ZBOD + ZBDO = (40° +70°) = 110° = y° =110°.
x°+y° = (120° +110°) = 230°.
10. ZA+ 4B+ 2£C=180° = 3x+2x+x =180
= 6x=180 = x=230.
ZA=90°, £B =60°and £C = 30°.
ZACE=ZA+ 4B = 90°+ ZECD =90°+60° = ZECD = 60°.

(o]



Triangles 261

11. 2B+ £C = (180° — ZA) = (180° — 150°) = 130°.

1 1, -_(1 o\ = o
E413+54c,>(2 ><13O)765.

%43 + %AC +/BOC=180° = 65°+ ZBOC =180° = ~BOC = 115".

12. 5y°+7y° =180° = 12y° =180° = y =15.
3y+x+5y=180 = 8y+x=180 = 120+x =180 = x=60.

SUMMARY OF FACTS AND FORMULAE

I. TRIANGLE A plane fiqure bounded by three line segments is called a triangle,
denoted by A.

. A AABC has
(i) 3 vertices, namely A, B and C;
(ii) 3 sides, namely AB, BC and CA;
(iii) 3 angles, namely LA, ZBand £C. B C

A

. A triangle has 6 parts, namely 3 sides and 3 angles.
IV. TYPES OF TRIANGLES ON THE BASIS OF SIDES

(i) EQUILATERAL TRIANGLE A triangle having all sides equal is called an
equilateral triangle.

(ii) 1ISOSCELES TRIANGLE A triangle having two sides equal is called an
isosceles triangle.

(iii) SCALENE TRIANGLE A triangle in which all the sides are of unequal lengths
is called a scalene triangle.

V. The sum of the lengths of three sides of a triangle is called its perimeter.
V1. The sum of the angles of a triangle is always 180°.

VII. TYPES OF TRIANGLES ON THE BASIS OF ANGLES

A
(i) RIGHT-ANGLED TRIANGLE A triangle in which
one of the angles measures 90° is called a right-
angled triangle.
The side opposite to the right angle is called
its hypotenuse. B c

(if) ACUTE-ANGLED TRIANGLE A triangle in which every angle is less than 90°
is called an acute-angled triangle.

(iii) OBTUSE-ANGLED TRIANGLE A triangle in which one angle measures more
than 90° but less than 180° is called an obtuse-angled triangle.
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Vil If one side of a triangle is produced then the A
exterior angle so formed is equal to the sum of

the two interior opposite angles.

In the given figure, the side BC of AABC

has been produced to D.

ext. ZACD=/A+ /B. B



.9 Congruence of Triangles and
' Inequalities in a Triangle

CONGRUENT FIGURES Two geometrical figures having exactly the same shape and
size are known as congruent figures.

In such figures, one can be superposed on the other to cover it exactly.

For congruence, we use the symbol ‘=’

B
Two line segments are congruent only when

their lengths are equal.
Thus, AB = CD if (AB) = I(CD).

Two angles are congruent only when their measures are equal.

D

A D,

B C E F
2/ ABC = /DEF, if m(£ ABC) = m(£DEF).

CONGRUENT TRIANGLES Two triangles are congruent if and only if one of them can
be made to superpose on the other so as to cover it exactly.

Thus, congruent triangles are exactly identical.

EXAMPLE 1 If AABC = ADEF then we have
ZA=2sD, Z/B=/E, ZC=/F;
and AB=DE, BC=EF, AC=DF.
EXAMPLE 2  If AABC = AEDF then we have
/A=/E, /B=2D, /C=/F;
and AB=ED, BC=DF, AC=EF.

CONGRUENCE RELATION IN THE SET OF ALL TRIANGLES
The following results are quite obvious.
(i) Every triangle is congruent to itself, i.e., AABC = AABC.
(ii) If AABC = ADEF then ADEF = AABC.
(iii) If AABC = ADEF, and ADEF = APQR then AABC = APQR.

NOTE  We shall use the abbreviation ‘c.p.c.t.” for ‘corresponding parts of
congruent triangles’.

263
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SAS-CRITERIA FOR CONGRUENCE OF TRIANGLES

THEOREM 1 If two triangles have two sides and the included angle of the one
equal to the corresponding sides and the included angle of the other
then the triangles are congruent.

GIVEN AABC and ADEF in which AB = DE, AC=DF and £A =4D.
A D

B c E F
TOPROVE AABC = ADEF.
PROOF Place AABC over ADEF such that A falls on D and AB falls
along DE.
Since AB = DE, so B falls on E.
Since ZA = 2D, so AC will fall along DF.
But, AC = DF.
Cwill fall on F.
Thus, AC will coincide with DF.
And, therefore, BC will coincide with EF.
AABC coincides with ADEF.
Hence, AABC = ADEF.

THEOREM 2  The angles opposite to two equal sides of a triangle are equal.
GIVEN A AABC in which AB = AC. A
TOPROVE Z£B=/~/C.

CONSTRUCTION Draw AD, the bisector of ZA, to
meet BC in D.
PROOF In AABD and AACD, we have
AB=AC (given),
AD=AD (common), ZBAD=ZCAD (by construction).
AABD = AACD (SAS-criteria).
Hence, /ZB=2C (c.p.ct.).

|
[
[
[
[
\
|
B D C

ASA-CRITERIA FOR CONGRUENCE OF TRIANGLES

THEOREM 3  If two angles and the included side of one triangle are equal to the
corresponding two angles and the included side of the other triangle
then the two triangles are congruent.
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GIVEN AABC and ADEF in which ZABC =«4DEF, ZACB = ZDFE and
BC =EF.

B ‘ o}
TOPROVE AABC = ADEF.
PROOF Casel
Let AC = DF.
In this case, AC = DF, BC = EF and £C = ZF.
AABC = ADEF (SAS-criteria).
Caselll
If possible, let AC # DF.
Then, construct D’F = AC. Join D’E.
Now, in AABC and AD’EF, we have AC=D’F,BC=EF and
ZC=ZLF.
AABC = AD’EF (SAS-criteria).
ZABC=4D’EF (c.p.ct.).
But, ZABC =ZDEF (given)
ZD’EF = ZDEF.
This is possible only when D and D’ coincide.
AABC = ADEF.

AAS-CRITERIA FOR CONGRUENCE OF TRIANGLES

COROLLARY  If two angles and any side of a triangle are equal to the corresponding
angles and side of another triangle then the two triangles are
congruent.

GIVEN AABC and ADEF in which ZA = 4D, /B = ZE and BC = EF.

B ‘ c E ‘ F
TOPROVE AABC = ADEF.
PROOF  We know that the sum of the angles of a triangle is 180°.
LA+ ZB+LC=4D+ ZE+ ZF = 180"
But, ZA=4Dand £B=ZE.
ZC=ZF.
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Now, in AABC and ADEF, we have
/B=</E,Z/C=/F and BC = EF.
AABC = ADEF (ASA-criteria).

THEOREM 4  (Converse of Theorem 2) If two angles of a triangle are equal then the
sides opposite to them are also equal.

GIVEN A AABC in which ZB = ~C. A

TOPROVE AB=AC. !

|

CONSTRUCTION Draw AD, the bisector of ZA to meet i

BC at D. }
B D c

PROOF In AABD and AACD, we have
ZBAD = ZCAD (by construction),
AD=AD (common),
ZB=2C (given).
.. AABD=AACD (AAS-criteria).
Hence, AB=AC (cp.c.t.).

SSS-CRITERIA FOR CONGRUENCE OF TRIANGLES
THEOREM 5 If the three sides of one triangle are equal to the corresponding three
sides of another triangle then the two triangles are congruent.

GIVEN AABC and ADEF in which AB = DE, AC = DF and BC = EF.
ToPROVE AABC = ADEF.

CONSTRUCTION ~ Suppose BC is the longest side of AABC. Draw EG and FG
such that ZFEG = ZCBA and ZEFG = ZBCA.Join DG.
PROOF In AABC and GEF, we have
BC=EF (given), £ZCBA=ZFEG (by construction)
and /BCA=ZEFG (by construction).
AABC = AGEF (ASA-criteria).
ZA=Z/EGF, AB=GEand AC=GF (cp.ct.)

= /A=/EGF,DE = GE and DF = GF
[ AB=DE and AC = DF].
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Now, in AEGD, DE = GE = ZEGD = ZEDG.
And, in AFGD, DF =GF = ZFGD = ZFDG.
ZEGD+ £ZFGD = ZEDG+ ZFDG
= LEGF=ZEDF = ZA=ZEDF [. ZEGF=ZA]
= ZA=4D.
Now, in A ABC and DEF, we have
AB=DE, AC=DFand LA =4£D.
AABC = ADEF (SAS-criteria).

RHS-CRITERIA FOR CONGRUENCE OF RIGHT TRIANGLES

THEOREM 6  Two right-angled triangles are congruent if one side and the
hypotenuse of the one are respectively equal to the corresponding
side and the hypotenuse of the other.

GIVEN Two right-angled triangles A D
AABC and ADEF in which
ZB=ZE=90°, BC=EF and AC = DF.
TOPROVE AABC = ADEF.
E
’_l

CONSTRUCTION Produce DE to G
such that GE = AB.Join GF. B c ‘

PROOF In A ABC and GEF, we have i
AB =GE (by construction), i
BC=EF (given),  ZB=/FEG=90" |
AABC = AGEF (SAS-criteria) ¢
ZA=/Gand AC=GF (cp.ct).

Now, AC=GFand AC=DF = GF=DF = £G=4D
= /A=/D [ £G=ZA]
Now, ZA=2D,ZB=ZE = 3rd £C =3rd £F.
Thus, in A ABC and DEF, we have
BC=EF, AC=DF and £C=ZF.
AABC = ADEF. (SAS-criteria).

/
7

SUMMARY OF THE RESULTS

(i) (sascRITERIA) Two A are congruent if two sides and the included
angle are correspondingly equal.

(i) (AAs-CRITERIA) Two A are congruent if two angles and one side are
correspondingly equal.
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(iii) (sss-CRITERIA) Two A are congruent if three sides are
correspondingly equal.

(iv) (RHS-CRITERIA) Two right A are congruent if hypotenuse and one
side are correspondingly equal.

EQUIANGULAR TRIANGLES If two triangles have three angles of the one
correspondingly equal to three angles of the other, they are said to be equiangular.

Clearly, two congruent triangles are surely equiangular but
equiangular triangles need not be congruent.

DISTANCE BETWEEN A LINE AND A POINT  The distance between a line and a point not
on it, is the length of perpendicular from the point to the given line.

The distance between a line and a point lying on it, is zero.

SOLVED EXAMPLES

EXAMPLE 1 In the given figure, OA= OB and OC=0D. b B
Show that:

(i) AAOC=ABOD (ii) AC|BD.
SOLUTION (i) In AOAC and AOBD, we have N
OA=0B (given),
OC=0D (given) A o)
and ZAOC = ZBOD (vertically opposite £).
AOAC = AOBD (by SAS-criteria).
(i) We have, AOAC = AOBD (proved above).
Z0AC=£0BD (c.p.ct).
But, these are alternate angles.
AC| BD.
EXAMPLE 2 AB is a line segment and line [ is its AL
perpendicular bisector. If a point P lies

on I, show that P is equidistant from A
and B.

SOLUTION  Let M be the midpoint of AB.
Then, I L AB and passes through ‘ ‘
M. Let P be a given point on /. A M B

Then, we have to show that PA = PB.
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In APMA and APMB, we have
MA=MB [. Mis the midpoint of AB],
ZPMA =7PMB=90° (given)
and PM =PM (common).
APMA=APMB (by SAS-criteria).
Hence, PA=PB (c.p.c.t.).
This shows that P is equidistant from A and B.
EXAMPLE 3 Show that each angle of an equilateral triangle is 60°. A
SOLUTION  Let AABC be an equilateral triangle.
Then, BC=CA =AB
= BC=CAand CA=AB
= ZA=/Band £4B=2C B C
[." angles opposite to equal sides are equal]
= ZA=/B=/C=x° (say).
But, we know that the sum of all angles of a triangle is 180°.
LA+ ZB+ 2C =180°
=  x°+x°+x°=180°
= 3x°=180° = x=60.
ZA=2/B=2C=60"
Hence, each angle of an equilateral triangle is 60°.

EXAMPLE 4  Inan isosceles triangle, prove that the altitude from the vertex bisects
the base.
GIVEN A AABC in which AB=AC and AD | BC. A
ToPROVE BD =DC.
PROOF Inright-angled A ADB and ADC, we have
hyp. AB=hyp. AC (given)
and AD=AD (common).
AADB=AADC [RHS-criteria].
Hence, BD =DC (c.p.c.t.).

EXAMPLE 5 If the altitude from one vertex of a triangle bisects the opposite side,
prove that the triangle is isosceles.

GIVEN A AABC in which AD 1 BC and BD = DC.
TOPROVE AB=AC.
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PROOF In AADBand AADC, we have A
BD=DC (given),
AD=AD (common)
and ZADB=2ZADC =90°
AADB=AADC (SAS-criteria).
Hence, AB=AC (c.p.c.t).

EXAMPLE 6  If the bisector of the vertical angle of a triangle bisects the base, prove
that the triangle is isosceles.

GIVEN A AABC in which AD is the bisector of ZA, which meets BC in D
such that BD = DC.

TOPROVE AB=AC.
CONSTRUCTION  Produce AD to E such that AD = DE.
Join EC.
PROOF In AABD and AECD, we have
BD=DC (given),
AD=DE (by construction), B
ZADB=ZEDC (vert. opp. £).
AABD = AECD (SAS-criteria).
.. AB=ECand £1=43 (cp.c.t.).
Also, £1 =242 [.© AD bisects £ A] }/
£2=1/3. E
But, we know that the sides opposite to equal angles of a triangle
are equal.
EC=AC.
So, AB=AC [. EC=AB]
Hence, A ABC is isosceles.

EXAMPLE 7 Prove that the perpendiculars drawn from the vertices of equal angles
of an isosceles triangle to the opposite sides are equal.

GIVEN A AABC in which Z#BCA = 2CBA, BL L AC and CM L AB.
TOPROVE BL=CM.
PROOF In ABCL and ACBM, we have
ZBCL=2CBM [. 4BCA =4CBA],
ZBLC = ZCMB =90°
and BC=CB (common).
ABCL=ACBM (AAS-criteria). B c
Hence, BL=CM (c.p.c.t.).

A
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EXAMPLE 8  If the altitudes from two vertices of a triangle to the opposite sides are
equal, prove that the triangle is isosceles.

GIVEN A AABC in which BL L. AC and CM L AB such that BL = CM.
TOPROVE AB=AC.
PROOF In AABL and AACM, we have
ZALB=2AMC [each equal to 90°],
ZBAL =Z2CAM [common]
and BL=CM (given).
AABL=AACM (AAS-criteria). B C
AB=AC (cp.ct).
Hence, A ABC is isosceles.

A

EXAMPLE9  Prove that the medians of an equilateral triangle are equal.

GIVEN A AABC in which AB=BC=AC and AD, BE and A
CF are its medians.

ToPROVE AD =BE =CF.
PROOF In AADC and ABEA, we have
AC=BA (given),
DC=EA | BC=AC = 1BC=2AC
and ZACD =ZBAE [each equal to 60°].
AADC = ABEA (SAS-criteria).
AD=BE (cp.ct).
Similarly, BE = CF.
Hence, AD = BE = CF.

EXAMPLE 10  If D is the midpoint of the hypotenuse AC of a right-angled AABC,
prove that BD = %AC.

A
GIVEN A AABC in which £B =90° and D is the
midpoint of AC.

TOPROVE BD = %AC.

CONSTRUCTION  Produce BD to E such that BD = DE. B
Join EC.
PROOF In AADB and ACDE, we have

AD=CD (given),

BD =ED (by construction)
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and ZADB=ZCDE (vert. opp. £).
AADB=ACDE (SAS-criteria).
AB=ECand Z1=22 (c.p.ct.).

But, £1and £2 are alternate interior angles.
CE | BA.

Now, CE || BA and BC is the transversal.
ZABC+ ZBCE=180° [co. int. £]

=  90°+«£BCE=180° [." £LABC=90°]

=  ZBCE =90

Now, in AABC and AECB, we have
BC=CB (common),
AB=EC (proved)

and ZCBA =4BCE (each equal to 90°).
AABC = AECB (SAS-criteria).

- lpp-1 =1
AC=EB = 7EB=5AC = BD=5AC.

Hence, BD = %AC.

EXAMPLE 11 If two isosceles triangles have a common base, prove that the line
segment joining their vertices bisects the common base at right
angles.

GIVEN Two A ABC and DBC with the same base BC, in which AB = AC and
DB =DC. Also, AD (or AD produced) meets BC in E.

ToPROVE BE =CE and LAEB =ZAEC =90°.

A

PROOF In AABD and AACD, we have
AB=AC (given),
DB=DC (given)
and AD=AD (common).
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AABD = AACD (SSS-criteria).
Z1=2/2 (cp.ct).

Now, in AABE and AACE, we have
AB=AC (given),
AE =AE (common)

and £1=2/2 (proved).
AABE = AACE (SAS-criteria).
BE=CEand £3=2/4 (cp.ct.).

But, £3+ 24 =180° (linear pair).
2/4=180° = £4=90° [. £3=14]

Thus, £3 = 24 =90°.

Hence, BE = CE and LAEB = ZAEC =90°.

EXAMPLE 12 AABC is an isosceles triangle with AB = AC. b
Side BA is produced to D such that AB = AD. / }

Prove that #BCD is a right angle. / I

|

GIVEN A AABC in which AB=AC and side BA is A/ }
produced to D such that AB = AD. |
|

TOPROVE <£BCD =90°. !
CONSTRUCTION Produce BA to D such that BA=AD. :
Join DC. B [e

PROOF AB=ACand AB=AD = AD=AC.
Now, AB=AC = ZABC=ZACB,
AD=AC = £ADC=2ACD.
.. ZABC+ZADC=2ACB+ZACD
= ZABC+ZADC=4BCD [. ZACB+ZACD = ZBCD]
= ZABC+ZADC+ £ZBCD =24BCD
[adding ZBCD on both sides]
= 2ZBCD=180° [." sum of the £ of ABCD is 180°]
= ZBCD =90°.
Hence, ZBCD is a right angle.

EXAMPLE 13 In an isosceles AABC with AB= AC, D and A
E are points on BC such that BE = CD. Show
that AD = AE.

GIVEN A AABC in which AB = AC. D and E are points
on BC such that BE = CD.
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TOPROVE AD = AE.
PROOF BE=CD = BE-DE=CD-DE
= BD=CE. (D)
Now, in AABD and AACE, we have
AB=AC (given),
ZB=2/C [angles opposite to equal sides]
and BD =CE [proved above in (i)].
AABD = AACE (SAS-criteria).
Hence, AD = AE (c.p.c.t.).

EXAMPLE 14  In the given figure, D and E are points on the
side BC of a AABC such that BD = CE and
AD = AE. Show that AABD = AACE.

GIVEN A AABC in which D and E are points on BC

such that BD = CE and AD = AE.

TOPROVE AABD = AACE.

PROOF ~ We know that the angles opposite to equal sides of a triangle are
equal.

So, in AADE, we have
AD=AE = Z/ADE =/AED
= 180° - £ADE =180° - ZAED
= ZADB=ZAEC. ... ()
Now, in AABD and AACE, we have
AD=AE (given)
ZADB=Z/AEC [proved in (i)]
BD =CE (given)
AABD = AACE. (SAS-criteria).

EXAMPLE 15 In the given figure, AB=AC and £B=2C. A
Prove that AABD = AACE.

SOLUTION In AABD and AACE, we have E D
AB=AC (given)
ZABD =ZACE [. 4£B=ZC (given)] B C
Z/BAD = ZCAE [common]
AABD = AACE [ASA-criteria].



Now, in AAYB and AZYX, we have

AY=ZY (given)
BY =XY (given)
ZAYB=2Z7ZYX [provedin (i)]
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EXAMPLE 16 In the given figure, ACDE is an equilateral A B
triangle on a side CD of a square ABCD. Show that
AADE = ABCE.
GIVEN A square ABCD and an equilateral ACDE on side CD. p c
ToPROVE AADE = ABCE.
PROOF In AADE and ABCE, we have
AD =BC (sides of the same square)
DE =CE (sides of an equilateral triangle)
ZADE =2/BCE [each equal to (90° + 60°) = 150°]
AADE = ABCE [by SAS-criteria].
EXAMPLE 17 In the given figure, BA 1 AC and A
DE 1 DF such that AB=DE and
BF = EC. Show that AABC = ADEF.
GIVEN BA L ACand DE L DFsuchthat AB=DE £ E
and BF = EC.
TOPROVE AABC=ADEF.
PROOF EC=BF = BE—-EC=BE—-BF
= BC=EF. .. (i)
In AABC and ADEF, we have
AB=DE (given)
ZBAC = LEDF =90°
hyp. BC =hyp. EF
AABC = ADEF [by RHS-criteria].
EXAMPLE 18 In the given figure, AY LZY and
BY L XY such that AY=2ZY and
BY = XY. Prove that AB = ZX.
GIVEN ZBYX=90°, ZAYZ =90°, AY = ZY and
BY = XY. Y X
TOPROVE AB=ZX.
PROOF Z/BYX=/AYZ [each equal to 90°]
=  ZLBYX+ZAYX=ZAYZ+ZAYX
= LAYB=/ZYX. . () B
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AAYB=AZYX (SAS-criteria).
Hence, AB=Z7ZX [cp.ct].

EXAMPLE 19 AB is a line segment and P E
is its midpoint. D and E are
points on the same side of AD
such that ZBAD =ZABE and
ZEPA = ZDPB.

Show that (i) ADAP = AEBP,
(i) AD = BE.
SOLUTION  ZEPA =ZDPB
= LEPA+ ZEPD =4DPB+ £ZEPD
= ZAPD=ZBPE.
(i) In ADAP and AEBP, we have

AP =BP [ Pis the midpoint of AB]

ZAPD =Z/BPE [provedin (A)]

Z/PAD=/PBE [. 4BAD=ZABE]

ADAP = AEBP (by SAS-criteria).
(11) ADAP = AEBP = AD=BE (cp.ct).

EXAMPLE 20 P is a point equidistant from

M
two lines | and m intersecting
at a point A, as shown in _

. (A)

L

the given figure. Show that A
the line AP bisects the angle
between them.

P

N
m

GIVEN Two lines [ and m intersecting at a point A and P is a point such that

PM = PN, where PM L I and PN L m.

TOPROVE ZPAM =ZPAN.

PROOF In APAM and APAN, we have
ZPMA = ZPNA =90°
PM =PN (given)
AP =AP (common)
APAM = APAN (by RHS-criteria).
ZPAM =ZPAN (c.p.ct.).

Hence, the line AP bisects the angle between [ and m.
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EXAMPLE 21 In the given figure, AB is a line segment. P
P and Q are points on opposite sides of AB
such that each of them is equidistant from i
the points A and B. Show that the line PQis A c B
the perpendicular bisector of AB.
GIVEN A line segment AB and two points P and Q
such that PA = PBand QA = QB.
To PROVE Let AB and PQ intersect at C. Then, we Q
have to prove that AC = BC and ZACP =90°.
PROOF In APAQ and APBQ, we have
PA=PB (given)
QA=QB (given)
PQ=PQ (common)
APAQ=APBQ (by SSS-criteria).
ZAPQ=2ZBPQ .. (@) (cpct).
Now, in APAC and APBC, we have
PA=PB (given)
ZAPC=4BPC [. ZAPQ=ZBPQin (i)]
PC=PC (common)
APAC=APBC (by SAS-criteria).
AC=BC (i) (cp.ct).
And, ZACP = ZBCP (i) (epect).
But, ZACP+ ZBCP =180° (linear pair).
2/ACP=180° [using (iii)].
So, ZACP =90°.
Hence, PQ is the perpendicular bisector of AB.
EXAMPLE 22 In the given figure, ABCD is a quadrilateral A
in which AD = BC and ZDAB = ZCBA.
Prove that (i) AABD = ABAC, D

(ii) BD = AC,
(iii) ~ABD = ZBAC.

GIVEN A quadrilateral ABCD in which AD = BC
and ZDAB = ZCBA. ¢

TOPROVE (i) AABD = ABAC, (ii) BD=AC, (iii)£ABD =ZBAC.
PROOF (i) In AABD and ABAC, we have

AD =BC (given)

ZDAB=ZCBA (given)
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AB=BA (common)
AABD = ABAC (SAS-criteria).
(if) As shown above, AABD = ABAC.
BD=AC (cp.ct.).
(iii) And, ZABD = ZBAC (c.p.c.t.).
EXAMPLE23 In the given figure, AB=AD in E

AABD and AC=AE in AACE and
ZBAD = ZEAC. Show that BC = DE.

GIVEN AABD and AACE in which AB=AD,
AC=AE and ZBAD = ZEAC.

ToPROVE BC =DE.
PROOF In AABC and AADE, we have
AB=AD (given)
ZBAC=2BAD+ ZCAD
=/EAC+ ZCAD [ £ZBAD = £ZEAC]
=/DAE
AC=AE (given)
AABC = AADE (SAS-criteria).
Hence, BC=DE (c.p.c.t.).

EXAMPLE 24 In the given figure, AABC is right angled IN
at B such that Z/BCA =2ZBAC. Show that
hypotenuse AC = 2BC.

GIVEN A AABC in which £B =90°and £BCA =2£BAC. /

ToPROVE AC =2BC. /

CONSTRUCTION Produce CB to D such that BD = BC. D/ 77777
Join AD.

PROOF Let ZBAC = x°. Then, ZBCA = 2x°.
In AABC and AABD, we have
BC=BD (by construction)
AB=AB (common)
ZABC=2ABD =90°
AABC = AABD (SAS-criteria)
o ZLCAB=4DAB=x° ...(i) (cp.ct)
and AC=AD ... (i) (c.p.ct).
In ACAD, we have
ZCAD = 2ZCAB+ ZDAB = (x° + x°) = 2x°.
ZACD =Z£ACB = 2x°.
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But, we know that the sides opposite to equal angles are equal.
ZACD=4CAD = AD=CD. ... (iii)
From (ii) and (iii), we get
AC=CD = AC=2BC [. CD=BC+BD=2BC].
Hence, AC =2BC.

EXAMPLE 25 In the adjoining figure, AD 1is a A
median of AABC. If BL and CM are
drawn perpendiculars on AD and AD L
produced, prove that BL = CM.

SOLUTION  In right triangles ABLD and B D ¢
ACMD, we have V
BD=CD [. Disthe midpoint of BC] .
4BLD =ZCMD [each equal to 90°]
ZBDL=2ZCDM [vert. opp. £]
ABLD = ACMD [AAS-criteria].

Hence, BL=CM [c.p.c.t.].

EXAMPLE 26 In the given figure, ABC is a triangle, right G
angled at B. If BCDE is a square on side BC
and ACFG is a square on AC, prove that oF
AD =FB. e

SOLUTION In AACD and AFCB, we have N
ZACD =90°+ ZBCA B ofc

and ZFCB =90° + ZBCA \

= ZACD=ZFCB \

CA=CF (sides of the same square) _ 5

CD=CB (sides of the same square)
AACD = AFCB (SAS-criteria).
Hence, AD=FB (cp.c.t.).
EXAMPLE 27 In the given figure, ABCD is a square, M @
is the midpoint of AB and PQ 1. CM meets p

AD at P and CB produced at Q. Prove that
(i) PA = QB and (ii) CP = AB+ PA.

GIVEN A square ABCD in which M is the midpoint V'A
of AB. PQ 1. CM meets AD at P and CB produced at Q. A

TOPROVE (i) PA = QBand (ii) CP = AB + PA.
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PROOF (i) In APAM and AQBM, we have

AM =BM (. M is the midpoint of AB)
ZPAM =Z20QBM (each equal to 90°)
ZAMP =2BMQ (vertically opp. £)

.. APAM = AQBM (AAS-criteria).

Hence, PA=QB (c.p.c.t).

(ii) Join PC.
Now, in ACMP and ACMQ, we have

PM =QM (.~ APAM = AQBM)
ZCMP =2CMQ (each equal to 90°)
CM=CM (common)

ACMP = ACMQ (SAS-criteria).
o CP=CQ (cp.ct).
= CP=CB+QB=AB+PA [. CB=ABand QB =PA]
Hence, CP = AB + PA.
EXAMPLE 28  [n the given figure, the two sides AB and BC, and the median AD of

AABC are correspondingly equal to the two sides PQ and QR, and
the median PM of APQR. Prove that AABC = APQR.

GIVEN AABC and APQR in which AB = PQ, BC = QR and median AD of
AABC = median PM of APQR.

B D [¢ Q M R
TOPROVE AABC=APQR.
PROOF In AABD and APQM, we have
AB=PQ (given)

BD=QM [ BC=QR = $BC=1QR = BD=QM

med. AD =med. PM (given)
AABD = APQR (SSS-criteria).

s ZLABD=/PQM (cp.ct)

= ZABC=ZPQR.

Now, in AABC and APQR, we have
AB=PQ (given)
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ZABC=ZPQR (proved above)

BC=QR (given).

AABC = APQR (SAS-criteria).

EXAMPLE 29 In the given figure, the bisectors of A

4B and £C of AABC meet at 1. If
IPLBC, IQLCA and IR L AB,
prove that (i) IP=1Q=IR, (ii) IA
bisects L A. B 5 C

GIVEN A AABC in which BI and CI are the bisectors of ZB and «£C
respectively. IP L BC,IQ L CAand IR L AB.

TOPROVE (i) IP =IQ = IR and (ii) IA bisects ZA.

PROOF (i) In AIPC and AIQC, we have
ZIPC=21QC=90° (given)
ZICP=ZICQ ['. ClIis the bisector of Z(]

CI=CI (common)
AIPC = AIQC  (AAS-criteria).
IP=1Q (cp.ct.).

Similarly, IQ = IR.
Hence, IP = IQ = IR.

(ii) In AIQA and AIRA, we have
IQ=1IR [proved in (i)]
ZIQA=ZIRA  [each =90°]
hyp.IA=hyp.IA (common)
AIQA = AIRA  (RHS-criteria).
ZIAQ=ZIAR (c.p.ct.).

Hence, IA bisects £ A.
EXAMPLE 30  In the given figure, ABCD is a quadrilateral A
and E and F are points on AD and E
CD respectively such that AB=CB,
ZABE = ZCBF and £EBD = ZFBD. Prove
that BE = BF. B
SOLUTION  ZABE = ZCBF and ZEBD = ZFBD b
= ZABE+ZEBD=ZCBF+ ZFBD =
= ZABD=/CBD. ... (3)

C
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Now, in AABD and ACBD, we have

AB=CB (given)
ZABD =2ZCBD [from (i)]
BD = BD (common)

AABD = ACBD [SAS-criteria].
s ZBAD=/BCD [c.p.ct]
= ZBAE =ZBCF. ... (i)

Now, in AABE and ACBF, we have
AB=CB (given)

ZABE =ZCBF (given)

4BAE =Z/BCF [proved in (ii)]
.. AABE=ACBF [AAS-criteria].
Hence, BE = BF.

EXERCISE 9A

1. In the given figure, AB||CD and O is the c D
midpoint of AD.

Show that (i) AAOB = ADOC. 5
(ii) O is the midpoint of BC.

2. In the given figure, AD and BC are equal B c
perpendiculars to a line segment AB.

Show that CD bisects AB.

3. In the given figure, two parallel lines / and m p/ /

q
are intersected by two parallel lines p and 4.
- ND Ll
- c "

Show that AABC = ACDA.




7.

10.

A
Ff % E
B c
. AABC and ADBC are two isosceles triangles A
B E c

. In the given figure, line [ is the bisector of an
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. AD is an altitude of an isosceles AABC in A
which AB = AC.
Show that (i) AD bisects BC,
(ii) AD bisects L A.
B D C

. In the given figure, BE and CF are two

equal altitudes of AABC.
Show that (i) AABE = AACEF,
(ii) AB = AC.

on the same base BC and vertices A and D
are on the same side of BC. If AD is extended
to intersect BC at E, show that

(i) AABD=AACD
(i) AABE=AACE
(iii) AE bisects £A as well as ZD
(iv) AE is the perpendicular bisector of BC.

In the given figure, if x = y and AB = CB then
prove that AE = CD.

angle ZA and B is any point on [. If BP and
BQ are perpendiculars from B to the arms of
Z A, show that

(i) AAPB=AAQB
(ii) BP=BQ, i.e., B is equidistant from the
arms of ZA.

. ABCD is a quadrilateral such that diagonal AC bisects the angles ZA

and £C.Prove that AB=AD and CB = CD.

AABC is a right triangle right angled at A such that AB=AC and
bisector of ZC intersects the side AB at D. Prove that AC+AD = BC.
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11. In the given figure, OA = OB and OP = OQ. B
Prove that (i) PX = QX, (ii) AX = BX.

o P A

12. In the given figure, ABC is an equilateral
triangle; PQ| AC and AC is produced to R
such that CR = BP. Prove that QR bisects PC.

13. In the given figure, ABCD is a quadrilateralin A B
which AB|| DC and P is the midpoint of BC. On

producing, AP and DC meet at Q. Prove that 3
(i) AB=CQ, (ii) DQ=DC+AB. .
D C Q
14. In the given figure, ABCD is a square and P is D . C
a point inside it such that PB = PD. Prove that
CPA is a straight line.
P
A B
15. In the given figure, O is a point in the interior D c
of square ABCD such that AOAB is an 0
equilateral triangle. Show that AOCD is an
isosceles triangle.
A B
16. In the adjoining figure, X and Y are A
respectively two points on equal sides AB and X v

AC of AABC such that AX=AY. Prove that
CX = BY.



17.

18.

19.

20.

21.

22,

23.

24.

25.
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In AABC, D is the midpoint of BC. If DL L AB A

and DM 1. AC such that DL = DM, prove that

AB=AC. L M
%%

In AABC, AB = AC and the bisectors of ZB and A

ZC meet at a point O. Prove that BO = CO and ‘k

the ray AO is the bisector of ZA.
B [

The line segments joining the midpoints M and N of parallel sides AB
and DC respectively of a trapezium ABCD is perpendicular to both the
sides AB and DC. Prove that AD = BC.

The bisectors of £B and £C of an isosceles triangle with AB=AC
intersect each other at a point O. BO is produced to meet AC at a point
M. Prove that ZMOC = ZABC.

The bisectors of B and £C of an isosceles AABC with AB = AC intersect
each other at a point O. Show that the exterior angle adjacent to ZABC
is equal to ZBOC.

P is a point on the bisector of ZABC.If the line through P, parallel to BA
meets BC at Q, prove that ABPQ is an isosceles triang]le.

The image of an object placed at a
point A before a plane mirror LM is

seen at the point B by an observer at L
D, as shown in the figure. Prove that

the image is as far behind the mirror A ‘ Ss.
as the object is in front of the mirror.

«<l>\
~

ST A
P o
- |

T

B
J\ °~C M
\/ -

z
g,

In the adjoining figure, explain how A
one can find the breadth of the river = - - =
without crossing it.

In a AABC, D is the midpoint of side AC such that BD = %AC. Show
that ZABC is a right angle.
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26. “If two sides and an angle of one triangle are equal to two sides and an
angle of another triangle then the two triangles must be congruent.”

Is the statement true? Why?

27. “If two angles and a side of one triangle are equal to two angles and a
side of another triangle then the two triangles must be congruent.”

Is the statement true? Why?

HINTS TO SOME SELECTED QUESTIONS

5. AABE = AACF as BE=CF, £BAE = ZCAF = £A, ZAEB = ZAFC = 90°.

6. (i) AABD=AACDas AB=AC,BD=CD, AD=AD.
ZBAD =/ZCAD = 4BAE=ZCAE.

(i) AABE=AACE as AB=AC, AE = AE, Z/BAE = ZCAE.
Similarly, ABDE = ACDE.
(iii) AABE = AACE = ZBAE =ZCAE and £BDE = ZCDE.
(iv) BE=CE and ZAEB = ZAEC =90° as ZAEB + ZAEC = 180°.
7. AABE = ACBD as AB=CB, ZABE = ZCBD.
And,x=y = 180°—x=180°-y = ZCDB=ZAEB.

10. GIvEN A AABC in which AB=AC, ZA =90° and CD bisects ZC. B
ToPROVE AC+AD =BC. b
CONSTRUCTION Draw DE L BC. X
PROOF ADAC=ADECasDC=DC, £1=242,ZA=23=90". D
.. DA=DEand AC =EC. ‘.
Now, AB=AC = 4B=ZC. C

Z/A+/ZB+2C=180° = 90°+ ZB+ £ZB=180° = £B =45
In ABED, £Z4+ ZB=90° = £4+45°=90° = Z4=45°.
In ABDE, Z4=/B = DE=BE = DA =DE =BE.
Now, BC=BE+EC=AD+AC.
11. AOQA = AOPBas OQ = OP, OA = OB, ZAOQ = £BOP.
ZA=ZB.
AAXP=ABXQas LA = 4B, LAXP = £ZBXQ, (OA—-OP) = (OB-0Q).
12. Let QR intersect PC at M.
ZBPQ = 2ZBCA =60°and £B = 60°.
PQ=BP=CR.
Now, APMQ = ACMR and hence, PM = MC.
13. Show that AABP = AQCP. So, AB=CQ,DQ=DC+CQ=DC+AB.
14. APAD = APAB = ZAPD = ZAPB.
ACPD = ACPB = ZCPD = ZCPB.
ZAPD+ 2CPD = ZAPB+ ZCPB.
But, ZAPD + ZCPD + ZAPB+ ZCPB =360° [4£ around a point].
ZAPD+ ZCPD =180°, i.e., CPA is a straight line.



15.

16.
17.

18.

19.

20.

21.

22.

23.
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AOBC = AOAD as OB = OA, BC = AD, ZOBC = ZOAD = (90° - 60°) = 30°.
Hence, OC=0D (c.p.c.t.).
AAXC=AAYBas AX=AY,AC=AB,ZA=ZA.
ABDL = ACDM as BD =CD, DL = DM, £ZBLD = ZCMD = 90°.
4B =2C and hence AB = AC.

AB=AC = /B=2C = %413:%4 = ZOBC=20CB = BO=CO.

Now, AAOB = AAOC as AB = AC, BO = CO, AO = AO.

Join NA and NB. Then, AAMN = ABMN as A M B

AM = BM, MN = MN, Z AMN = /BMN = 90°. \ i /
AN = BN and ZANM = /BNM. AN /

So,90° — ZANM = 90° — .BNM N

= ZAND=/BNC.
AADN = ABCN,

as AN = BN, ZAND = ZBNC and DN = CN.
AD = BC.

AB=AC = ZACB=/ABC A

N %AACB = %LABC = ~OCB=,0BC y

ZMOC =20BC+ £Z0CB =2/0BC = 4B =ZABC.

[oe]
(@]

AB=AC = ZACB=Z2ABC IN

1, gl
= EAACB = 2LABC

= Z0OCB = £0OBC.
In ABOC, we have
Z0OBC+ £0CB+ £BOC = 180°
= 2/Z0BC+ 4£BOC =180°
= ZABC+ ZBOC =180°
= 180°—-«£DBA+ £BOC =180° = «DBA =2ZBOC.

O
@
O

BA| PQ and BP is the transversal. A
L1=/3 = £2=/3 [ Z1=22(given)].
PQ =BQ. P
1
B Q C

GIVEN A is an object in front of mirror LM and B is its image. Let AB cut LM at T.
TOPROVE AT =BT.
PROOF  We know that angle of incidence is equal to the angle of reflection.
Zi=/Zr = LACN=ZDCN.
In AACT and ABCT, we have
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ZATC=2BTC=90°,CT=CT,
ZCAT=ZACN =i [alt. int. £]
ZCBT=r [corr. 4]
ZCAT=ZCBT [. i=1]
AACT = ABCT.
Hence, AT = BT.
24. Let the breadth of the river be AB.
Mark a point M on the bank of the river at which B is situated.
Let O be the midpoint of BM.
From M move along MN L BM to a point N such that A, O, N are in the same
straight line.
Then, AOBA = AOMN and MN is the required breadth of the river.

25. GVEN A AABC in which AD = CD and BD = 1 AC. A
TOPROVE ZABC =90°.
PROOF BD = %AC and AD = CD = %Ac D

= AD=CD=BD
= AD=BDand BD=CD
= ZBAD=ZABD and £BCD = £CBD
= ZBAC=ZABD and £BCA = £CBD.
In AABC, we have
ZABC+ ZBAC+ £BCA =180°
= ZABC+ZABD+ £CBD =180°
= 2/ABC=180° [. ZABD+ ZCBD = ZABC]
= ZABC=90".
26. The given statement is not true.
It must be two sides and the included angle.
27. The given statement is not true.
The sides must be corresponding sides.

INEQUALITIES IN A TRIANGLE

THEOREM 1 If two sides of a triangle are unequal, prove that the angle opposite to
the longer side is greater.

GIVEN A AABC in which AC > AB.
TOPROVE ZABC > «£BCA.

CONSTRUCTION Mark a point D on AC such that
AD = AB.Join BD.

PROOF  We know that in a triangle, the angles opposite to equal sides are
equal.
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So, in AABD, we have
AB=AD =2BDA = ZABD. .. ()
Now, in ABCD, side CD has been produced to A, forming exterior
angle ZBDA.
. 4BDA>ZBCD [exterior angle is greater than int. opp. angle]

= ZBDA=Z4BCA [ 4BCD = £BCA]
= ZABD > ZBCA [using (i)]
= ZABC>ZABD>ZBCA [. £ZABC>ZABD]
= ZABC>ZBCA.
Hence, ZABC > ZBCA.
THEOREM2 In any triangle, prove that the side opposite to the greater angle
is longer.
GIVEN A AABC in which ZABC > ZACB. A

ToPROVE AC > AB.

PROOF

We have the following possibilities only. A

(i) AC=AB (ii) AC<AB (iii) AC > AB B c
Out of these possibilities, exactly one must be true.
CASE|
If possible, let AC = AB.
We know that the angles opposite to equal sides of a triangle are
equal.
AC=AB = ZABC=ZACB.
This contradicts the given hypothesis that ZABC > ZACB.
AC +# AB.
CASE Il
If possible, let AC < AB. Then, AB > AC.
Since the angle opposite to the longer side is larger, so
AB>AC = ZACB>ZABC.
This contradicts the given hypothesis that ZABC > ZACB.
AC cannot be less than AB.
CASE IIl

Now, we are left with the only possibility that AC > AB, which
must be true.

Hence, AC > AB.

THEOREM 3  Prove that, of all the line segments that can be drawn to a given line,

from a point not lying on it, the perpendicular line segment is the
shortest.
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GIVEN A line AB and a point P outside it. PM . AB P
and N is a point, other than M, on AB. \\
TOPROVE PM < PN. AN

- N
PROOF In APMN, we have ZM = 90°. A M N B

But, in a right-angled triangle, each one of the angles other than
the right angle is an acute angle.

ZPNM < ZPMN.
But, the side opposite to the smaller angle in a triangle is shorter.
PM < PN.

Hence, the perpendicular from P to the given line is shortest of
all line segments from P to AB.

DISTANCE BETWEEN A LINE AND A POINT

The distance between a line and a point, not on it, is the length of perpendicular
from the point to the given line.

NOTE  The distance between a line and a point lying on it, is zero.

THEOREM 4  Prove that the sum of any two sides of a triangle is greater than the

third side.
GIVEN A AABC. D
ToPROVE (i) AB+AC > BC, \//4}
(ii) AB+BC > AC, A / 3
(iii) BC+ AC > AB. |
CONSTRUCTION  Produce BA to D such that AD = AC. i
Join CD. 5 c
PROOF (i) In AACD, we have
AD=AC [by construction]
= ZACD=ZADC [4 opposite to equal sides]
= ZBCD>ZADC [. 4BCD >ZACD]
= ZBCD>4BDC [. £ZADC = 4ZBDC]
= BD>BC [side opposite to larger angle is larger]
= BA+AD>BC
= BA+AC>BC [. AD=AC]
AB+AC > BC.

Similarly, AB+BC > AC and BC+ AC > AB.

THEOREM 5  Prove that the difference between any two sides of a triangle is less
than its third side.



Congruence of Triangles and Inequalities in a Triangle 291

GIVEN A AABC. A
TOPROVE (i) AC—AB<BC, >D
(ii) BC—AC < AB, g
B C

(iii) BC—AB < AC.
CONSTRUCTION  Let AC > AB. Then, along AC, set off AD = AB. Join BD.

PROOF AB=AD = Z1=/12. ... (@)

Side CD of ABCD has been produced to A.

22> 74 ... (ii) [ ext. angle > each int. opp. angle].
Side AD of AABD has been produced to C.

£3> /1 ... (ili) [ext. angle > each int. opp. angle]
=  £3>Z2 ... (iv) [using (i)].
From (ii) and (iv), we get £3 > /4 = /4 < /3.
Now, Z4 < /3
= CD<BC

= AC-AD<BC

= AC-AB<BC [. AD=AB]
Hence, AC—AB < BC.

Similarly, BC - AC < AB and BC - AB < AC.

THEOREM 6  Prove that the sum of any two sides of a
triangle is greater than twice the median
drawn to the third side.

GIVEN A AABC in which AD is a median.
TOPROVE AB+AC >2AD.

CONSTRUCTION Produce AD to E such that
AD = DE.Join EC.

PROOF In AADB and AEDC, we have

AD =DE (by construction)
ZADB=ZEDC (vert. opp. angles)

BD =CD (- Dis the midpoint of BC)
AADB=AEDC (by SAS-criteria).

AB=EC (cp.ct).

We know that the sum of any two sides of a triangle is greater than
the third side. So, in AACE, we have

EC+AC > AE.
AB+AC >2AD [. EC=ABand AE =2AD].
Hence, AB+ AC > 2AD.
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EXAMPLE 1

SOLUTION

EXAMPLE 2

SOLUTION

EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION

Secondary School Mathematics for Class 9

SOLVED EXAMPLES

In a AABC, if ZA=40° and £B=60° then which side of the
triangle is longest and which is shortest?

Here, £ZA = 40° and £B = 60°. A
ZC =180° - (40° +60°) = 80~. o?
Thus, £C is largest and £ A is smallest.
So, the side opposite to ZC is longest. R
i Ae0e 89
Hence, the longest side is AB. B8 C

Also, the side opposite to £ A is shortest.
BC is the shortest side.

In a right-angled triangle, prove that the hypotenuse is the longest

side.

Let ABC be a right triangle in which £B = 90°.

Then, LA+ £C =90°.
4B>ZAand 4B > ZC

= AC>BCand AC>AB
[side opp. to larger angle is longer].

%

AC is the longest side. B C
Hence, in a right triangle, the hypotenuse is the longest side.
Show that the sum of three altitudes of a triangle is less than the sum
of the three sides of the triangle.

Let AL, BM, CN be the three altitudes of AABC.
We know that, of all line segments drawn
from a point outside a line to the line, the
perpendicular is the shortest.

AL < AB, BM < BC and CN < AC.
AL+BM+CN <AB+BC+AC.

4
>
<

B L o
Prove that the perimeter of a triangle is greater than the sum of its
three medians.
Let AD, BE and CF be the three
medians of a AABC.
We know that the sum of any two
sides of a triangle is greater than

twice the median drawn to the
third side.

-
>
m

B D

O



EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION
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AB+AC > 2AD, ... ()
AB+BC > 2BE ... (i)
and BC +AC > 2CF. ... (iii)

Adding, the corresponding sides of (i), (ii) and (iii), we get
2(AB+BC+AC) >2(AD +BE +CF)
(AB+BC+AC) > (AD+ BE +CF).

Hence, the perimeter of a triangle is greater than the sum of

its three medians.

In the adjoining figure, ABC is a triangle
and D is any point in its interior. Show
that (BD + DC) < (AB+ AC).

Produce BD to meet AC at E. B C

We know that in a triangle, the sum of any two sides is
always greater than the third side.

In AABE, we have

AB+AE >BE = AB+AE>BD+DE. (D)
In ACDE, we have

DE+EC > DC. ... (ii)

From (i) and (ii), we get
AB+AE+DE+EC>BD+DE+DC

= AB+(AE+EC)>BD+DC

= (AB+AC)> (BD+DC).

Hence, (BD +DC) < (AB+AC).

In the given figure, AP LQR,

PR >PQ and PQ=PS. Show that
AR > AQ.

In AAPQ and AAPS, we have
PQ=PS (giveny Q@ P S R
ZAPQ=2APS (each equal to 90°)
AP =AP (common)

AAPQ = AAPS (SAS-criteria).
ZAQP=ZASP = £AQS=2ASQ. .. ()
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Now, side RS of AARS has been produced to Q.
ZASQ > ZARS [ext. angle > int. opp. angle]
= ZAQS>ZARS [using (i)]
= ZAQR>ZARQ
= AR>AQ [the side opposite to greater angle is larger].
Hence, AR > AQ.

EXAMPLE 7 In the given figure, O is the centre of the circle z

and XOY is a diameter. If XZ is any other chord, /A
show that XY > XZ. « v
GIVEN A circle with centre O in which XQY is a diameter v
and XZ is another chord.

TOPROVE XY > XZ.

CONSTRUCTION  Join OZ.

PROOF We know that in a triangle, the sum of any two sides is always
greater than the third side.

So, in AXOZ, we have
XO+0Z>XZ
= XO0+0Y>XZ [. OZ=QY =radius of the circle]
= XY>XZ [ XO+0Y=XY]
Hence, XY > XZ.
EXAMPLE8  In AABC, if D is any point on the side BC, A

show that (AB+ BC + AC) > 2AD.

GIVEN A AABC in which D is a point on BC and AD
is drawn.

TOPROVE (AB+BC+AC)>2AD. B D c

PROOF  We know that in a triangle, the sum of any two sides is always
greater than the third side.

So, in AABD, we have AB +BD > AD. ... ()

And, in AACD, we have AC+CD > AD. ... (ii)

Adding the corresponding sides of (i) and (ii), we get
AB+(BD+CD)+AC >2AD

= (AB+BC+AC)>2AD [. BD+CD =BC].
Hence, (AB +BC + AC) > 2AD.
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In AABC, if AD is the bisector of ZA, A
show that AB > BD and AC > DC.

GIVEN A AABC in which AD is the bisector of ZA.
TOPROVE AB >BD and AC > DC.

PROOF In AACD, side CD has been produced to B. B

=
=
=

O
(@]

ext. ZADB > int. opp. £CAD

ZADB > ZCAD

ZADB>/BAD [. ZCAD=2ZBAD]

AB>BD [side opposite to larger angle is larger].

Again, in AABD, the side BD has been produced to C.

=
=
=

ext. ZADC > int. opp. £BAD

ZADC > ZBAD
ZADC>ZCAD [. 4ZBAD=2/CAD]
AC>DC [side opposite to larger angle is larger].

Hence, AB > BD and AC > DC.

EXAMPLE 10

SOLUTION

EXAMPLE 11

SOLUTION

In the given figure, AB > AC. If D is any point A
on BC, show that AB > AD.

We know that the angle opposite to the
larger side is larger.

AB>AC = ZACB>ZABC 8 D c
= ZLACD > ZABD. .. (@)
Again, side CD of AACD has been produced to B.
ext. ZADB > ZACD. ... (ii)
From (i) and (ii), we get
ZADB > ZACD > ZABD

= ZADB>ZABD
= AB>AD [side opposite to larger angle is larger].
Hence, AB > AD.
In the given figure, AC > AB and AD is the A
bisector of Z A. Show that Z ADC > Z ADB.
AC> AB
= 4ZB>Z«C
= JUB+Z1>/C+22 [ £1=42] B D
= ZADC>ZADB

[ 4B+ 4£1=2ADC and £C+ £2 =2ADB].
Hence, ZADC > ZADB.

(@)
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EXAMPLE 12

SOLUTION

EXAMPLE 13

SOLUTION
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In the given figure, the sides AB and AC
of AABC have been extended to D and E
respectively. If x >y, show that AB > AC.
x>y = —x<-Yy

= (180—-x) < (180—y)

= ZABC <ZACB

= ZLACB>ZABC

= AB>AC [side opposite to larger angle is larger].
Hence, AB > AC.

In the given figure, Q is a point on the side R
SR of APSR such that PQ = PR. Prove
that PS > PQ.

We know that the angles opposite to
equal sides are equal. s Q R

PQ=PR = ZPQR=4PRQ. (1)

In APSQ, the side SQ has been produced to R.

. ZPQR>ZPSQ [exterior angle is greater than int. opp. £]
ZPRQ > ZPSQ [using (i)]
Z/PRS>/PSR [. ZPRQ=2PRSand ZPSQ = ZPSR]
PS>PR
PS>PQ [. PQ=PR]
Hence, PS > PQ.

R

EXERCISE 9B

1. Is it possible to construct a triangle with lengths of its sides as given
below? Give reason for your answer.

(i) 5cm, 4 cm, 9 cm (ii) 8cm, 7 cm, 4 cm

(iii) 10 cm, 5 cm, 6 cm (iv) 2.5cm,5cm, 7 cm

(v) 3cm, 4 cm, 8 cm
2. In AABC, £ZA =50° and £B = 60°. Determine the longest and shortest
sides of the triangle.
3. (i) In AABC, ZA =90°. Which is its longest side?
(ii) In AABC, £A = 2B =45°. Which is its longest side?
(iii) In AABC, £A =100° and £C = 50°. Which is its shortest side?
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11.

12.

. In AABC, 2B = 35°, ZC = 65° and the bisector
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. In AABC, side AB is produced to D such o]

that BD=BC. If ZA=70° and 4B =60°,
prove that (i) AD > CD (ii) AD > AC.

70° 609 .
A B ‘ D
. In the given figure, /B < ZAand ZC < £D. D
Show that AD < BC. R
(0]
A
C
. AB and CD are respectively the smallest D
and largest sides of a quadrilateral ABCD.
Show that ZA > ZC and 4B > ZD.
A
B C

. In a quadrilateral ABCD, show that

(AB +BC+CD + DA) > (AC + BD).

. In a quadrilateral ABCD, show that

(AB+BC+CD +DA) < 2(BD + AC).

of ZBAC meets BC in X. Arrange AX, BX and
CXin descending order.

In the given figure, PQ > PR and QS and RS
are the bisectors of £Q and ZR respectively.
Show that SQ > SR.

Q R

D is any point on the side AC of AABC with AB=AC. Show that
CD < BD.
Prove that in a triangle, other than an equilateral triangle, angle

opposite the longest side is greater than % of a right angle.
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13. In the given figure, prove that D
(i) CD+DA+AB>BC
(i) CD+DA+AB+BC > 2AC.

14. If O is a point within AABC, show that
(i) AB+AC>0OB+0C
(ii)) AB+BC+CA>0OA+0OB+0C

(ili) OA+OB+OC > 3 (AB+ BC + CA).

15. In the given figure, AD L. BC and CD > BD. Show A
that AC > AB.

16. In the given figure, D is a point on side BC of B
a AABC and E is a point such that CD = DE.
Prove that AB+ AC > BE.

ANSWERS (EXERCISE 9B)

1. i) No (ii) Yes (iii) Yes (iv) Yes (v) No
2. Longest side is AB, shortest side is BC
3. i) BC (ii) AB (iii) AC 9. BX>AX>CX

HINTS TO SOME SELECTED QUESTIONS

1. For construction of a triangle, the sum of two sides must be greater than the third side.
4. ZACB=180°—(70° + 60°) = 50°. Let ZBCD = ZBDC = x°.
ZCBD = (180° — 60°) = 120°.
120+ x+x =180 = x=30.
5. In AOAB, ZB< ZA = OA < OB.
In AOCD, 2C < 4D = OD < OC.
(OA+0D) < (OB+0C) = AD <BC.
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10.

12.

. LA+35°+65° =
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Join AC. In AABC, we have D D
AB<BC = BC>AB 2

= ZBAC>ZACB. ...(i) /

In AACD, we have //
CD>AD = ZCAD > ZACD. ... (ii) /
(£BAC+ ZCAD) > (LACB+ 2ACD) Af~__ A /

= ZA>Z/C. \\\\\\ ///

Similarly, by joining B and D, we may B————°¢C B" c

prove that ZB > ZD.

. Join AC. Then,

.OA+OB>AB,0B+0OC > BC,

C
AB+BC > ACand CD + DA > AC.
5 (AB+BC+CD+DA) > 2AC. (@) D
Similarly, by joining BD, we get
(AB+BC+CD+DA) > 2BD. ... (ii)
Adding respective sides of (i) and (ii), we get the required result. s 3
C

OC+0OD > CD, OD + OA > DA.
Adding, we get
2(OA+0OC+OB+0D) > (AB+BC+CD+DA)
2(AC+BD) > (AB+BC+CD +DA)
[ OA+0OC=AC,OB+0D = BD].

=

180° = £A =80°.

Z/BAX=2CAX =40°, LZABX =35°, ZACX = 65°.
ZAXB =180° — (40° + 35°) = 105°.

ZBAX >ZABX = BX > AX.

ZACX >ZCAX = AX>CX.

BX>AX>CX.

PQ>PR = £PRQ > 2PQR

N %4 PRQ > %LPQR

= /SRQ >~/ SQR

SQ > SR.

=

Let AB be the longest side. Then,
AB>BCand AB>CA
= ZC>ZAand £C>ZB
[ angle opposite to longer side is larger]

= 24C>(ZA+ZB)
= 34C>(LA+ZB+2C) 5 c
= 34C>180°
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= ZC>60°

= ZC> (% of a right angle).

13. (i) CD+DA>CA = (CD+DA)+AB > (CA+AB)
= (CD+DA +AB) > CB.
(i) (CD+ DA) > CA and (AB + BC) > AC
= (CD+DA+AB+BC)>2AC.

14. (i) In AABD, we have

A
AB+AD >BD = AB+AD > OB+OD. )] D
In AODC, we have OD + DC > OC. ... (i) 5
AB+AD+0OD+DC>0B+0D+0C
[adding (i) and (ii)] B C

= AB+AD+DC>0OB+0C
= AB+AC>O0OB+0OC [. AD+DC > AC].
(ii) AB+AC > OB+0C.
Similarly, BC+BA > OC+OA and CA+CB > OA + OB.
Adding, we get (AB+BC+CA) > (OA+OB+0C).
(iii) In AOAB, AOBC and AOCA, we have
OA+OB > AB,OB+0C > BC and OC + OA > CA.

(OA+OB+0C) > %(AB+BC+CA),

15. Set off DE = BD. Join AE.
NADB=AADE [SAS-congruence]
as BD=ED, ZADB = 2ZADE =90°and AD = AD.
AB=AE = ZABE=ZAED > ZC
= Z/B>2C = AC> AB. B

16. AB+AC > BC
= AB+AC>BD+DC =BD+DE > BE.
(AB+AC) > BE.

MULTIPLE-CHOICE QUESTIONS (MCQ)
Choose the correct answer in each of the following:

1. Which of the following is not a criterion for congruence of triangles?

(a) SSA (b) SAS (c) ASA (d) sss
2. If AB=QR, BC = RP and CA = PQ then which of the following holds?
(a) AABC = APQR (b) ACBA=APQR

(c) ACAB = APQR (d) ABCA=APQR
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11.
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. If AABC = APQR then which of the following is not true?

(a) BC=PQ  (b) AC=PR () BC=QR  (d) AB=PQ

. In AABC, AB=AC and £B=50°. Then, LA =7

(a) 40° (b) 50° (c) 80° (d) 130°

. In AABC, BC = AB and £B =80°. Then, LA =7

(a) 50° (b) 40° (c) 100° (d) 80°

. InAABC,£2C=4ZA,BC=4cm and AC =5 cm. Then, AB="?

(a) 4 cm (b) 5cm (c) 8cm (d) 2.5 cm

. Two sides of a triangle are of length 4 cm and 2.5 cm. The length of the

third side of the triangle cannot be
(a) 6 cm (b) 6.5cm (c) 5.5 cm (d) 6.3 cm

. In AABC, if ZC > 4B, then

(a) BC>AC  (b) AB>AC (c) AB<AC  (d) BC<AC

. It is given that AABC = AFDE in which AB =5 cm, /B =40°, ZA = 80°

and FD =5 cm. Then, which of the following is true?
(a) £D = 60° (b) £LE =60° (c) ZF=60° (d) «D = 80°
In AABC, £ZA = 40° and £B = 60°. Then, the longest side of AABC is
(a) BC (b) AC
(c) AB (d) cannot be determined

In the given figure, AB > AC. Then, which of A
the following is true?

(a) AB<AD

(b) AB=AD

(c) AB>AD B D c
(d) Cannot be determined

In the given figure, AB > AC. If BO and CO are A
the bisectors of £B and ZC respectively then

(a) OB=0C
(b) OB > 0OC
(c) OB<OC B C

In the given figure, AB = AC and OB = OC. Then, A
ZABO:ZACO=?

(a)1:1
(b) 2:1 PN
() 1:2 - =

(d) none of these
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15.

16.

17.

18.

19.

20.
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If the altitudes from two vertices of a triangle to the opposite sides are
equal then the triangle is

(a) equilateral (b) isosceles
(c) scalene (d) right angled

In AABC and ADEF, it is given that AB = DE and BC = EF. In order that
AABC = ADEF, we must have

(a) LA=4D (b) £B=ZE (c) £C=Z«F (d) none of these
In AABC and ADEF, itis given that /B = ZE and ZC = ZF.In order that
AABC = ADEF, we must have

(a) AB=DF (b) AC=DE (c) BC=EF (d) £A=«D
In AABC and APQR, it is given that AB=AC, ZC=ZP and 4B =~ZQ.
Then, the two triangles are

(a) isosceles but not congruent

(b) isosceles and congruent

(c) congruent but not isosceles

(d) neither congruent nor isosceles
Which is true?

(a) A triangle can have two right angles.

(b) A triangle can have two obtuse angles.

(c) A triangle can have two acute angles.

(d) An exterior angle of a triangle is less than either of the interior

opposite angles.
Fill in the blanks with < or >.
(a) (Sum of any two sides of a triangle) ...... (the third side).
(b) (Difference of any two sides of a triangle) ...... (the third side).

(c) (Sum of three altitudes of a triangle) ...... (sum of its three sides).
(d) (Sum of any two sides of a triangle) ...... (twice the median to the
3rd side).
(e) (Perimeter of a triangle) ...... (sum of its three medians).
Fill in the blanks.

(a) Each angle of an equilateral triangle measures ...... .
(b) Medians of an equilateral triangle are ...... .
(c) In aright triangle, the hypotenuse is the ...... side.

(d) Drawing a AABC with AB=3 cm, BC=4 cm and CA=7 cm
is ...... .



1
9
17
20

. Clearly, I | |
Q
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ANSWERS (MCQ)

a) 2. (o) 3. (a) 4. () 5. (a) (a

a) 18.() 19.(a)> (b)< (@< (d)> (o)

a) 60° (b) equal (c)longest (d)not possible

- (
- (
- (a)
- (a)

HINTS TO SOME SELECTED QUESTIONS

. SSA is not a criterion for congruence of triangles.

ABC
RP
So, ACAB = APQR.

. AABC=APQR = BC=QR.

BC = PQ is not true.

.AB=AC = ZC=24B=50°.

So, ZA+50°+50° =180° = LA =80".

.BC=AB = ZA=/C=x"(say).

Then, x+80+x =180 = 2x=100 = x=50.

. ZC=ZA = AB=BC=4cm.

7. Sum of two sides must be greater than the third side.

10.
11.

12.

13.

So, the third side cannot be 6.5 cm.

.ZC>ZB = AB> AC.
. Given, AABC = AFDE.

AB=FD =5cm, £B=40°and £A = 80°.
Z£C =180° — (80° +40°) = 60°.
So, we must have ZE = ZC = 60°.
ZC =180° —(40° +60°) = 80°. So, the longest side is AB.
AB>AC = ZACB > ZABC.
Ext. ZADB > ZACD = £ZADB>ZACB > ZABC
= ZADB>ZABD = AB> AD.

AB>AC = £C>/B = 3/C>2/B
= Z0OCB > Z0BC = OB > OC.
Join OA.
In AOAB and AOAC, we have
AB = AC (given),
OB = OC (given)
and OA = OA.

303

6.@) 7.(b) 8. (b)
b) 10.(c) 11 () 12 (b) 13.(a) 14. (b) 15 (b) 16. (c)
>

AOAB= AOAC = £ABO =~ACO. A

ZABO:ZACO=1:1. B
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14. A AABC is given in which BL 1. AC and CM L AB such that BL = CM. Then, we have
to prove that AB = AC.
In AABL and AACM, we have:
BL = CM (given),
ZBAL = ZCAM (common), M4 oL
ZALB = ZAMC (each 90°)
AABL = AACM and hence AB = AC.
AABC is isosceles. B c
15. For congruence, we must have /B = ZE.

16. For congruence, we must have BC = EF.
17.AB=AC = ZC=4B = £ZP=£Q [. ZC=4ZPand 4B =2Q]
= QR =PQ.
Thus, both the triangles are isosceles but not congruent.

SUMMARY OF IMPORTANT FACTS AND FORMULAE

1. CONGRUENT TRIANGLES A ABC is said to be congruent to ADEF only when one
of them can be made to superpose on the other (and vice versa) so as to cover it
exactly. And, we write, AABC = ADEF.

2. CRITERIA FOR CONGRUENCE
(i) SAS (Two sides and the included angle)
(ii) AAS (Two angles and one side)
(iii) SSS  (All the three corresponding sides are equal)
(iv) RHS (In two right triangles, hypotenuse and one side)

3. (i) The angles opposite to two equal sides of a triangle are equal.
(ii) The sides opposite to two equal angles of a triangle are equal.

4. (i) In a triangle, the longer side has the greater angle opposite it.
(ii) In a triangle, the greater angle has the longer side opposite it.

5. (i) The sum of any two sides of a triangle is greater than the third side.

(ii) The difference between any two sides of a triangle is less than the
third side.

6. (i) If the bisector of the vertical angle of a triangle bisects the base, the
triangle is isosceles.

(ii) In an isosceles triangle, the altitude from the vertex bisects the base.

(iii) If the altitude from the vertex of a triangle bisects the base, the
triangle is isosceles.

(iv) The perpendiculars drawn from the vertices of equal angles of an
isosceles triangle to the opposite sides are equal.
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(v) If the altitudes from two vertices of a triangle to the opposite sides are
equal, the triangle is isosceles.

7. (i) Each angle of an equilateral triangle is 60°.
(ii) The medians of an equilateral triangle are equal.

8. (i) The sum of three altitudes of a triangle is less than the sum of three
sides of the triangle.

(ii) The sum of any two sides of a triangle is greater than twice the
median drawn to the third side.

(iii) The perimeter of a triangle is greater than the sum of its three medians.

9. In a right triangle, the hypotenuse is the longest side.

<
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QUADRILATERAL A plane figure bounded by four D c
line segments AB, BC, CD and DA is called a
quadrilateral, written as quad. ABCD or JABCD.
In a quad. ABCD, we have: A B
(i) vermices The points A, B, C, D are called the vertices of quad.
ABCD.

(ii) sibEs The line segments AB, BC, CD and DA are called the sides
of quad. ABCD.

(iii) DIAGONALS The line segments AC and BD are called the diagonals
of quad. ABCD.

(iv) ADJACENT sIDES Two sides of a quadrilateral having a common

end point are called its consecutive or adjacent sides.

(AB, BC), (BC,CD),(CD,DA) and (DA, AB) are four pairs of

adjacent sides of quad. ABCD.

OPPOSITE SIDES Two sides of a quadrilateral having no common

end point are called its opposite sides.

(AB, CD) and (AD, BC) are two pairs of opposite sides of quad.

ABCD.

(vi) CONSECUTIVE ANGLES Two angles of a quadrilateral having a
common arm are called its consecutive angles.
(£A, £B), (£B, £C), (£C,£D) and (£D,£A) are four pairs of
consecutive angles of a quad. ABCD.

(v

~

(vil) opPOSITE ANGLES Two angles of a quadrilateral having no
common arm are called its opposite angles.

(£A, £C) and (£B, £D) are two pairs of opposite angles of quad.
ABCD.

VARIOUS TYPES OF QUADRILATERALS
1. PARALLELOGRAM A quadrilateral in which
both pairs of opposite sides are parallel is
called a parallelogram, written as ||gm. In
lgm PQRS, we have
PQ|SR, PS||QR.
306
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2. RECTANGLE A parallelogram one of whose D c
angles is 90°, is called a rectangle, written
as rect. ABCD, etc.

In rect. ABCD, we have

N
AB|DC, AD|BC and £A =90°. A B
3. SQUARE A parallelogram whose all sides are equal =~ @ P

and one of whose angles is 90° is called a square.
A square is thus a rectangle having all sides equal.

In square MNPQ), we have
MN || QP, MQ|| NP and MN = NP = PQ = QM
and ZM =90°.

4. rRHOMBUS A parallelogram having all sides
equal is called a rhombus.
In rhombus DEFG, we have

DE||GE, DG||EF and DE = EF = FG = GD.

G F

D E

5. TRAPEZIUM A quadrilateral having one N M
pair of opposite sides parallel is called a
trapezium.

In trapezium KLMN, we have K L
KL | NM.

The line segment joining the midpoints of nonparallel sides of a

trapezium is called its median.

6. ISOSCELES TRAPEZIUM If the two nonparallel T S
sides of a trapezium are equal then it is called
an isosceles trapezium.

In isosceles trapezium PQST, we have p Q
PQ|| TS and PT = QS.
7. KITE A quadrilateral in which two pairs of adjacent A
sides are equal is known as a kite.
Quad. ABEF is a kite, in which B F

AB=AF and EB = EF.
From the above definitions it is clear that:
(i) Rectangle, square and rhombus are all parallelograms.  E



308 Secondary School Mathematics for Class 9

(ii) A parallelogram is a trapezium while a trapezium is not a
parallelogram.

(iii) A square is both a rectangle and a rhombus.
(iv) A kite is not a parallelogram.

(v) A rectangle or a rhombus is not necessarily a square.

THEOREM 1 The sum of all the four angles of a D
quadrilateral is 360°. >

GIVEN A quad. ABCD.
TOPROVE ZA+ £ZB+ £ZC+ 4D =360".

CONSTRUCTION  Join BD. "
PROOF  Since the sum of the angles of a triangle A B
is 180°, we have
LA+ Z1+2£2=180° ... (i) (sum of £ of AABD)
and £3+£C+ £4=180° ... (i1) (sum of £ of ABCD).

On adding (i) and (ii), we get
LA+ ZC+( L1+ £3)+(£2+ £4) =360
= ZA+ZC+ 4B+ 4D =360°
[ Z1+243=/Band 22+ 24 =2 A]
= LA+ ZB+ZC+ 4D =360°.

SOLVED EXAMPLES

EXAMPLE 1 Three angles of a quadrilateral measure 110°, 82° and 68°. Find the
measure of the fourth angle.

SOLUTION  Let the measure of the fourth angle be x°.

Then, the sum of the angles of a quadrilateral being 360°, we
have: 110 +82+68+x =360 = 260+x =360 = x =100.

Hence, the measure of the fourth angle is 100°.

EXAMPLE 2 The angles of a quadrilateral are in the ratio 3 : 5:9 : 13. Find all the
angles of the quadrilateral.

SOLUTION  Let ABCD be the given quadrilateral and let
ZA=3x)°, ZB=(5x)°, ZC = (9x)° and «D = (13x)".
Since the sum of the angles of a quadrilateral is 360°, we have

3x+5x+9x+13x =360 = 30x=360 = x=12.
ZA=36°,2B=60°, 2C =108° and «D = 156°.
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SOLUTION

EXAMPLE 4

SOLUTION

EXAMPLE 5
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The sides BA and DC of a quadrilateral
are produced as shown in the given figure.
Prove that x +y=a+D.

We have ZA+b°=180° (linear pair)

= ZA=(180°-0b°). . ()
Also, ZC+a° =180° (linear pair)
= ZC=(180°-a°). ... (i)

Now, LA+ ZB+ ZC+ £D =360°

(sum of the 4 of a quad. is 360°)
= (180°—0b°)+x°+(180° —a’)+y° =360° [using (i) and (ii)]
= xty=a+b.
In a quadrilateral ABCD, the line segments c

bisecting 2C and 2D meet at E. Prove that D
ZA+ ZB=2/CED.

Let CE and DE be the bisectors of ZC

and £D respectively. Then, £1 = %AC A B
and £2=3 2D.

In ADEC, we have £1+ 422+ ZCED = 180°
(sum of the £ of a A is 180°)
= /CED=180°—(£1+ 2£2). .. ()
Again, the sum of the angles of a quadrilateral is 360°.
ZA+ZB+£C+ 4D =360°

1 11

> S(LA+/B)+5 /C+5 /D =180

N %(4A+AB)+41+42=180°

N %(4A+AB)=180°—(41+42). .. (i)

From (i) and (ii), we get %(LA +2£B)=ZCED.

Hence, LA+ 2B =2ZCED.

In the adjoining figure, a point O is taken D c
inside an equilateral quad. ABCD such that v
OB = OD. Show that A, O and C are in the

same straight line.

GIVEN A quad. ABCD in which AB=BC=CD =DA
and O is a point withinit such that OB = OD. A B
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ZAOB+ £COB =180°.

PROOF In AOAB and OAD, we have

AB=AD (given), OA =0A (common)andOB =OD (given)
AOAB = AOAD.
ZAOB=2ZAO0D. .. (@) (cpct)

Similarly, AOBC = AODC.

ZCOB = 2COD. .. (i)

Now, ZLAOB+ £ZCOB+ £COD + £AOD = 360° [£ at a point]
= 2(£LAOB+ZCOB)=360° = ZAOB+ £COB =180°.

EXAMPLE 6

SOLUTION

EXAMPLE 7

SOLUTION

In the adjoining figure, ABCD is a quadrilateral D c

in which AB is the longest side and CD is the

shortest side.

Prove that (i) £C > £ A, (ii) ZD > ZB.

Join AC and BD.

In AABC, AB>BC = £ACB > ZBAC.

In AADC, AD >DC = £ACD > ZCAD

" in a triangle, the longer side has|
the greater angle opposite it

ZACB+ £ZACD > ZBAC+ ZCAD.
ZC>ZA.

Similarly, £D > ZB.

In the adjoining figure, the bisectors of ZB

and £D of a quadrilateral ABCD meet CD

and AB produced at P and Q respectively.
Prove that

4P+4Q:%(AB+ 4D).

In ZADQ, we have
LA+ ZADQ+ £Q =180° (sum of the £ of a A)

= 4A+%4D+4Q=180°. .. ()

In ACBP, we have
ZC+ ZCBP+ £P=180° (sum of the £ ofaA)

S ZC+3/B+/P=180" .. (i)
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SOLUTION
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Adding (i) and (ii), we get

léB_}_l

LA+LC+2 5

2D+ £LP+ £Q =360°

= ZA+ 4C+AB+4D+4P+4Q:360°+%AB+%4D

[adding (% ZB+ % AD) on both sides]

= 360°+ 4P+ 2£Q=360° +%(LB + £D)
[" sum of all the angles of a quadrilateral is 360°]

= 4P+4Q=%(AB+4D).

If ABCD is a quadrilateral whose p

diagonals AC and BD intersect at O, e
prove that 4

(i) (AB+BC+CD +DA) > (AC+BD), AB
(ii) (AB+BC+CD +DA) < 2(AC +BD).

(i) We know that the sum of any two sides of a triangle is
greater than the third.

In AABC, we have AB+BC > AC.

In AACD, we have CD + DA > AC.

In ABCD, we have BC+CD > BD.

In AABD, we have DA + AB > BD.

Adding these inequalities, we get
2(AB+BC+CD +DA) > 2(AC + BD).
AB+BC+CD+DA > AC+BD.

(i) In AAOB, we have OA + OB > AB.

In ABOC, we have OB + OC > BC.

In ACOD, we have OC + OD > CD.

In ADOA, we have OD + OA > DA.

Adding these inequalities, we get
2(0OA+0C)+2(0OB+0D) > AB+BC+CD+DA

= 2(AC+BD)>AB+BC+CD+DA

= AB+BC+CD+DA <2(AC+BD).
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EXERCISE 10A
. Three angles of a quadrilateral are 75°, 90° and 75°. Find the measure of
the fourth angle.
. The angles of a quadrilateral are in the ratio 2: 4 : 5 : 7. Find the angles.
. In the adjoining figure, ABCD is a trapezium D c
in which AB|DC. If ZA=55° and £ZB =70°,
find ZC and £D.
55° 709
A B
. In the adjoining figure, ABCD is a square and E
AEDC is an equilateral triangle. Prove that ! \\\
(i) AE = BE, (i) ZDAE = 15°. I
D(— e
// \\
/ \
/ \
// \\
A B
.In the adjoining figure, BM LAC and 2 ¢
DN L AC. If BM=DN, prove that AC o M
bisects BD.
N
A B

. In the given figure, ABCD is a quadrilateral

in which AB = AD and BC = DC. Prove that
(i) AC bisects ZA and £C, (ii) BE = DE, B D
(iii) £ABC =2£ADC.

C
. In the given figure, ABCD is a square and D f{ ¢
ZPQR=90°.1f PB = QC = DR, prove that ! 1
(i) OB=RC, (ii))PQ=QR, (iii) ZQPR =45°. i Q
|
AP B

.If O is a point within a quadrilateral ABCD, show that

OA+0OB+0OC+0D >AC+BD.
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9. In the adjoining figure, ABCD is a quadrilateral D C
and AC is one of its diagonals. Prove that

(i) AB+BC+CD+DA>2AC
(i) AB+BC+CD>DA A 5
(iii) AB+BC+CD+ DA >AC+BD.
10. Prove that the sum of all the angles of a quadrilateral is 360°.

ANSWERS (EXERCISE 10A)
1. 120° 2. 40°, 80°, 100°, 140° 3. £ZC=110°, 4D =125°

HINTS TO SOME SELECTED QUESTIONS

4. NANADE = ABCE [.© AD=BC,DE=CE, ZADE = ZBCE = (90° + 60°)]
AE =BE.
Now, ZADE =150°and DA = DE = ZDAE =/DEA=15".
5. Let AC and BD intersect at O.
Now, AOND = AOMB [ ZOND = Z0OMB, £DON = £ZBOM and DN = BN].
OD = OB.
6. AABC=AADC
= ZBAC=4DAC, 4BCA =4DCA and ZABC = ZADC.
AABE = AADE = BE=DE.
7.BC=DC,CQ=DR = BC-CQ=DC-DR = QB=RC.
From ACQR, ZRQB = 2ZQCR + ZQRC
= ZRQP+£PQB=90°+ £ZQRC
=  90°+~£PQB =90+ ZQRC = ZPQB=~/QRC.
Now, ARCQ = AQBP and therefore, QR = PQ.
PQ=QR = ZQPR=2PRQ.
But, ZQPR + ZPRQ = 90°. So, ZQPR = 45°.

RESULTS ON PARALLELOGRAMS

THEOREM 1 Prove that in a parallelogram
(i) each diagonal divides the parallelogram b
into two congruent triangles;
(ii) opposite sides are equal;
(iii) opposite angles are equal.
GIVEN A |lgm ABCD in which AB||DC and AD || BC.
TOPROVE (i) AABC = ACDA and AABD = ACDB; A B
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(il) AB=CD and BC = AD;
(iii) ZB=4Dand £A = ZC.
CONSTRUCTION  Join A and C.
PROOF (i) In AABC and CDA, we have
£1=22 (alt. interior 4, as AB| DC and CA cuts them)
£3=24 (alt. interior 4, as BC|| AD and CA cuts them)
AC=CA (common)
AABC = ACDA (AAS-criteria).
Slmllarly, AABD = ACDB.
(i) AABC=ACDA (proved)
AB=CDand BC=AD (cp.c.t.).
(iif) AABC=ACDA (proved)
£ZB=2D (cp.ct).
Also, Z1 =22 and £3 = Z4.
L1+/44=,2+43 = LA=ZC.
Hence, ZB=4D and £ZA = £C.

THEOREM 2  Prove that the diagonals of a parallelogram bisect each other.

GIVEN A ||gm ABCD in which AB|DC and D c
BC||AD. Its diagonals AC and BD intersect
each other at a point O.

TOPROVE OA =0C and OB =0D.

PROOF In AAOB and COD, we have
AB =CD [opposite sides of a ||gm]
ZOAB=Z0CD (alt.interior 4, as AB || DC and CA cuts them)
Z0OBA =Z0DC (alt.interior 4, as AB|| DC and DB cuts them)
AAOB= ACOD (AAS-criteria).

Hence, OA=0Cand OB=0D (c.p.ct.).
SUMMARY In a parallelogram

(i) the opposite sides are equal

(ii) the opposite angles are equal
(iii) each diagonal bisects the parallelogram
(iv) the diagonals bisect each other.

CONVERSE OF THE ABOVE THEOREMS

THEOREM 3  If each pair of opposite sides of a quadrilateral are equal then it is a
parallelogram.
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GIVEN A quad. ABCD in which AB = CD and AD = BC.
TOPROVE ABCDis a |gm. D ; <

CONSTRUCTION  Join A and C. e

PROOF In AABC and CDA, we have e

AB=CD (given), BC=AD (given), 7
AC=CA (common). A ' B
AABC = ACDA.

.. ZBAC=Z4DCA.

But, these are alternate interior angles.
AB||DC. Similarly, AD|| BC.

Hence, ABCD is a ||gm.

THEOREM 4  If in a quadrilateral, each pair of opposite angles are equal then it is a
parallelogram.

GIVEN A quad. ABCD in which ZA=ZCand D ¢
ZB=/4D.
TOPROVE ABCDis a|gm.

PROOF We have

ZA=/Cand ZB=2/D (given) A B
= ZA+4B=4C+ 4D
= ZLA+4ZB=4C+4D=180° [" LA+ 4B+ ZC+ 4D =360°].
Now, the line segments BC and AD are cut by the transversal AB
such that ZA + ZB =180°.

AD| BC [ £A and ZB are co-interior 4].
Again, /A=2Cand /D=4B = LA+/D=/C+ 4B
= ZA+4D=/C+4B=180° [. LA+ ZB+ZC+ 4D =360°].
Now, the line segments DC and AB are cut by the transversal DA
such that ZA + 2D =180°.

AB|DC [." £ZA and ZD are co-interior A].
Thus, AB|DC and AD | BC.
Hence, ABCD is a ||gm.

THEOREM 5  If the diagonals of a quadrilateral bisect each other then prove that
the quadrilateral is a parallelogram.

GIVEN A quad. ABCD whose diagonals AC and BD intersect at a point O
such that OA = OC and OB = OD.

TOPROVE ABCDis a|gm.
PROOF In AOAB and OCD, we have
OA=0C (given), OB=0D (given)
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and ZAOB = ZCOD (vert. opp. £). D C
AOAB=AOCD (SAS-criteria).
ZBAO=2DCO (c.p.ct).
But, these are alternate interior angles.
AB||DC. A B
Again, in AOAD and OCB, we have
OA=0C (given), OD=0B (given)
and ZDOA = ZBOC (vert. opp. £).
AOAD = AOCB (SAS-criteria).
ZADO=ZCBO (c.p.ct.).
But, these are alternate interior angles.
AD| BC.
Thus, AB||DC and AD || BC.
Hence, ABCD is a ||gm.

THEOREM 6  Prove that a quadrilateral is a parallelogram, if its one pair of opposite
sides are equal and parallel.

GIVEN A quad. ABCD in which AB=DC D c

and AB||DC. P
TopPROVE ABCD is a [jgm. 7
CONSTRUCTION Join A and C. /\,/

PROOF In AABC and CDA, we have A ‘ B

AB=DC (given), AC=CA (common),
and ZBAC = 4£DCA [alt. interior 4, as AB || DC and CA cuts them].
AABC = ACDA (SAS-criteria).
ZBCA=2/DAC (cp.ct.).
But, these are alternate interior angles.
AD | BC.
Now, AB||DC and AD | BC.
ABCDis a ||gm.

SUMMARY A quadrilateral is a parallelogram
(i) if both pairs of opposite sides are equal
or (ii) if both pairs of opposite angles are equal
or (iii) if the diagonals bisect each other

or (iv) if a pair of opposite sides are equal and parallel.
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SOME RESULTS ON RECTANGLE, RHOMBUS AND SQUARE

THEOREM 7  Prove that each angle of a rectangle is a right angle.
GIVEN A rectangle ABCD in which ZA =90°. D c
TOPROVE ZA=/B=2/C=2/D=90".
PROOF ABCD is a rectangle
= ABCDisalgm
= AB|DCand AD | BC.
Now, AD || BC and AB is a transversal.
= ZA+ZB=180° [ ZA and £B are co-interior 4]
= Z/B=180"-£A=180°-90°=90°.
Also, ZC=2A=90°and £D = 2B =90°.
[ opposite £ of a ||gm are equal].

H
A

Thus, each of the angles of rectangle is a right angle.

THEOREM 8  Prove that the diagonals of a rectangle are equal.
GIVEN A rect. ABCD in which AC and BD are the diagonals.
ToPROVE AC = BD. D I
PROOF In AABD and BAC, we have
AB=BA (common)
ZA=2B (eachequal to 90°)
AD =BC (opposite sides of a ||gm)
AABD = ABAC (SAS-criteria).
Hence, BD = AC.

THEOREM9  (Converse of Theorem 8) If the two diagonals of a parallelogram are
equal, prove that the parallelogram is a rectangle.

GIVEN A ||gm ABCD in which AC = BD. D C
TOPROVE ABCD is a rectangle.
PROOF In AABC and DCB, we have
AB=DC (opposite sides of a [|gm), A B
BC=CB (common)and AC =DB (given).
AABC = ADCB (SSS-criteria).
.. ZLABC=4DCB. ... ()
But, DC || AB and CB cuts them.
ZABC+ ZDCB=180° (co-interior 4).
ZABC=2DCB=90° [using (i)].
Thus, ABCD is a ||gm one of whose angles is 90°.

Hence, ABCD is a rectangle.
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THEOREM 10 Prove that the diagonals of a rhombus bisect each other at right
angles.

GIVEN A rhombus ABCD whose diagonals AC and BD intersect at a
point O.

TOPROVE (i) OA =0OC and OB = OD
(ii) £LBOC = «DOC = LAOD = ZAOB = 90°.
PROOF (i) Clearly, ABCD is a |jgm, in which D C

AB=BC=CD =DA. V
Also, we know that the diagonals of a
|lgm bisect each other. A
OA=0Cand OB = OD. A B
(i) Now, in ABOC and DOC, we have
OB=0D,BC=DCand OC=0C (common).
ABOC = ADOC.
ZBOC=4DOC (c.p.c.t.).
But, /ZBOC+ 2DOC = 180° (linear pair)
ZBOC = 4£DOC =90°.
Similarly, ZAOB = ZAOD = 90°.
Hence, the diagonals of a rhombus bisect each other at right angles.
THEOREM 11  (Converse of Theorem 10) If the diagonals of a quadrilateral bisect
each other at right angles, prove that it is a rhombus.

GIVEN A quadrilateral ABCD whose diagonals AC and BD intersect at O
such that OA = OC and OB = OD and AC L BD.

TOPROVE ABCD is a rhombus.
PROOF  Since the diagonals of quad. ABCD bisect each D C
other, therefore ABCD is a ||gm. v
Now, in AAOD and COD, we have Q
OA=0C (given), A
ZAOD=4COD=90° [. AC_LBD] A
and OD=0D (common).
AAOD = ACOD.
And so, AD=CD (c.p.c.t.).
Now, AB=CDand AD =BC (opp. sides of a ||gm)
and AD=CD (proved).
AB=CD=AD =BC.
Hence, ABCD is a rhombus.

B
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THEOREM 12  Prove that the diagonals of a square are equal and bisect each other at
right angles.

GIVEN A square ABCD whose diagonals AC and BD intersect at O.
ToPROVE (i) AC =BD
(il OA = OC and OB = OD
(iii) AC L BD.
PROOF (i) In AABC and BAD, we have D c
AB=BA (common)
BC =AD (sides of a square)
ZABC=4BAD (each equal to 90°)
AABC = ABAD (SAS-criterion). A B
Andso, AC=BD (cp.ct).
(ii) Now, ABCD is a square and therefore a ||gm.
And so, OA = OC and OB = OD
[ diagonals of a ||gm bisect each other].
(iii) Now, in AAOB and AOD, we have
OB=0D [. diagonals of a |gm bisect each other]
AB=AD (sides of a square)
AO=AO (common)
AAOB=AAOD (SSS-criterion).
ZAOB=2A0OD.
But, ZAOB+ ZAOD =180° (linear pair)
ZAOB=2A0D =90°.
Thus, AO L BD, i.e., AC L BD.

THEOREM 13  (Converse of Theorem 12) If the diagonals of a quadrilateral are equal
and bisect each other at right angles then prove that the quadrilateral
is a square.

GIVEN A quad. ABCD in which the diagonals AC and BD intersect at O
such that AC = BD; OA = OC and OB = OD; AC L BD.
TOPROVE ABCD is a square.

PROOF  Since the diagonals of quad. ABCD bisect each other, therefore
ABCDis a ||gm.
Now, in AABO and ADO, we have D c
OB=0D (given)
OA=0A (common)
ZAOB=/7A0D=90° [. AC L BD]
AABO = AADO (SAS-criterion). A B
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And so, AB=AD (c.p.ct.).

Now, AB=CDand AD=BC [ opp.sides of a|jgm are equal].
AB=BC=CD=AD.

Again, in AABC and BAD, we have
AB=BA (common)
AC=BD (given)
BC=AD (proved)

.. AABC=ABAD (SSS-criterion).

And so, ZABC = £ZBAD (cp.ct.).

But, ZABC+ ZBAD =180° (co-interior £).
ZABC = 4ZBAD =90".

Thus, AB=BC=CD =AD and £A =90°.
ABCD is a square.

SOLVED EXAMPLES

1 InallgmABCD, if £A=115°, find B, 2C and £D.

Let ABCD be a |jgm in which p C
£ZA=115".

Since AD || BC and AB cuts them, so
ZA+ZB=180° 1150
= 115°+ £B =180° A B
= ZB=(180°-115%) = 65".
Since the opposite angles of a ||gm are equal, we have
£ZC=2A=115"and £D = ZB = 65°.
Hence, 2B =65°, £C =115° and 4D = 65°.

2 Diagonals AC and BD of a parallelogram ABCD intersect at O. If
OA =3 cm and OD = 2 cm, determine the lengths of AC and BD.

SOLUTION The diagonals of a parallelogram A D

bisect each other.
OA=0C=3cm

and OB=0D =2 cm.

And so, B ¢
AC=0A+0C=B+3)cm=6cm

and BD=0B+0D =(2+2)cm =4 cm.
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SOLUTION
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SOLUTION
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In the adjoining figure, ABCD is a rectangle D c
whose diagonals AC and BD intersect at O.
If ZOAB =28°, find ZOBC. o
We know that the diagonals of a 28°
B

rectangle are equal and bisect each other. A
OA=0B = ZOBA =Z0AB =28".
Also, each angle of a rectangle measures 90°.
ZABC=90° = ZOBA+ £0OBC=90°
28°+ Z0OBC=90° = ZOBC = (90° —28°) = 62°.
The diagonals AC and BD of a parallelogram ABCD intersect each
other at the point O. If ZDAC = 32° and £AOB = 70°, find ZDBC.
ZAOB+ZAOD =180° (linear pair) A
= 70°+£A0OD=180° = £ZAOD =110°.
In AAOD, we have
ZDAO+ £ZAOD+ £2ADO =180°
(sum of £ ofa A)
= 32°+110°+ ZADO =180°
= ZADO=(180°-32°-110°) = 38".
Now, ZOBC =£2ADO =38° (alt. interior X£).
ZDBC = Z0BC = 38°.

i

O

O

In the adjoining figure, ABCD is a rhombus. D
If £A =70° find ZCDB.
We have £C=2£A=70°
(opposite £ of a |gm).

Let Z/CDB = x°. A
In ACDB, we have

CD=CB = 4CBD=4CDB=x".

ZCDB+ ZCBD+ ZDCB =180° (sum of £ of a A)
= x°+x°+70°=180° = 2x=110,i.e, x =55.
Hence, ZCDB = 55°.

ABCD is a rhombus such that ZACB = 40°. Find £ ADB.
Let the diagonals AC and BD intersect at O. C

Then, ZBOC = 90°.
[ diagonals of a rhombus
intersect at right angles]

>
d

@
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In ABOC, we have

Z0CB+ ZBOC+ £ZCBO =180° (sum of £ ofa A)
= 40°+90°+£CBO=180° = ZCBO =50".
Now, ZADB=2ZCBO=50° (alt. interior X4).

In the adjoining figure, ABCD is a square. A

D c
line segment DX cuts the side BC at X and the 105°
diagonal AC at O such that ZCOD =105° and 5%
Z0OXC = x°. Find the value of x. X
The angles of a square are bisected by the 5 L

diagonals.

Z0CX =45° [.© £DCB =90° and CA bisects ZDCB].
Also, ZCOD + ZCOX =180° (linear pair)
= 105°+ZCOX=180° = £ZCOX = (180° —105°) =75".
Now, in ACOX, we have

Z0CX+ ZCOX+ £0XC =180°
= 45°+75°+20XC=180° = £OXC = (180° —120°) = 60°.
Hence, x = 60.

In the adjoining figure, ABCD is a D @
parallelogram and X, Y are the points

on the diagonal BD such that DX = BY. N

Prove that %
(i) CXAY is a parallelogram, A B
(ii) AADX = ACBY and AABY = ACDX, and

(iii) AX=CY and CX=AY.
(i) Join AC, meeting BD at O.

Since the diagonals of a parallelogram bisect each other,
we have OA = OC and OD = OB.

Now, OD = OB and DX = BY

= OD-DX=0B-BY = OX=0Y.

Now, OA = OC and OX = QY.

CXAY is a quadrilateral whose diagonals bisect each other.

CXAYis a|gm.
(ii) and (iii) In AADX and CBY, we have
AD =BC (opp. sides of a ||gm)

ZADX=2ZCBY (alt. interior £)
DX =BY (given)
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AADX = ACBY (SAS-criterion).
And so, AX=CY (c.p.c.t).
Similarly, AABY = ACDX and so CX = AY (c.p.c.t.).

EXAMPLES  Prove that in a parallelogram, the bisectors of any two consecutive

angles intersect at right angles.

GIVEN A ||gm ABCD in which the bisectors of two D c

consecutive angles £ A and £B intersect at a point P.
TOPROVE ZAPB=90°.

PROOF AD| BC and AB is a transversal
[ ABCDisa|lgm].
ZA+ /B =180°
1 1 o0
> ZA+ 74B=90
J14 2 =90° " AP and BP are bisectors of .
Z A and ZB respectively
In AAPB, we have
Z1+ 22+ ZAPB=180° (sum of £ ofa A)
= 90°+Z£APB=180° = £ZAPB=90"
EXAMPLE 10 ABCD is a parallelogram and AL and CM A D
are perpendiculars from vertices A and C
on diagonal BD, as shown in the adjoining Y |
figure. Show that (i) AALB = ACMD and
(ii)) AL = CM. B c
SOLUTION In AALB and CMD, we have
AB=CD (opp. sides of a ||gm)
ZALB=2CMD=90° [. AL LBD,CM 1 BD]
ZABL = £ZCDM (alt. interior £)
.. AALB=ACMD (AAS-criterion).
And so, AL=CM (c.p.ct).
EXAMPLE 11 In  the adjoining figure, ABCD is a D X C
parallelogram and line segments AX and CY
bisect £ A and £C respectively. Prove that
AX||CY.
Y B
souTioN  Wehave: ZA=2C (opp. £ of a ||gm)
N %414:%4 = /1=22. ()
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Now, DC|| AB and CY is a transversal
= £L2=/3 ... (i1) (alt. interior X).
From (i) and (ii), we get £1 = £3.

But, these are corresponding angles formed when AX and CY
are cut by transversal AB.

AX||CY.

Show that the bisectors of the angles of a parallelogram enclose a
rectangle.

Since DC || AB and DA cuts them, we have b C

ZA+ 2D =180° (co-interior X4) I
L Z - =90° A
E A+ iéD =90

A B
ZPAD+ ZPDA =90°
ZAPD =90° [ sum of the £ of a A is 180°]

ZSPQ=90° (vert. opp. 4).
Now, AD || BC and DC cuts them.
£ZD+ £ZC=180° (co-interior A4)

1 1 — one
= §4D+§AC—9O

=  ZQDC+ £QCD =90°

= 4ZDQC=90° [ sum of the £ of a A is 180°]

= ZPQR=90°.

Similarly, ZQRS =90° and £RSP = 90°.

Thus, PORS is a quadrilateral each of whose angles is 90°.

b 44 J

Hence, PQRS is a rectangle.

If a diagonal of a parallelogram bisects one of the angles of the
parallelogram, prove that it also bisects the angle opposite it, and
that the two diagonals are perpendicular to each other.

Also, prove that it is a rhombus.

GIVEN A |gm ABCD whose diagonals AC and BD intersect D

C
at O. Also, AC bisects LA, i.e., £1 = Z£2. vv
TOPROVE (i) AC bisects £C, i.e., £3 = Z4.

(ii) AC L BD. A
LA

(iif) ABCD is a rhombus. A B
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PROOF In|jgm ABCD, we have
AB| DC and CA cuts them
£1 =43 (alt. interior £)
and AD | BC and CA cuts them
Z2 =274 (alt. interior 4).
Now, L1 =42 = L3 =14,
This shows that AC bisects £C also.
Now, ZA=2C (opp. £ofa|gm).
1
2
But, AB=DC and AD =BC.
AB=BC=DC=AD.

= 4A=%4Cﬁ42=43:>AD=DC.

So, ABCD is a rhombus.
But, the diagonals of a rhombus bisect each other at right angles.
AC L BD.
EXAMPLE 14 Let AABCand ADEF be two triangles given A________ D

in such a way that AB||DE, AB=DE,
BC || EF and BC = EF.

Prove that
(i) AC||DF and AC = DF,
(i) AABC = ADEF.
SOLUTION  AB||DE and AB = DE
= ABEDisa|gm = AD|BEand AD = BE. G
Again, BC || EF and BC = EF
= BEFCisa|gm = CF|BEandCF =BE. ... (ii)
From (i) and (ii), we get
AD | CF and AD = CF.
ACFD is a ||gm.

Consequently, AC || DF and AC = DF.
Also, AB=DE, BC =EF and AC = DF.
AABC = ADEF (SSS-criterion).

EXAMPLE 15 In the adjoining figure, ABCD is a D Y c
parallelogram in which X and Y are the vv
midpoints of AB and DC respectively. If AY
and DX intersect in P while CX and BY AA

intersect in Q, show that A X B
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(1) quad. AXCY is a parallelogram,
(ii) quad. XBYD is a parallelogram,
(iii) quad. PXQY is a parallelogram.

SOLUTION  AB|DC = AX]|YC.
Also, AB=DC = %AB =%DC = AX=YC.

AX|YCand AX=YC = AXCYisa|gm.
AY || XC. In particular, PY || XQ.
Again, AB||DC = XB| DY.

Also, AB=DC = %AB - %DC - XB=DY.

XB||DY and XB=DY = XBYDisa|gm.
XD || BY. In particular, XP || QY.

Thus, PY || XQ and XP || QY.
PXQY is a parallelogram.

EXAMPLE 16 In the adjoining figure, ABCD is a D C
parallelogram and E is the midpoint of
AD. A line through D, drawn parallel g
to EB, meets AB produced at F and BC
at L. Prove that

(i) AF = 2DC and (ii) DF = 2DL.

SOLUTION EB|DLand ED|BL = EBLDis a|gm.
BL=ED=~AD=1Bc=cL.
2 2
Now, in ADCL and FBL, we have
CL=BL (proved), «DLC=ZFLB (vert.opp. £)
and ZCDL = ZBFL (alt. int. £).
ADCL = AFBL.
DC = BF and DL = FL.
Now, BF = DC =AB = 2AB=2DC = AF=2DC.
DL=FL = DF=2DL.
EXAMPLE 17 In the adjoining figqure, AB = AC; CP| BA and AP D
is the bisector of ZCAD. Prove that A
(i) ZPAC = 2BCA and
(ii) ABCP is a parallelogram.

SOLUTION In AABC,AB=AC = Z1=£2.
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SOLUTION

EXAMPLE 19

SOLUTION
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Ext. ZCAD =21+ /2
= ZCAD=2(£2) [ £1=22]
= 24PAC=2(£2) = £LPAC=42 = ZPAC=ZBCA.
Now, ZPAC=2BCA = AP|BC
("~ £ZPAC and ZBCA are alt. interior £).

Also, CP||BA (given).

ABCP is a parallelogram.
In the adjoining figure, ABCD is a parallelogram  p c
and the bisector of £A bisects BC at X. Prove that
AD =2AB.
ABCD is a parallelogram.

AD|| BC and AX cuts them.

/BXA=/DAX=5/A (alt interior £).

_1

LA, Also, 21= 1y

Z2 5

/0=/1> AB=BX:%BC:%AD.

Hence, AD =2AB.

In the adjoining figure, ABCD is a p c
parallelogram, E is the midpoint of AB and
CE bisects ZBCD. Prove that

(i) AE = AD, (ii) DE bisects £ ADC and
(iii) ZDEC = 90°.
AB||DC and EC cuts them = ZBEC =ZECD
= ZBEC=ZECB [. ZECD =ZECB]
= EB=BC = AE=AD.
Now, AE=AD = ZADE=ZAED = ZADE =ZEDC
[ £ZAED = ZEDC (alt. interior £)].
DE bisects ZADC.
Further, ZADC + ZBCD = 180° [co-interior 4]
1
2
But, ZEDC+ £DCE + ZDEC = 180° [sum of the £ of a A]
ZDEC =90°.

= L apc+ %ABCD -90° = ZEDC+ ~DCE = 90°.
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EXAMPLE 20 ABCD is a trapezium in which AB| CD and AD = BC. Show that
(i) ZA=2/Band £C=2D, (ii) AABC = ABAD and

(iii) AC = BD.
GIVEN A trapezium ABCD in which AB|CD and AD = BC.
TOPROVE (i) £ZA=4Band ZC=4£D, A B N X

(ii) AABC = ABAD and A 56/
(iii) AC = BD. /
CONSTRUCTION Produce AB to X. Draw CN || DA
such that CN meets AX at N.
PROOF We have
AD|NCand AN || DC (since AB||DC) = ADCN is a ||gm.
NC=AD=BC = Z5=/26. o))
Now, Z1+ 26 =180° (co-interior A4)
and £2+£5=180° (linear pair)
L1=2/2 [using (i)].

Now, £3 =26 (opp. £ of a|jgm)
and £4 =25 (alt. interior £)
o /Z3=/4 [using (i)].

Thus, ZA=24Band Z2C =4D.

Now, in AABC and BAD, we have:
AB=BA (common)
ZABC=4BAD (prove that LA = ZB)
AD =BC (given)

.. AABC=ABAD (SAS-criterion).

And so, AC=BD (cp.ct).

EXERCISE 10B

1. In the adjoining figure, ABCD is a parallelogram in D c
which £A = 72°. Calculate £B, ZC and £D.

2. In the adjoining figure, ABCD is a parallelogram D c
in which ZDAB =80° and ZDBC = 60°. Calculate
ZCDB and ZADB.
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11.

12.
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. In the adjoining figure, M is the midpoint of A D
side BC of a parallelogram ABCD such that
ZBAM = ZDAM. Prove that AD = 2CD.
B M ¢
. In the adjoining figure, ABCD is a D P c

parallelogram in which ZA=60° If the

bisectors of ZA and 4B meet DC at P,

prove that (i) ZAPB =90°, (ii) AD=DP and A B
PB = PC = BC, (iii) DC = 2AD.

. In the adjoining figure, ABCD is a D c

parallelogram in which ZBAO=35°, V
Z4DAO =40°and £COD = 105°.
Calculate (i) £ABO, (ii)) £0DC, (iii) £ACB
and (iv) ZCBD.

35°

"N

B

. Ina|lgm ABCD, if ZA = (2x +25)° and £B = (3x — 5)°, find the value of x

and the measure of each angle of the parallelogram.

. If an angle of a parallelogram is four fifths of its adjacent angle, find

the angles of the parallelogram.

. Find the measure of each angle of a parallelogram, if one of its angles is

30° less than twice the smallest angle.

. ABCD is a parallelogram in which AB=9.5 cm and its perimeter is

30 cm. Find the length of each side of the parallelogram.
In each of the figures given below, ABCD is a rhombus. Find the value
of x and y in each case.

D c c D _c
7 AA AA'

A B A B A B
@) (ii) (i
The lengths of the diagonals of a rhombus are 24 cm and 18 cm
respectively. Find the length of each side of the rhombus.
Each side of a rhombus is 10 cm long and one of its diagonals measures
16 cm. Find the length of the other diagonal and hence find the area of
the rhombus.
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13.

14.

15.

16.

17.

18.

19.

20.

21.
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In each of the figures given below, ABCD is a rectangle. Find the values
of x and y in each case.

D c D c

yD
y° X0

Q Q

110°

X°

35°
A B A B
(i) (ii)
In a rhombus ABCD, the altitude from D to the side AB bisects AB. Find
the angles of the rhombus.

In the adjoining figure, ABCD is a square. A line D (
segment CX cuts AB at X and the diagonal BD at
O such that ZCOD = 80° and ZOXA = x°. Find the 80°
value of x. o)
°
A X B

In a thombus ABCD show that diagonal AC bisects £A as well as £C
and diagonal BD bisects £B as well as £D.

In a parallelogram ABCD, points M and N

have been taken on opposite sides AB and CD ,
respectively such that AM =CN. Show that AC
and MN bisect each other. ‘

A M B
In the adjoining figure, ABCD is a parallelogram. D c
If P and Q are points on AD and BC respectively Q
such that AP = %AD and CQ = %BC, prove that g
AQCP is a parallelogram. A B

In the adjoining figure, ABCD is a parallelogram D F C
whose diagonals intersect each other at O. A line v
segment EOF is drawn to meet AB at E and DC at VI

A E B

F. Prove that OE = OF.

The angle between two altitudes of a parallelogram through the vertex
of an obtuse angle of the parallelogram is 60°. Find the angles of the
parallelogram.

ABCD is a rectangle in which diagonal AC bisects ZA as well as £C.
Show that (i) ABCD is a square, (ii) diagonal BD bisects £B as well
as £D.
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In the adjoining figure, ABCD is a
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In the adjoining figure, ABCD is a
parallelogram and E is the midpoint of side
BC. If DE and AB when produced meet at F,

prove that AF =2AB.

parallelogram in which AB is produced to E /D ~ {C
so that BE = AB. Prove that ED bisects BC. Q
A ? B ; E
D C
L / ) >~
A B F

Two parallel lines | and m are intersected by a transversal t. Show
that the quadrilateral formed by the bisectors of interior angles is a

rectangle.

K, L, M and N are points on the sides AB, BC, CD and DA respectively
of a square ABCD such that AK = BL = CM = DN. Prove that KLMN is a

square.
A AABC is given. If lines are drawn through A, B,
C, parallel respectively to the sides BC, CA and AB,
forming APQR, as shown in the adjoining figure, show

that BC = %QR.
In the adjoining figure, AABC is a triangle and through
A, B, C lines are drawn, parallel respectively to BC,

CA and AB, intersecting at P, Q and R. Prove that the
perimeter of APQR is double the perimeter of AABC.

ANSWERS (EXERCISE 10B)

x=32;ZA=89°,4B=91°,ZC=89"and «D =91°

(i)x=35y=35 (ii))x=50,y=50 (ii)x=31,y=>59
15 cm 12. 12 cm, 96 cm’®

©
)
(@)

[9)
>
X

o
)
@)

. ZB=108°, 2C=72°, 2D = 108° 2. Z/CDB =40°, ZADB = 60°
. (i) ZABO=40° (i) 2ODC=40° (iii) ZACB =40° (iv) ZCBD = 65°

. 80°,100°, 80°,100° 8. 70°,110°,70°,110°
. AB=95cm=DC,BC=55cm=DA
10.

11.

(i) x=55,y=110 (i) x="551=35 14. 60°,120°, 60°, 120°
x=130 20. 60°, 120°, 60°, 120°
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13.

14.

15.
16.

17.
19.

20.

22.

23.
24.

HINTS TO SOME SELECTED QUESTIONS

. ZAMB=/DAM (. AD|BC)

= /AMB=/BAM = AB=BM = CD=1(BC) = CD =1(AD) = AD=2CD.

4

. x+=x=180°

5

. (2x—30) +x = 180.
10.

(i) AB=BC = ZBAC=24BCA=x". And, x+x+110 = 180.
(i) LAOB=90° (i) 2DCB = ZBAD = 62°. So, 2DCO = 31°.
(i) Diagonals of a rectangle are equal and bisect each other.

OA = OB and so ZOAB = ZOBA = 35°. Also, ZABC = 90°.
DM L ABand AM = MB.
AAMD = ABMD

(" AM=MB, ZAMD = ZBMD =90°, DM = DM). A
AB=AD=DB = AABD is equilateral.

So, ZA=60° = £ZB=120°,£C=60°, 4D =120".
Z0OBX =45°and £BOX = 80°.
AABC=AADC (.- AD=AB,CD=CB, AC=AC)

D
Q
M
B
D
NP
B

AAMO =ACNO (. ZOAM =~20OCN, AM =CN,2ZMOA = ZNOC).

AODF = AOBE (' OD = OB, £DOF = ZBOE and £ODF = ZOBE).
OF = OE.

ZABM =90° and £MBN =60° = ZABN =230°.

In AABN, we have ZA = 60°.

And so, ZB=120°, ZC =60°, 2D = 120°.

AODC = AOEB (' DC=BE, Z£0CD = £0OBE, ZCOD = ZBOE).
OC = OB.

ADEC = AFEB. So, BF = DC = AB.

ZAEF+ ZBEF =180° (linear pair)

= Laer)+LBER) =90
= ZGEF+ZFEH=90° = ZGEH =90".
Now, ZAEF+ ZCFE =180° (co-interior X4)

- %(AAEF) + %(LCI—‘E) =90°

= ZGEF+ £ZGFE=90° = ZEGF=90°
(sum of £ of a A is 180°).
Similarly, Z/GFH = ZEHF = 90°.
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26. BC||QAand CA||QB = BCAQisa|gm = BC=QA.
Similarly, BCRA is a|jgm = BC =AR.
2BC =QA+AR=QR.

1

27. As proved in prev. question: BC = %QR, CA= %PQ, AB= >

PR

> AB+BC+CA=7(PR+QR+PQ).

MIDPOINT THEOREM

THEOREM 1 (Midpoint Theorem) The line segment joining the midpoints of any
two sides of a triangle is parallel to the third side and equal to half of it.

GIVEN A AABC in which D and E are the A
midpoints of AB and AC respectively. DE is joined.

roprove  DE || BC and DE = 3 BC. D/ \
B

CONSTRUCTION Draw CF| BA, meeting DE
produced in F.

PROOF In AAED and CEF, we have:
ZAED =ZCEF  (vert. opp. £)
AE=CE [ Eis the midpoint of AC]
ZDAE =ZFCE (alt. interior 4)
AAED = ACEF  (ASA-criterion).
And so, AD =CFand DE=EF (cp.c.t.).
But, AD =BD [ Dis the midpoint of AB]
and BD|CF (by construction)
.. BD=CFand BD|CF
= BCFDisalgm
= DF|BCand DF = BC

DE || BC and DE = %DF - %BC [* DE=EF].

Hence, DE||BC and DE = %BC.

THEOREM 2  (Converse of Midpoint Theorem) The line drawn through the midpoint
of one side of a triangle, parallel to another side, bisects the third side.

GIVEN A AABC in which D is the midpoint of AB and DE || BC.
TOPROVE E is the midpoint of AC.
CONSTRUCTION  Draw CF || BA, meeting DE produced in F.
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PROOF We have

Now, in AADE and CFE, we have

and ZADE =ZCFE (alt. interior £).

DF||BC [ DE| BC]

BD||CF [ CF||BA]

DBCF is a ||gm and so,

CF=DB=AD [ Disthe midpoint of AB].

ZEAD =ZECF  (alt. interior X£),
AD =CF (proved)

AADE = ACFE (ASA-criterion)

and so, AE =CE (cp.ct).
Hence, E is the midpoint of AC.

SOME SOLVED PROBLEMS ON MIDPOINT THEOREM

EXAMPLE 1

SOLUTION

EXAMPLE 2

SOLUTION

A
If D, E and F are respectively the midpoints
of the sides BC, CA and AB of an equilateral
triangle ABC, prove that ADEF is also an y E
equilateral triangle.
B D c

Since D and E are the midpoints of sides BC and CA
respectively, we have DE = %AB (by midpoint theorem).

Similarly, FE = 2-BC and DF = £ CA.
1,,_1

AB=BC=CA = EAB: BC=%CA = DE=FE =DF.

2
Thus, all the sides of ADEF are equal.

Hence, ADEF is an equilateral triangle.

In AABC, D, E and F are respectively the midpoints of sides AB, BC
and CA. Show that AABC is divided into four congruent triangles
by joining D, E and F in pairs.
D and F are the midpoints of sides AB A
and AC respectively of AABC.
DF| BC.
Similarly, DE || AC and EF || AB.
Now, DF || BE and EF || BD
= DBEFisalgm



EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION
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= AEDB=ADEF [ DEis a diagonal of ||gm DBEF].

[NOTE Any diagonal of a ||gm divides it into two congruent
triangles.]

Similarly, ACFE = ADEF and AFAD = ADEF.

Hence, all the four triangles are congruent.
In the adjoining figure, AABC is an isosceles
triangle in which AB = AC and D, E, F are the

midpoints of BC, CA and AB respectively. Show A
that AD | FE and AD is bisected by FE.

Let AD intersect FE at M. Join DE and DF. B D C

Now, D and E being the midpoints of the sides BC and CA
respectively, we have

DE||ABand DE = %AB (by midpoint theorem).

Similarly, DF | AC and DF = 3 AC.

AB=AC = 2AB=2AC = DE=DF. ()
Now, DE | FAand DE=FA [ DE| ABand DE =+ AB = FA]

= DEAFisa|gm = DEAF is arhombus
[ DE = DF from (i), DE = FA and DF = EA].

But, the diagonals of a rhombus bisect each other at right
angles.

AD | FE and AM = MD.
Hence, AD L FE and AD is bisected by FE.

Let ABC be a triangle, right-angled at B A
and D be the midpoint of AC. Show that
DA =DB=DC.

Through D, draw DE || BC, meeting AB .
atE. L
B

Now, ZAED = ZABC =90° [corres. A] c
ZBED = 2 AED = 90° [+ ~AED+ /BED =180°].

Now, in AABC, it is given that D is the midpoint of AC and
DE|| BC (by construction).
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EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION
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E must be the midpoint of AB
(by converse of midpoint theorem).

AE =BE.
Now, in A AED and BED, we have
AE =BE (proved), ED=ED (common),
ZAED =ZBED (each equal to 90°).
AAED = ABED
.. DA=DB.
But, DA=DC [ Dis the midpoint of AC].
Hence, DA = DB = DC.

ABCD is a parallelogram in which E D F c
and F are the midpoints of the sides AB DN

and CD respectively. Prove that the

line segments CE and AF trisect the PN
diagonal BD. A E B

Let BD be intersected by CE and AF at P and Q respectively.
AB|DCand AB=DC (opposite sides of a ||gm)

= AE|FCand 3AB=72DC = AE|FCand AE = FC

= AECFisaljgm = AF|CE = EP| AQand FQ| CP.
In ABAQ, E is the midpoint of AB and EP || AQ, so P is the
midpoint of BQ.

BP = PQ.
Again, in ADPC, F is the midpoint of DC and FQ | CP, so Q is
the midpoint of DP.

PQ=QD.

BP=PQ=QD.
Hence, CE and AF trisect the diagonal BD.
Show that the figure formed by joining the midpoints of the adjacent
sides of a quadrilateral is a parallelogram.
Let ABCD be a quadrilateral in which p

R
P, Q, R, S are the midpoints of AB, BC, V C
CD and DA respectively. Join AC. S a
In AABC, the points P and Q are the

midpoints of AB and BC respectively.
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PQ|ACand PQ = %AC (by midpoint theorem).

Again, in ADAC, the points S and R are the midpoints of AD
and DC respectively.

SR||ACand SR = %AC (by midpoint theorem).
Now, PQ| AC and SR || AC = PQ||SR.
Also, PQ=5SR (each equal to %AC).

PQ| SR and PQ = SR.
Hence, PORS is a parallelogram.

EXAMPLE 7 E and F are respectively the midpoints of the nonparallel sides AD
and BC of a trapezium ABCD. Prove that

(DEF|AB, (i) EF =2 (AB+CD)

GIVEN A trapezium ABCD in which E and F are midpoints of sides AD
and BC respectively.

roprove (i) EF||AB, (i) EF =+ (AB+CD).

CONSTRUCTION  Join DF and produce it to meet AB D c

produced in P. E .
PROOF In ADCF and PBF we have \\\\

ZDFC=ZPFB  (vert. opposite £) A B P
CF=BF (. Fis the midpoint of BC)
ZDCF=ZPBF (alt. interior £)
ADCF = APBF  (ASA-criterion).
And so, DF=PFand CD=BP (c.p.c.t).
Now, in ADAP, we have
E is the midpoint of AD and F is the midpoint of DP.
[ DF = PF]

EF| APand EF =2 AP [by midpoint theorem]

= EF| ABand EF = 5(AB+BP).

Hence, EF || ABand EF = 5 (AB+CD).

N =
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EXAMPLE 8

SOLUTION

EXAMPLE 9

SOLUTION
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Let ABCD be a trapezium in which D C
AB||DC and let E be the midpoint of AD. Sy \
Let F be a point on BC such that EF Il AB. y S {
Prove that A =%

(i) Fis the midpoint of BC, (ii) EF = %(AB +DC).
Join BD, cutting EF at M.
Now, in ADAB, E is the midpoint of AD and EM || AB.
M is the midpoint of BD.
_1 .
= 2AB. .. ()

Again, in ABDC, M is the midpoint of BD and MF || DC.
F is the midpoint of BC.

MF=2DC. .. (i)
EF = EM+ MF = 3 (AB+ DC) [from (i) and (ii)].

Hence, F is the midpoint of BC and EF = %(AB +DC).

Prove that the line segment joining the midpoints of the diagonals
of a trapezium is parallel to the parallel sides and equal to half their
difference.

Let ABCD be a trapezium in which D o
AB|DC, and let M and N be the

midpoints of the diagonals AC and /
BD respectively. A E B

I~

Join CN and produce it to meet AB at E.
In A CDN and EBN, we have:
DN =BN [ N ismidpoint of BD]
ZDCN = 4ZBEN (alt. interior 4)
ZCDN = ZEBN (alt. interior 4)
ACDN = AEBN [SAA-criteria].
DC=EBandCN=NE (cp.c.t.).
Thus, in ACAE, the points M and N are the midpoints of AC
and CE respectively.

MN | AE and MN =L AE = MN || AB|DC

2
and MN = 1 AE =1 (AB~EB) =+ (AB-DC) [ EB=DC].
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EXAMPLE 10 ABCD is a trapezium in which AB| DC and E is the midpoint of
AD. A line is drawn through E parallel to AB intersecting BC at F.
Show that F is the midpoint of BC.

GIVEN A trapezium ABCD in which AB | DC. E is the midpoint of side AD.
A line EF is drawn parallel to AB intersecting BC at F.

TOPROVE F is the midpoint of BC. D c
CONSTRUCTION Join BD. Let BD intersect EF at G. E /\G F
PROOF In ADAB, we have /
E is the midpoint of AD and EG|| AB.  * B
G is the midpoint of BD  [by converse of midpoint theorem].
Now, in ABCD, we have

G is the midpoint of BD and GF || DC
[ EF||ABand AB||DC = EF| DC].

Hence, F is the midpoint of BC [by converse of midpoint theorem].
EXAMPLE 11 ABC is a triangle right angled at C. A line through the midpoint P

of hypotenuse AB and parallel to BC intersects AC at M. Show that

(i) M is the midpoint of AC, (ii) MP 1. AC, (iii) CP = AP = %AB.

SOLUTION In AACB, we have

P is the midpoint of AB and PM || BC.
M is the midpoint of AC. M——x
[by converse of midpoint theorem]. -
Now, PM || BC. c B

ZPMC+ ZBCM =180° (co-interior 4)
= ZPMC+90°=180° = £ZPMC =90".

Thus, MP L AC.

Join PC.

In APMA and PMC, we have:
MA =MC [ Mis the midpoint of AC]
ZPMA =ZPMC (each equal to 90°)

(
PM =PM (common)
APMA = APMC (

SAS-criterion).
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EXAMPLE 12

SOLUTION

EXAMPLE 13

SOLUTION
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And so, AP =CP (cp.ct).
Now, P is the midpoint of AB.
1

CP=AP=75AB.
In the adjoining figure, ABCD is a ||gm in D P @
which P is the midpoint of DC and Q is a :
point on AC such that CQ =%AC. Also, R
PQ when produced meets BC at R. Prove A E B

that R is the midpoint of BC.
Join BD, intersecting AC at O.
Then, AO=0C [. diagonals of a ||gm bisect each other].

cQ=%Ac=1x ooy =1oc.

Thus, Q is the midpoint of OC.

Now, in ACDO, P and Q are the midpoints of CD and CO
respectively.

PQ| DO and therefore, QR || OB
[ PQ| DO = PQR| DOB].
Now, in ACOB, Q is the midpoint of CO and QR || OB.
R must be the midpoint of BC.

In the adjoining figure, AD is a median

of AABC and E is the midpoint of AD.
Also, BE produced meets AC in F.

Prove that AF = %AC.

Draw DP || EF.
In AADP, E is the midpoint of AD and EF || DP.
F is the midpoint of AP, i.e., AF = FP.

In AFBC, D is the midpoint of BC and DP || BF.

P is the midpoint of FC, i.e., FP = PC.
Thus, AF = FP = PC.

Hence, AF = %AC.



EXAMPLE 14

SOLUTION

EXAMPLE 15

SOLUTION

EXAMPLE 16
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In the adjoining figure, ABCD is a
trapezium in which AB||DC and
AD=BC.If P, Q, R, S be respectively
the midpoints of BA, BD, CD, CA then
show that PQRS is a rhombus.

InABDC, Qand R are the midpoints of BD and CD respectively.

QR ||BC and QR = 3 BC.
Similarly, PS | BC and PS = 7 BC.

PS||QR and PS=QR (each equal to %BC).

PQRS is a parallelogram.

In AACD,S and R are the midpoints of AC and CD
respectively.

SR | AD and SR = %AD - %BC [* AD = BC].
PS=QR=SR=PQ.
Hence, PQRS is a rhombus.
In the adjoining figure, ABCD and PQRC D P _C
are rectangles, where Q is the midpoint of o
AC. Prove that 5 4R
() DP=PC, (ii) PR =5 AC. il ]
A B

ZCRQ=2CBA=90° = QR]| AB.
In AABC, Q is the midpoint of AC and QR || AB.
R is the midpoint of BC, i.e., BR = RC.
Similarly, P is the midpoint of DC.
DP = PC.
In ACDB, P is the midpoint of DC and R is the midpoint of BC.

PR DBand PR =3 DB = 5 AC [ AC=BD].

In the adjoining figure, D, E, F are the A

midpoints of the sides BC, CA and AB

of AABC. If BE and DF intersect at X N,

while CF and DE intersect at Y, prove = ~
that XY = - BC.
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SOLUTION

THEOREM 3

GIVEN  Three parallel lines [, m and n are cut by P q
a transversal p at A, B, C respectively such that A / \
AB = BC. Also, ¢ is another transversal, cutting /\ \

I, m,nat P, Q, R respectively. B " Q

Secondary School Mathematics for Class 9

In AABC, F and E are the midpoints of AB and AC respectively.
FE || BC and FE =3 BC = BD.

FE| BD and FE = BD.
So, BDEF is a parallelogram whose diagonals BE and DF
intersect each other at X.

X is the midpoint of DF.
Similarly, Y is the midpoint of DE.
Thus, in ADEF, X and Y are the midpoints of DF and DE
respectively.

lpp 1l 1p-_1
So, XY || FE and XY = s FE=75X5BC=,BC.
(Intercept Theorem) If there are three parallel lines and the intercepts
made by them on one transversal are equal then the intercepts on any

other transversal are also equal.

TOPROVE PQ=QR. j \R n

CONSTRUCTION  Join AR. Let AR intersect m at K.

PROOF In AACR, we have

B is the midpoint of AC and BK||CR [ m|n]
Kis the midpoint of AR  (by converse of midpoint theorem).

Now, in ARPA, we have

Kis the midpoint of RA and KQ || AP [ m|l]
Qs the midpoint of PR  (by converse of midpoint theorem).

Hence, PQ = QR.

SOME SOLVED PROBLEMS ON INTERCEPT THEOREM

EXAMPLE 1

>

In the adjoining figure, two points

C B
A and B lie on the same side of a |
line XY. If AD L XY, BE L XY and i
C is the midpoint of AB, prove that m‘\j
CD =CE. X D M E Y



SOLUTION

EXAMPLE 2

SOLUTION

EXAMPLE 3
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Draw CM L XY.
Now, AD 1. XY,CM L XY and BE L XY = AD|CM]| BE.
Thus, AD, CM, BE are three parallel lines, cut by the transversal
ACB at A, C and B respectively such that AC = CB.
These lines AD, CM, BE are also cut by the transversal XY at
D, M and E respectively.

DM =ME (by intercept theorem).
Now, in ACDM and CEM, we have

DM =ME (proved), CM=CM (common),

ZCMD = ZCME =90°.

ACDM = ACEM.
Hence, CD=CE (c.p.c.t).
In the adjoining figure, points M and N X
divide the side AB of AABC into three '
equal parts. Line segments MP and NQ
are both parallel to BC and meet AC in P

and Q respectively. Prove that P and Q
divide AC into three equal parts.

Through A, draw XAY || BC.

Now, XY | MP || NQ are cut by the transversal AB at A, M, N
respectively such that AM = MN.

Also, XY || MP || NQ are cut by the transversal AC at A, P, Q
respectively.

AP =PQ ... (1) (byintercept theorem).

Again, MP || NQ| BC are cut by the transversal AB at M, N, B
respectively such that MN = NB.

Also, MP || NQ| BC are cut by the transversal AC at P, Q, C
respectively.

PQ=QC ...(i1) (byintercepttheorem).
Thus, from (i) and (ii), we get AP = PQ = QC.
Hence, P and Q divide AC into three equal parts.

E and F are respectively the midpoints D c

of monparallel sides AD and BC

of a trapezium ABCD. Prove that B ——— FG
EF| AB. \
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SOLUTION

EXAMPLE 4

SOLUTION
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Let ABCD be a trapezium in which AB| DC. Let E and F be the
midpoints of AD and BC respectively. E and F are joined.
We have to show that EF || AB.
If possible, let EF be not parallel to AB then draw EG | AB,
meeting BC at G.
Now, AB||EG || DC and the transversal AD cuts them at A, E, D
respectively such that AE = ED.
Also, BGC is the other transversal cutting AB, EG and DC at B,
G and C respectively.

BG=GC (by intercept theorem).
This shows that G is the midpoint of BC.
Hence, G must coincide with F ['." F is the midpoint of BC].
Thus, our supposition is wrong.

Hence, EF || AB.

Prove that any line segment drawn P A Q
from the vertex of a triangle to the base ' '
is bisected by the line segment joining
the midpoints of the other sides of the
triangle.

Let AABC be a given triangle in which E and F are the
midpoints of AB and AC respectively. Let AL be a line
segment drawn from vertex A to the base BC, meeting BC at L
and EF at M.

We have to show that AM = ML.

Through A, draw PAQ || BC.

In AABC; E and F being the midpoints of AB and AC
respectively, we have EF || BC.

Now, PAQ, EF and BC are three parallel lines such that the
intercepts AE and EB made by them on transversal AEB
are equal.

the intercepts AM and ML made by them on transversal
AML must be equal.

Hence, AM = ML.
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EXAMPLE5  In the adjoining fiqure, the side AC
of AABC is produced to E such that
CE=2AC.If D is the midpoint of BC
and ED produced meets AB at F, and
CP, DQ are drawn parallel to BA,

prove that FD = %FE.

SOLUTION In AABC, D is the midpoint of BC and DQ || BA.
Q is the midpoint of AC.
AQ=QC.
Now, FA||DQ| PC, and AQC is the transversal such that
AQ = QC and FDP is the other transversal on them.

FD =DP ... (1) (byintercept theorem).

Now, EC = %AC -QC.

in AEQD, C is the midpoint of EQ and CP || DQ.

P must be the midpoint of DE.

DP = PE. ... (ii)
Thus, FD = DP = PE [from (i) and (ii)].

Hence, FD = %FE.

EXERCISE 10C

sides AB, BC, CD and DA of a quadrilateral ABCD.

Show that
(i) PQlAC and PQ =2 AC A‘

(i) PQISR
(iif) PQRS is a parallelogram.

1. P, Q, R and S are respectively the midpoints of the D' R
S

2. A square is inscribed in an isosceles right triangle so that the square
and the triangle have one angle common. Show that the vertex of
the square opposite the vertex of the common angle bisects the
hypotenuse.
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10.

11.

. In the adjoining figure, AD is a median of

. In the adjoining figure, AD and BE are the
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. In the adjoining figure, ABCD is a ||gm in D F C
which E and F are the midpoints of AB and
H

CD respectively. If GH is a line segment
that cuts AD, EF and BC at G, P and H ¢
respectively, prove that GP = PH.

A E B

. M and N are points on opposite sides AD and BC of a parallelogram

ABCD such that MN passes through the point of intersection O of its
diagonals AC and BD. Show that MN is bisected at O.

. In the adjoining figure, PQRS is a trapezium S R

in which PQ| SR and M is the midpoint of /Z
PS. A line segment MN || PQ meets QR at N. M N
Show that N is the midpoint of QR. ]Z

P Q

. Ina parallelogram PQRS, PQ =12 cm and PS = 9 cm. The bisector of £P

meets SR in M. PM and QR both when produced meet at T. Find the
length of RT.

. In the adjoining figure, ABCD is a D C

trapezium in which AB|DC and

P, Q are the midpoints of AD and  P/——1<
BC respectively. DQ and AB when // 7 \
produced meet at E. Also, AC and PQ A

intersect at R. Prove that (i) DQ = QE,

(ii) PR || AB and (iii) AR = RC.

E
\
[9)

w
m

AABC and DE| BA. Show that BE is also a
median of AABC.

%>

w
o
(@]

medians of AABC and DF| BE. Show that
_1
CF= 4AC.

>
m
o

B D C

Prove that the line segments joining the middle points of the sides of a
triangle divide it into four congruent triangles.
In the adjoining figure, D, E, F are the midpoints
of the sides BC, CA and AB respectively, of
AABC. Show that ZEDF=/A, /DEF=/B
and «DFE = ZC.

-
>
m
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Show that the quadrilateral formed by joining the midpoints of the
pairs of adjacent sides of a rectangle is a rhombus.

Show that the quadrilateral formed by joining the midpoints of the
pairs of adjacent sides of a rhombus is a rectangle.

Show that the quadrilateral formed by joining the midpoints of the
pairs of adjacent sides of a square is a square.

Prove that the line segments joining the midpoints of opposite sides of
a quadrilateral bisect each other.

The diagonals of a quadrilateral ABCD are equal. Prove that the
quadrilateral formed by joining the midpoints of its sides is a rhombus.
The diagonals of a quadrilateral ABCD are perpendicular to each other.
Prove that the quadrilateral formed by joining the midpoints of its
sides is a rectangle.

The midpoints of the sides AB, BC, CD and DA of a quadrilateral ABCD
are joined to form a quadrilateral. If AC = BD and AC L BD then prove
that the quadrilateral formed is a square.

ANSWERS (EXERCISE 10C)

. 3cm

HINTS TO SOME SELECTED QUESTIONS

. In AABC, P and Q are the midpoints of AB and BC respectively.

PQJACand PQ = %AC. Similarly, SR || AC.

. AB=ACand AD = AF = AB-AD=AC-AF = DB=CF. (o}
We have AEFC = AEDB
['* CF=DB, ZEFC = ZEDB =90°, EF = ED]. F £
CE=EB (cp.ct.).
A D B
.FC=EBand FC|[EB = EBCFisa|gm
= AD| EF| BC.
DF=FC = GP=PH (by intercept theorem).
. AAOM = ACON D c
[" ZMAO=24NCO, AO=CO,£MOA=2NOC] M
[Note Diagonals of a ||gm bisect each other].
MO=NO (cp.ct.). N
A B

. AB||DCand EF | AB = AB| EF| DC.

E is the midpoint of AD = F is the midpoint of BC (by intercept theorem).
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11.

12.

13.

15.
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ZQPM=2SPM=6 (. PM is bisector of ZP)

ZQPM = £ZPMS =0 (alt. interior £) = PS=SM =9 cm.
ZRMT = 2ZPMS =6 (vert. opposite £)
ZRTM =ZSPM =6 (alt. interior X4)

= RT=RM=SR-SM=(12-9)cm =3 cm.

. AQCD = AQBE. So, DQ = QE.

PQ| AE = PQ| AB|DC = AB|PR|DC.
Now, AB| PR||DC are cut by AD and AC. Use intercept theorem.
Let D, E, F be the midpoints of BC, CA and AB. A

Then, DE = %AB = AF, DF = %AC = AE.

ANAFE = ADEF [. AF=DE, AE =DF, FE = EF].
Similarly, ADEF = AFBD and ADEF = AEDC.

DE | BA and DE = %BA = DE||FAand DE = FA.

DEAF is a ||gm.
So, ZEDF = ZA [opposite £ of a ||gm].
Similarly, /DEF = ZB and ZDFE = ZC.
Let ABCD be a rectangle and P, Q, R, S be the midpoints of
AB, BC, CD and DA respectively. We have shown earlier e
that PQRS is a [|gm. -
Now, ASAP = AQBP <

[ AS=BQ,£ZA=42B=90°and AP = BP].

PS =PQ.
Hence, PQRS is a rhombus.
Let ABCD be a thombus and P, Q, R, S be the midpoints D

of AB, BC, CD and DA respectively. Then, PQRS is a
lgm [prove it].

R C
Diagonals of a rhombus bisect each other at right angles. S -
s ZEOF=90.
Now, RQ|DB = RE|FO,SR||AC = FR| OE. X z !
R C
D
A P B

lw)
Py
No

()

\
\

[3)

OERF is a ||gm. So, ZFRE = ZEOF = 90".
Thus, PQRS is a [|gm with ZR = 90°.
Hence, PQRS is a rectang]le.

The diagonals of a ||gm bisect each other.

[Note PQRS isa||gm.] ‘
S

]
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~L,ic. po=Lac
16. SR =5 AC; PQ =5 AC;
=1

SP=2BDand QR = BD.

Since AC = BD; we have PQ = QR = RS = SP.

PS||BD and PQ| AC
= PE|FOand PF| EO, i.e., EPFOisa|gm.
And so, ZEPF = ZEOF =90°, i.e., £5PQ =90".
Now, PORS is a ||gm with ZSPQ =90°.

PQRS is a rectangle.

18. Solve using the solutions of Question Nos. 16 and 17.

MULTIPLE-CHOICE QUESTIONS (MCQ)
Choose the correct answer in each of the following questions:
1. Three angles of a quadrilateral are 80°, 95° and 112°. Its fourth angle is
(a) 78° (b) 73° (c) 85° (d) 100°
2. The angles of a quadrilateral are in the ratio 3 : 4 : 5 : 6. The smallest of
these angles is

(a) 45° (b) 60° (c) 36° (d) 48°
3. In the adjoining figure, ABCD is a parallelogram D c
in which ZBAD=75° and ZCBD =60°. Then,
ZBDC=?
o o A \V
(a) 60 (b) 75 IS /
(c) 45° (d) 50°
4. ABCD is a rhombus such that ZACB =50°. Then, ZADB =?
(a) 40° (b) 25° (c) 65° (d) 130°
5. In which of the following figures are the diagonals equal?
(a) Parallelogram (b) Rhombus
(c) Trapezium (d) Rectangle

6. If the diagonals of a quadrilateral bisect each other at right angles then
the figure is a
(a) trapezium (b) parallelogram
(c) rectangle (d) rhombus
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The lengths of the diagonals of a rhombus are 16 cm and 12 cm. The
length of each side of the rhombus is

(a) 10 cm (b) 12 cm (c) 9cm (d) 8cm

. The length of each side of a rhombus is 10 cm and one of its diagonals

is of length 16 cm. The length of the other diagonal is
(a) 13 cm (b) 12 cm () 2¢/39 cm (d) 6cm

. A diagonal of a rectangle is inclined to one side of the rectangle at 35°.

The acute angle between the diagonals is

(a) 55° (b) 70° (c) 45° (d) 50°
If ABCD is a parallelogram with two adjacent angles ZA = ZB then the
parallelogram is a

(a) rhombus (b) trapezium (c) rectangle (d) none of these

In a quadrilateral ABCD, AO and BO are the bisectors of ZA and ZB
respectively, ZC =70° and £D = 30°. Then, ZAOB =?

(a) 40° (b) 50° (c) 80° (d) 100°
The bisectors of any two adjacent angles of a parallelogram intersect at
(a) 30° (b) 45° (c) 60° (d) 90°

The bisectors of the angles of a parallelogram enclose a

(a) rhombus (b) square (c) rectangle (d) parallelogram
If bisectors of ZA and ZB of a quadrilateral ABCD intersect each other
at P, of ZBand £C at Q, of ZC and £D at R and of ZD and £A at S then
PQRS isa

(a) rectangle

(b) parallelogram

(c) rthombus

(d) quadrilateral whose opposite angles are supplementary

The figure formed by joining the midpoints of the adjacent sides of a
quadrilateral is a

(a) rhombus (b) square (c) rectangle (d) parallelogram

The figure formed by joining the midpoints of the adjacent sides of a
square is a

(a) rhombus (b) square (c) rectangle (d) parallelogram

The figure formed by joining the midpoints of the adjacent sides of a
parallelogram is a

(a) rhombus (b) square (c) rectangle (d) parallelogram

The figure formed by joining the midpoints of the adjacent sides of a
rectangle is a

(a) rhombus (b) square (c) rectangle (d) parallelogram
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The figure formed by joining the midpoints of the adjacent sides of a
rhombus is a

(a) rhombus (b) square (c) rectangle (d) parallelogram
The quadrilateral formed by joining the midpoints of the sides of a
quadrilateral ABCD, taken in order, is a rectangle, if

(a) ABCD is a parallelogram

(b) ABCD is a rectangle

(c) diagonals of ABCD are equal

(d) diagonals of ABCD are perpendicular to each other
The quadrilateral formed by joining the midpoints of the sides of a
quadrilateral ABCD, taken in order, is a rhombus, if

(a) ABCD is a parallelogram

(b) ABCD is a rhombus

(c) diagonals of ABCD are equal

(d) diagonals of ABCD are perpendicular to each other
The figure formed by joining the midpoints of the sides of a
quadrilateral ABCD, taken in order, is a square, only if

(a) ABCD is a rhombus

(b) diagonals of ABCD are equal

(c) diagonals of ABCD are perpendicular

(d) diagonals of ABCD are equal and perpendicular
If an angle of a parallelogram is two thirds of its adjacent angle, the
smallest angle of the parallelogram is

(a) 108° (b) 54° (c) 72° (d) 81°
If one angle of a parallelogram is 24° less than twice the smallest angle
then the largest angle of the parallelogram is

(a) 68° (b) 102° (c) 112° (d) 136°
If #A, 2B, Z2C and 4D of a quadrilateral ABCD, taken in order, are in
theratio3:7:6:4then ABCDisa

(a) rhombus (b) kite (c) trapezium  (d) parallelogram
Which of the following is not true for a parallelogram?

(a) Opposite sides are equal.

(b) Opposite angles are equal.

(c) Opposite angles are bisected by the diagonals.

(d) Diagonals bisect each other.
If APB and CQD are two parallel lines then the bisectors of ZAPQ,
ZBPQ, ZCQP and £PQD enclose a

(a) square (b) thombus (c) rectangle  (d) kite
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In the given figure, ABCD is a parallelogram in c
which ZBDC = 45°and £ZBAD = 75°. Then, ZCBD =? w
(a) 45° (b) 55° A
(c) 60° (d) 75° A B
If area of a gm with sides 2 and b is A and that of a rectangle with sides

aand b is B then

(a) A>B (b) A=B (c) A<B (d A=B
In the given figure, ABCD is a ||gm and E is D c
the midpoint of BC. Also, DE and AB when
produced meet at F. Then, E

=3

() AF=75AB L 5

(b) AF =2AB

(c) AF=3AB

(d) AF*=2AB?
P is any point on the side BC of a AABC. P is joined to A. If D and E are
the midpoints of the sides AB and AC respectively and M and N are the
midpoints of BP and CP respectively then quadrilateral DENM is

-

(a) a trapezium (b) a parallelogram
(c) arectangle (d) a rhombus

The parallel sides of a trapezium are a and b respectively. The line
joining the midpoints of its nonparallel sides will be

@ @b ©) 36+ © gty @ ab
In a trapezium ABCD, E and F be the midpoints D C
of the diagonals AC and BD respectively. Then,
EF=?
(@) 3B ®) 3D A 5
2 2
(0) 2(AB+CD) (d) 2(AB-CD)
In the given figure, ABCD is a parallelogram, M is R &
the midpoint of BD and BD bisects £B as well as ZD.
Then, ZAMB =?
(a) 45° (b) 60°
(c) 90° (d) 30° A B
In the given figure, ABCD is a rhombus. Then, D c

(c) AC*+BD*=4AB?
(d) 2(AC*+BD? =3AB*

(a) AC®+BD?= AB? v
(b) AC*+BD*=2AB’
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In a trapezium ABCD, if AB||CD then (AC*+BD?) =? D ¢C

(a) BC*+AD*+2BC - AD
(b) AB*+CD?*+2AB-CD

(c) AB*+CD?*+2AD - BC A .
(d) BC*+ AD*+2AB-CD
Two parallelograms stand on equal bases and between the same
parallels. The ratio of their areas is

(@ 1:2 (b) 2:1 (¢c)1:3 (d1:1
In the given figure, AD is a median of AABC and E A
is the midpoint of AD. If BE is joined and produced
to meet AC in F then AF =? F
1 1
(a) 74C (b) §AC
2 3 B D c
(c) 3AC (d) 1AC
The diagonals AC and BD of a parallelogram D C
ABCD intersect each other at the point O such that V
ZDAC =30°and ZAOB =70°. Then, £«DBC =? X
P o N
(c) 45° (d) 50° A -

Three statements are given below:

I. In a ||gm, the angle bisectors of two adjacent angles enclose a right
angle.

II. The angle bisectors of a ||gm form a rectangle.

III. The triangle formed by joining the midpoints of the sides of an
isosceles triangle is not necessarily an isosceles triangle.

Which is true?

(a) Ionly (b) II only (c) Tand I (d) ITand II
Three statements are given below:

I. In a rectangle ABCD, the diagonal AC bisects ZA as well as ZC.

II. In a square ABCD, the diagonal AC bisects £A as well as £C.
III. In a rhombus ABCD, the diagonal AC bisects £ A as well as £C.
Which is true?

(a) Tonly (b) I and IIT (c) Tand ITI (d) Tand 1T

Short-Answer Questions

42,

In a quadrilateral PQRS, opposite angles are equal. If SR =2 cm and
PR =5 c¢m then determine PQ.
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43. Diagonals of a parallelogram are perpendicular to each other. Is this
statement true? Give reasons for your answer.

44. What special name can be given to a quadrilateral PQRS if
ZP+2/5=180"

45. All the angles of a quadrilateral can be acute. Is this statement true?
Give reasons for your answer.

46. All the angles of a quadrilateral can be right angles. Is this statement
true? Give reasons for your answer.

47. All the angles of a quadrilateral can be obtuse. Is this statement true?
Give reasons for your answer.

48. Can we form a quadrilateral whose angles are 70°, 115°, 60° and 120°?
Give reasons for your answer.

49. What special name can be given to a quadrilateral whose all angles are
equal?

50. If D and E are respectively the midpoints of the sides AB and BC
of AABC in which AB=7.2cm, BC=9.8cm and AC =3.6cm then
determine the length of DE.

51. In a quadrilateral PQRS, the diagonals PR and QS bisect each other. If
Z£Q =56°, determine ZR.

52. In the adjoining figure, BDEF and AFDE are A
parallelograms. Is AF = FB? Why or why not?

Data-Sufficiency-Based MCQ

In each of such questions, one question is followed by two statements
I'and II. The answer is

(a) if the question can be answered by one of the given statements
alone and not by the other;

(b) if the question can be answered by either statement alone;

(c) if the question can be answered by both the statements together
but not by any one of the two;

(d) if the question cannot be answered by using both the statements
together.

53. Is quadrilateral ABCD a |jgm?
I. Diagonals AC and BD bisect each other.
II. Diagonals AC and BD are equal.
The correct answer is: (a)/(b)/(c)/(d).
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54. Is quadrilateral ABCD a rhombus?

55.

I. Quadrilateral ABCD is a ||gm.

355

II. Diagonals AC and BD are perpendicular to each other.

Is |gm ABCD a square?

The correct answer is: (a)/(b)/(c)/(d).

I. Diagonals of ||gm ABCD are equal.

II. Diagonals of ||gm ABCD interse
The correct answer is: (a)/(b)/(c)/(

ct at right angles.
d).

56. Is quadrilateral ABCD a parallelogram?

I. Its opposite sides are equal.
II. Its opposite angles are equal.

The correct answer is: (a)/(b)/(c)/(d).

Assertion-and-Reason Type MCQ
Each question consists of two statements, namely, Assertion (A) and
Reason (R). For selecting the correct answer, use the following code:

(a) Both Assertion (A) and Reason (R) are true and Reason (R) is a
correct explanation of Assertion (A).

57.

58.

59.

(b) Both Assertion (A) and Reason

(R) are true but Reason (R) is not a

correct explanation of Assertion (A).

(c) Assertion (A) is true and Reason (R) is false.
(d) Assertion (A) is false and Reason (R) is true.

Assertion (A) Reason (R)
If three angles of a quadrilateral |The sum of all the angle of a
are 130°, 70° and 60° then the |quadrilateral is 360°.
fourth angle is 100°.
The correct answer is: (a)/(b)/(c)/(d).
Assertion (A) Reason (R)

ABCD is a quadrilateral in which
P, Q, R and S are the midpoints of
AB, BC, CD and DA respectively.

The line segment joining the
midpoints of any two sides of a
triangle is parallel to the third side

Then, PQRS is a parallelogram. and equal to half of it.
The correct answer is: (a)/(b)/(c)/(d).
Assertion (A) Reason (R)

In a rhombus ABCD, the diagonal
AC bisects ZA as well as ZC.

The diagonals of a rhombus bisect
each other at right angles.

The correct answer is: (a)/(b)/(c)/(

d).
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60. Assertion (A) Reason (R)
Every parallelogram is arectangle. |The angle bisectors of a

parallelogram form a rectangle.

The correct answer is: (a)/(b)/(c)/(

d).

61. Assertion (A)

Reason (R)

The diagonals of a ||gm bisect each
other.

If the diagonals of a [|gm are equal
and intersect at right angles then
the parallelogram is a square.

The correct answer is: (a)/(b)/(c)/(d).

Matching of Columns
62. Match the following columns:

Column I

Column II

(a) Angle bisectors of a parallelogram form a

(b) The quadrilateral formed by joining the
midpoints of the pairs of adjacent sides of
a square is a

(c) The quadrilateral formed by joining the
midpoints of the pairs of adjacent sides of
arectangle is a

(d) The figure formed by joining the mid-
points of the pairs of adjacent sides of a
quadrilateral is a

(p) parallelogram
(q) rectangle

(r) square

(s) rhombus

The correct answer is:

(@—......, (b)—......, (Q)—...... (d)—......
63. Match the following columns:
Column I Column II

(a) In the given figure, ABCD is a
trapezium in which AB =10 cm
and CD=7 cm. If P and Q are
the midpoints of AD and BC
respectively then PQ =

(p) equal

D 7cm C

A 10 cm B
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(b) In the given figure, PQRS is a | (q) at right angles

lgm whose diagonals intersect
at O.If PR=13 cm, then QR =

S R

Ne—/
[N

P Q

(c) The diagonals of a square are (r) 85 cm

(d) The diagonals of a rhombus | (s) 6.5cm

bisect each other

9. (b) 10.
17.
25.
33.
41.
43.

44.
45.

46.

47.
48.
49.
52.

53.
61.
63.

The correct answer is:

.(b) 3.(0) 4. (a) 5.(d) 6.(d) 7.(a) 8.(b)

) 11.(b) 12.(d) 13.(c) 14.(d) 15.(d) 16. (b)

(d 18.(a) 19.(c) 20.(d) 21.(c) 22.(d) 23.(c) 24.(c)

() 26.(c) 27.(c) 28.(c) 29.(c) 30.(b) 31 (b) 32.(b)

(d) 34.(c) 35.(c) 36.(d) 37.(d) 38.(b) 39.(a) 40.(c)
(b) 42.2cm

No; the only property of the diagonals of a parallelogram is that they
bisect each other.

Trapezium

No; in that case, the sum of the angles of the quadrilateral will be less
than 360°.

Yes; in that case, the sum of the angles will be equal to 360°, e.g., square,
rectangle.

No; in that case, the sum of the angles will be greater than 360°.
No; the sum of the given angles is not 360°.
Rectangle 50. 1.8 cm 51. 124°
Yes; AF =ED and FB = ED and so, AF =FB
[ opposite sides of a ||gm are equal].
(@) 54.(c) 55 (c) 56.(b) 57.(a) 58 (a) 59.(b) 60.(d)
(d)  62. (A)—(q), (b)—(r), (c}—(s), (d)—(p)
(@)—(x), (b)—(s), ()—(p), (d)—(q)



358

10.

11.
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B
. In the given rhombus, we have D
AB=10cm and OA =8 cm. v
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HINTS TO SOME SELECTED QUESTIONS

. £C=2A=75" (opposite £ of a|gm).

In ABCD, £CBD+ ZBCD + ZBDC = 180°
=  60°+75°+£BDC=180° = 135°+ £ZBDC =180° = £BDC =45".

Thus, ZADB = ZADO = 40°.

. ZCAD=2ACB=50° (alt.interior £). D C

ZAOD =90° (diagonals of a rhombus intersect at 90°). v‘
s ZADO=180°—-(50°+90°) =40° (sum of £ of a A is 180°). S
rA

AB? = (OA*+OB?) = (8% +6%) cm” = (64 + 36) cm” = 100 cm®
= AB=4100 cm =10 cm.

right angles. v
.. OA=8cm,OB=6cmand ZAOB=90".
A

So, each side = 10 cm.

5. OB*=AB’*-0A’={(10)*-8% cm”® =36 cm” X
= OBiﬂcm:6cm. A

BD=2X0OB=(2X6)cm =12 cm. A 10cm B

. We know that the diagonals of a rhombus bisect each other at D c

. ZOAD =90° — (£OAB) =90° —35° = 55". D C

Now, ZODA = ZOAD = 55°
[ OA = OD since diagonals of a rectangles
are equal and bisect each other].

35°

£AOD =180° — (£OAD + £ZODA) = 180° - (55° +55°) = 70°. A
ZA+2B=180°and ZA=4B = £ZA=4B=90°

ABCD is a rectangle. D
Sum of the angles of a quadrilateral is 360°.

ZA+ZB+30°+70° =360°

= ZA+Z4ZB=260° = %LA+%AB=130°.

= ZAOB = (180° - 130°) = 50°. 70°

oy

1 1 D C
ZA+2ZB=180° = EAA +§43 =90°.
%LA +%43 +2AOB =180° = 90° + 2 AOB = 180".

ZAOB =90".

vy}
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14. ZAPB = 180°7(%4A+%AB)~ c

1 1

ZCRD = 180°—<54C+54D)- D

/SPQ+ ZSRQ = Z APB + ZCRD <7

=360°— %(LA +ZB+ ZC+ £D)

=360°—180° =180".
Now, ZPSR + ZPQR = 360" — (£SPQ + ZSRQ)
=360°—180° =180°.
15-19. The figures formed by joining the midpoints of the adjacent sides of different

types of quadrilaterals are:

Quadrilateral ~ Square [|gm Rectangle Rhombus
\ 1 | l l

lgm square |[gm Rhombus Rectangle

20. (d) PQRS is always a parallelogram.
By midpoint theorem,
PS||BD and PQ| AC
= LP||OMand PM|LO = LPMO/is a |gm.
= ZLPM=ZLOM=90° [. ACLBD (given)].
Now, PORS is a ||gm with one angle ZP = 90°.
PQRS is a rectangle if AC L BD.

21. (¢) PQ =3 AC, QR = 3BD, SR = 3 AC, PS = 2 BD.

If AC = BD then PQ = QR =SR=PS,
i.e., PQRS will be a rhombus.

22. (d) If diagonals of a quadrilateral are both equal and perpendicular then the
quadrilateral formed by joining the midpoints of sides will be both a rectangle
and a rhombus, i.e., it will be a square.

28. ZABD = ZCDB =45° (alt. interior X).
In AADB, ZBAD + £ZABD + ZADB = 180°.
75°+45°+ ZADB =180° = ZADB =60".
ZCBD =ZADB=60° (alt. interior A4).
29. Let h be the height of the ||gm.
Then, h < b. b
A=aXh<axXb=B. Ah b
Hence, A < B. a a
30. In AEDC and AEFB, we have
ZDCE = ZEBF  (alt. interior £),
ZDEC=ZFEB (vert. opp. £)
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and EC=EB.
AEDC = AEFB and therefore, BF = DC.
AF = (AB+BF) = (AB+DC) = 2AB.

31. D and E are midpoints of AB and AC respectively. A
DE||BC and DE = %BC (midpoint theorem). \\\
1 1 1 1 y %
MN = MP +PN =5 BP+7PC == (BP+PC) = > BC. \\\
DE||MN and DE=MN  (each equal to 3 BO) B M P N C
= DENMisa|gm.
34. ZB=4D = %LB = % 4D = £ZADB=ZABD.

AABD is isosceles and M is the midpoint of BD.
AM L BD and hence ZAMB =90°.
35. We know that the diagonals of a rhombus bisect each other at D C

right angles. v
. OA= %AC, OB = %BD and ~ AOB = 90", .

2 _ 2 21, 2, 1.9
AB"=0A"+OB _ZAC +ZBD A B

=  4AB*>=(AC*+BD?.
36. In AABC, ZB is acute. D
AC*=BC*+AB*-2AB- AE.
In AABD, ZA is acute.
BD*= AD*+ AB*~2AB-BF
(AC*+BD? = (BC*+ AD?) +2AB(AB — AE - BF) A E F B
= BC*+ AD*+2AB- EF = BC*+ AD*+2AB - CD.
37. Two parallelograms on equal bases and between the same parallels are equal in area.
So, the ratio of their areasis1:1.

38. Let G be the midpoint of FC. Join DG.
In ABCF, D is the midpoint of BC and G is the midpoint of FC.
DG| BF = DG| EF. F
In AADG, E is the midpoint of AD and EF || DG.

O

G
So, F is the midpoint of AG.
AF=FG=GC [ Gis the midpoint of FC]. B ) c
_1
AF= 3AC.

39. ZAOC = £DAC =30° (alt. interior £)
= ZOCB=30".
ZAOB+ /BOC =180 = 70°+ ZBOC =180° = ZBOC =110".
In AOBC, ZBOC + ZOCB + ZOBC = 180°
= 110°+30°+ £OBC=180° = £OBC =40".
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42. Opposite angles are equal = PQRSisa|gm = PQ=SR=2cm.

50. DE is the line joining the midpoints of sides AB and BC of AABC. So, by midpoint
theorem,

DE = %AC = (% x 3.6) em = 1.8 cm.

51. PQRS is a ||gm since its diagonals bisect each other. Therefore, its adjacent angles are
supplementary.
53. We know that if the diagonals of a quadrilateral bisect each other then it is a ||gm.
I gives the answer.
If the diagonals of a quadrilateral are equal then it is not necessarily a |[|gm.
II does not give the answer.
Hence, the correct answer is (a).
54. Clearly, I alone is not sufficient to answer the given question.
Also, II alone is not sufficient to answer the given question.
But, both I and II together will give the answer.
the correct answer is (c).
55. When the diagonals of a ||gm are equal, it is either a rectangle or a square.
Also, if the diagonals intersect at right angles then out of rectangle and square, it is
a square.
both I and II will give the answer.
Hence, the correct answer is ().

56. We know that a quadrilateral ABCD is a parallelogram when either of I and II holds.

So, the correct answer is (b).

REVIEW OF FACTS AND FORMULAE

1. (i) QUADRILATERAL A plane figure bounded by four line segments AB, BC, CD
and DA is called a quadrilateral ABCD.

(i) The sum of all the angles of a quadrilateral is 360°.

2. (i) PARALLELOGRAM A quadrilateral in which the opposite sides are parallel, is
called a parallelogram.

(i) RECTANGLE A parallelogram one of whose angles is 90°, is called a rectangle.

(i) TRAPEZIUM A quadrilateral having one pair of opposite sides parallel is called
a trapezium.

(iv) RHOMBUS A parallelogram having all sides equal is called a rhombus.

(v) SQUARE A quadrilateral in which all sides are equal and the diagonals are
equal, is a square.
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3. RESULTS ON PARALLELOGRAM

L. In a parallelogram
(i) opposite sides are equal;
(ii) opposite angles are equal;
(iii) diagonals bisect each other but need not be equal;
(iv) sum of adjacent angles is 180°.
II. Two parallelograms on the same base and between the same parallels are
equal in areq.

4. RESULTS ON RHOMBUS

L. In a rhombus D ©
(i) all sides are equal; v
(ii) the diagonals bisect each other at right angles; <
(iii) in a rhombus ABCD, we have A
AB*+BC*+CD*+DA”*= AC*+BD’. A B

5. A quadrilateral is a ||gm:
(i) if both pairs of opposite sides are equal,
or (ii) if both pairs of opposite angles are equal,
or (iii) if the diagonals bisect each other,
or (iv) if a pair of opposite sides are equal and parallel.
6. (i) The diagonals of a rectangle are equal and bisect each other.
(ii) If the diagonals of a ||gm are equal then it is a rectang]le.
7. (i) The diagonals of a rhombus bisect each other at right angles.
(ii) If the diagonals of a ||gm are perpendicular to each other then it is a
rhombus.
8. (i) The diagonals of a square are equal and bisect each other at right
angles.
(i) If the diagonals of a ||gm are equal and intersect at right angles then
the |[|gm is a square.
9. The quadrilateral formed by joining the midpoints of the pairs of
adjacent sides of
(i) a quadrilateral is a ||gm; (ii) a rectangle is a rhombus;
(iii) a rhombus is a rectangle; (iv) a square is a square.
10. MIDPOINT THEOREM The line segments joining the midpoints of any two
sides of a triangle is parallel to the third side and equal to half of it.
11. INTERCEPT THEOREM If there are three parallel lines and the intercepts
made by them on one transversal are equal then the intercepts on any other
transversal are equal.

<



Areas of Parallelograms

11
’ and Triangles

PLANAR REGION The planar region corresponding to a simple closed figure
is the part of the plane enclosed within the boundary of the figure.

AREA The magnitude or measure of the planar region enclosed by a closed
figure is called the area of that figure.

CONGRUENT FIGURES Two figures are said to be congruent, if they have the
same shape and the same size.

If two congruent figures are cut and one of them is superposed on the
other then each figure covers the other completely.

EUCLIDEAN AREA AXIOMS

1. EXISTENCE POSTULATE Corresponding to each polygon P lying in a plane,
there exists a real number ar(P) = 0, called its area.

2. DOMINANCE POSTULATE For regions R, and R, in a plane, if R, S R, i.e., if R;
is a part of R, then ar(R,) < ar(R,).

3.POSTULATE OF ADDITIVITY For any two plane o

regions R, and R, such that ar(R,NR,)=0 ie,

if R, and R, are nonoverlapping regions then

ar(R, URy) = ar(R;) +ar(R,). D
In the adjoining figure, if R represents the total h
region of a polygon ABCD then ar(R) is equal to

the sum of the areas of regions R, and R,, i.e., A B
ar(R) = ar(R;) tar(R,).
4. CONGRUENCE POSTULATE If R, and R, are two congruent figures then they
have equal areas.
Thus, R, =R, = ar(R)) = ar(R,).
However, the converse is not true. Two figures having equal areas
need not be congruent.

EXAMPLE A square of side 4 cm has the same area as a rectangle
8 cm X 2 cm. But they are not congruent.
D C
4cm 2 R
2cm
A 4cm B P 8cm Q
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FIGURES ON THE SAME BASE AND BETWEEN THE SAME PARALLELS

Two figures are said to be on the same base and between the same parallels if they
have a common side (taken as the base) and the vertices (or the vertex) opposite to
the common base of each figure lie (lies) on a line parallel to the base.

Observe the following figures:

KUW

(i) (iii)
In Fig. (i), AABC and AABD are on the same base AB and between the
same parallels (AB and XY).

In Fig. (ii), |[gm ABCD and || ABEF are on the same base AB and between
the same parallels (AB and DE).

In Fig. (iii), trapezium ABCD and AABN are on the same base AB and
between the same parallels (AB and DN).

Observe the following figures:

K@@

(|v) (vi)

In Fig. (iv), AABC and AADE are between the same parallels
(AD and XY) but not on the same base.

In Fig. (v), |gm ABCD and APBQ are between the same parallels
(AB and DC) but not on the same base.

In Fig. (vi), |[gm ABCD and [|gm PQRS are between the same parallels
(AQ and DR) but not on the same base.

Observe the following figures:

Q . v T
R SﬁR Q P
A B P Q R S
(vii) (viil) (iX)

In Fig. (vii), AABC and A ABP are on the same base AB but not between
the same parallels.
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In Fig. (viii), [gm PQRS and trapezium PQMN are on the same base PQ
but not between the same parallels.

In Fig. (ix), square RSTV and ||gm RSPQ are on the same base RS but
not between the same parallels.

PARALLELOGRAMS ON THE SAME BASE AND BETWEEN THE SAME PARALLELS

Parallelograms on the same base and between the same parallels are equal in area.
We shall verify this result through a simple activity.

Activity1. On a drawing sheet, construct a D E c

parallelogram ABCD. Draw a line segment
AE as shown in Fig. (i). On a separate sheet,
construct AA'D’E’ congruent to AADE using a

tracing paper. Cut AA’D’E’ and place it in such '
a way that A’D’ coincides with side BC of the O
parallelogram ABCD as shown in Fig. (ii). We D E c) E

thus have two parallelograms ABCD and ABE’E
which are on the same base AB and between the same
parallels AB and DE’.

Now, AADE=AA'D'E’ (ii)
= ar(AADE)=ar(AA'D’E’).
Also, ar(ABCD) = ar(AADE) + ar(quad. ABCE)
=ar(AA'D’'E’") +ar(quad. ABCE)
=ar(ABE'E).
Thus, the two parallelograms ABCD and ABE'E are equal in area.
THEOREM 1 Parallelograms on the same base and between the same parallels are
equal in areq.

GIVEN Two ||gms ABCD and ABEF on the same base AB and between the
same parallels AB and FC.

TOPROVE ar(|l|gm ABCD) = ar(||gm ABEF).

PROOF In AADF and ABCE, we have:
AD =BC (opp. sides of a ||gm)

ZADF = 2BCE (corresponding £) A B
DE = CE . DC = FE (each equal to AB)
= DC-FC=FE-FC = DF=CE

AADF = ABCE (SAS-criterion).
And so, ar(AADF) = ar(ABCE)
(congruent figures have equal areas).
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Now, ar(||gm ABCD) = ar(AADF) + ar(quad. ABCF)
= ar(ABCE) + ar(quad. ABCF)
= ar(|gm ABEF).

Hence, ar(||gm ABCD) = ar(|lgm ABEF).

Corollary A parallelogram and a rectangle on the same base and between
the same parallels are equal in area.

HINT A rectangle is also a parallelogram.

BASE AND ALTITUDE OF A PARALLELOGRAM
BASE Any side of a parallelogram can be called its base.

ALTITUDE The length of the line segment which is perpendicular to the base from
the opposite side is called the altitude or height of the parallelogram corresponding
to the given base.

In the adjoining figure

(i) DL is the altitude of |gm ABCD, D\\\ e
corresponding to the base AB. T
M
(ii) DM is the altitude of ||gm ABCD, 3
corresponding to the base BC. AL B

THEOREM 2  The area of a parallelogram is equal to the product of its any side and

the corresponding altitude.

GIVEN A ||gm ABCD in which AB is the base and |

D M_C
AL is the corresponding height. - -
TOPROVE area(||gm ABCD) = AB X AL.
CONSTRUCTION  Draw BM L DC so thatrect. ABML 4 5
is formed.
PROOF  ||gm ABCD and rect. ABML are on the same base AB and between

the same parallel lines AB and LC.

ar(|gm ABCD) = ar(rect. ABML) = AB X AL.

area of a |gm = base X height.

THEOREM 3
equal in areq.

Parallelograms on equal bases and between the same parallels are

GIVEN Two |lgms ABCD and PQRS with equal bases AB and PQ and

between the same parallels, AQ and DR.

D L c M S R
TOPROVE ar(|l|gm ABCD) = ar(||gm PQRS). F =
CONSTRUCTION Draw AL 1L DR and PM L DR.

PROOF  AB| DR, AL L DR and PM L DR. L 3
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AL =PM.
Now, ar(||gm ABCD) = AB X AL
= PQ X PM [" AB=PQand AL = PM]
= ar(|lgm PQRS).
THEOREM 4  (Converse) Parallelograms on the same base and having equal areas
lie between the same parallels.

GIVEN Two ||gms ABCD and ABMN D C N M
on the same base AB such that \ \

ar(||gm ABCD) = ar(||gm ABMN).

TO PROVE DCNM is a straight line A P Q B
parallel to AB,i.e., CN || AB.

CONSTRUCTION Draw CP L ABand NQ L AB.
PROOF  Since CP L ABand NQ L AB, we have
CP||NQ (lines perpendicular to the same line are parallel).
Now, ar(||gm ABCD) = ar(||gm ABMN)
=  ABXCP=ABXNQ (area of a ||gm = base X height)
= CP=NQ.
Now, CP|[NQand CP=NQ = CPQNisa |gm
= CN|PQ = CN| AB.

Thus, parallelograms ABCD and ABMN lie between the same
parallels.

THEOREMS5 A diagonal of a parallelogram divides it into two triangles of
equal area.
GIVEN A ||gm ABCD in which BD is a diagonal.
TOPROVE ar(AABD) =ar(ACDB).
PROOF In AABD and CDB, we have:
AB=CD (opposite sides of a ||gm) D ¢
AD=CB (opposite sides of a ||gm)
BD=DB (common)
.. AABD=ACDB (SSS-criterion). B
Hence, ar(AABD) = ar(ACDB).
THEOREM 6  Triangles on the same base and between the same parallels are equal
in area.

GIVEN Two AABC and DBC on the same base BC and between the same
parallel lines BC and AD.
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ToPROVE ar(AABC) =ar(ADBC). E A D F
CONSTRUCTION Through B, draw \\\ //
BE|CA, meeting DA produced in S ///

E. And, through C, draw CF|BD, B ¢

meeting AD produced in F.

PROOF BE|CAand EA||BC = BCAEisa|gm.
CF||BD and DF || BC = BCFD/is a|/gm.

Clearly, the |gms BCAE and BCFD are on the same base BC and
between the same parallel lines BC and EF.

ar(||gm BCAE) = ar(||gm BCFD). ()
But, a diagonal of a [|gm divides it into two triangles of equal areas.

ar(AABC) = g ar(|lgm BCAE) .. (i)

and  ar(ADBC) = yar(|jgm BCFD). ... (i)
Thus, from (i), (ii) and (iii), we get
ar(AABC) = ar(ADBC).

THEOREM 7  Area of a triangle = % X base X height.

GIVEN A AABC in which BC is the base and AL A D
is the corresponding height. /
TOPROVE ar(AABC)= % X BC X AL. /
CONSTRUCTION Through A and C, draw AD| BC B L C

and CD || BA, intersecting each other at D.
PROOF AD|BCand CD||BA = BCDA s a | gm.

Thus, BCDA is a ||gm whose diagonal AC divides it into two
triangles of equal areas.

ar(AABC) = 3 X ar(|gm BCDA)

- % XBCXAL [ ar(|gm BCDA) = BC X AL].

area of a triangle = % X base X height.

THEOREM 8  If a triangle and a parallelogram are on the same base, and between
the same parallels then the area of the triangle is equal to half the area
of the parallelogram.

GIVEN A AABC and a ||gm BCDE on the same base BC and between the

same parallel lines BC and AD.
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TOPROVE ar(AABC)= %ar(”gm BCDE).

CONSTRUCTION Draw AL | BC, meeting BC in L, and
DM L BC, meeting BC produced in M.

PROOF  Since BC|| AD, we have AL = DM.

adAA&3=%XBCXAL=%XBCXDM'[!AL=DM]

1
=5 X ar(||gm BCDE).

THEOREM 9  Two triangles having the same base (or equal bases) and equal areas
lie between the same parallels.

GIVEN Two triangles AABC and AABD have the ¢ D

same base AB and ar(AABC) = ar(AABD). '

ToPROVE CD| AB. | ‘
CONSTRUCTION Draw CP | ABand DQ 1 AB. s s

PROOF  Since CP L ABand DQ L AB, we have
CP|DQ [ linesperpendicular tosame line are parallel].
Now, ar(AABC) = ar(AABD)

N %XABXCP=%XABXDQ
[ areaofa A= % X base X height]
= CP=DQ.

Now, CP || DQ and CP = DQ
= CPQDisa|gm
= CD|PQ = CD| AB.
Thus, the two triangles lie between the same parallels.
THEOREM 10 If two triangles have equal areas and one side of the one triangle

is equal to one side of the other then their corresponding altitudes
are equal.

GIVEN Two AABC and DEF such that ar(AABC) = ar(ADEF) and BC = EF.
ToPROVE Altitude AL = altitude DM.

/E I
B L C E M F

PROOF ar(AABC) = % X BC X AL [ ar(A) = % X base X height
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and ar(ADEF) =+ >< EF X DM.

Now, ar(AABC) = ar(ADEF)

N %BCXAL=%><EF><DM:>AL=DM [* BC =EF].
Hence, altitude AL = altitude DM.

THEOREM 11 Area of a trapezium

-1 X (sum of the parallel sides) X (distance between them).

2
GIVEN A trapezium ABCD in which I"u P //C
AB||DC and CM L AB.LetCM =h. ! T

I -

I -
TOPROVE  ar(trap. ABCD) = 3 X (AB+DC) X I o b N\

CONSTRUCTION Draw AL L DC, meeting CD produced at L. Join AC.

PROOF ar(trap. ABCD) = ar(AABC) + ar(AACD)
_(1 1
=(3 % ABxCM)+ (3
=%><(AB+DC)><h [ CM=AL=h].

X DC X AL)

area of a trapezium = Ly (sum of the parallel sides)

2
X (distance between them).

THEOREM 12 Area of a rhombus = % X product of the diagonals.
GIVEN A rhombus ABCD whose diagonals AC and BD D c

intersect at a point O. v
ToPROVE  ar(rhombus ABCD) = & X AC X BD. “

PROOF  Since the diagonals of a rhombus intersect each A B
other at right angles, we have

BO L ACand DO L AC.
ar(rhombus ABCD) = ar(AABC) + ar(AACD)

(2><Ac><Bo) ( xACxDo)
Ly Acx®o+D0)

X ACXBD

I\)|H N|.—x I\J [=

X (product of diagonals).

area of a rhombus = % X (product of the diagonals).



Areas of Parallelograms and Triangles 371

SOLVED EXAMPLES

EXAMPLE 1 Show that the line segment joining the midpoints of a pair of opposite
sides of a parallelogram divides it into two equal parallelograms.

GIVEN A ||gm ABCD in which E and F are the midpoints of AB and DC
respectively. E and F are joined. D F c

ToPROVE ar([JAEFD) = ar([JEBCF).
PROOF  Since ABCD is a ||gm, we have AB| DC

and AB=DC. A E B
AE | DF and AE = DF
[ AB=DC = %AB =%DC = AE= DF]~
AEFDis a|gm.
Again, EB|| FC and EB = FC
[ AB=DC = %AB - %DC ~ EB= Pc]
EBCFis a | gm.

Now, AEFD and EBCF being two parallelograms with equal bases
and between the same parallels, they must have equal areas.

ar(||gm AEFD) = ar(||gm EBCF).

EXAMPLE2  In the adjoining figure, ABCD is a ||gm D Q C

whose diagonals AC and BD intersect at v
O. A line segment through O meets AB at
P and DC at Q. Prove that A
ar(CJAPQD) = %ar(”gm ABCD). A 3 ®
soLuTioN  Diagonal AC of ||gm ABCD divides it into two triangles of
equal area.

ar(AACD) = Jar(jgm ABCD). ()

In A OAP and OCQ, we have:
OA =0C (diagonals of a ||gm bisect each other)
ZAOP =2C0OQ (vert. opp. £)
ZPAO=42QCO (alt. interior 4)
AOAP = AOCQ.
ar(AOAP) = ar(AOCQ)
= ar(AOAP) + ar(quad. AOQD)
= ar(AOCQ) + ar(quad. AOQD)
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= ar(quad. APQD) = ar(AACD)
= %ar(”gm ABCD) [using (i)].
ar(CJAPQD) = 1 ar(|gm ABCD).

EXAMPLE 3 Show that a median of a triangle divides it into two triangles of equal
area.

GIVEN A AABC in which AD is a median. A
TOPROVE ar(AABD) = ar(AADC). |
CONSTRUCTION Draw AL L BC. }
|
PROOF  Since D is the midpoint of BC, we have L
BD =DC. B L D c
Now, BD = DC
= 2BDXAL=2DCX AL = ar(AABD) = ar(AADC).
Hence, a median of a triangle divides it into two triangles of
equal area.
EXAMPLE4  In the adjoining figure, AD is one of the A

medians of a AABC and P is a point on AD.
Prove that (i) ar(ABDP) = ar(ACDP),
(ii) ar(AABP) = ar(AACP).

;

B D C

GIVEN A AABC in which AD is a median. P is any point on AD. BP and CP
are joined.

TOPROVE (i) ar(ABDP) = ar(ACDP),
(ii) ar(AABP) = ar(AACP).
PROOF AD is a median of AABC
=  ar(AABD)=ar(AACD) ... ()
[ amedian divides a A into two A of equal area].
Now, D is the midpoints of BC
=  PD is a median of APBC
=  ar(ABDP) = ar(ACDP) ... (ii)
[ amedian divides a A into two A of equal area].
Subtracting (ii) from (i), we get
ar(AABD) —ar(ABDP) = ar(AACD) — ar(ACDP)
=  ar(AABP) =ar(AACP).
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EXAMPLE 5 ABC is a triangle in which D is the midpoint of A
BC and E is the midpoint of AD.

Prove that ar(ABED) = %ar(AABC).
B D C
GIVEN A AABC in which D is the midpoint of BC and E is the midpoint
of AD.
TOPROVE ar(ABED)= %ar(AABC).

PROOF D is the midpoint of BC = AD is a median of AABC
=  ar(AABD)=ar(AACD)
[ median divides a A into two A of equal area]
= ar(AABD) = Sar(AABC) ()
E is the midpoint of AD = BE is a median of AABD
=  ar(ABED) = ar(ABEA)
[ median divides a A into two A of equal area]

- ar(ABED)=%ar(AABD)=%{%ar(AABC)} [using (i)]

= ar(ABED) = ;ar(AABC).

EXAMPLE 6  In a quadrilateral ABCD, it is being given that
M is the midpoint of AC. Prove that D
ar(LJABMD)= ar(LIDMBC).
A B
SOLUTION ~ Median BM divides AABC into two A of equal area.
ar(AABM) = ar(ABMC). ... (@)
Median DM divides ADAC into two A of equal area.
ar(AAMD) = ar(ADMC). ... (ii)
From (i) and (ii), we get
ar(AABM) + ar(AAMD) = ar(ABMC) + ar(ADMC)
= ar(JABMD) = ar(LJDMBC).
EXAMPLE 7 If the medians of a AABC intersect at G, show that IN
ar(AAGB) = ar(AAGC) = ar(ABGC)

- %ar(AABC).
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GIVEN A AABC.Its medians AD, BE and CF intersect at G.
TOPROVE ar(AAGB) =ar(AAGC) =ar(ABGC) = %ar(AABC).

PROOF  We know that a median of a triangle divides it into two triangles
of equal area.

In AABC, AD is the median.

ar(AABD) = ar(AACD). .. ()
In AGBC, GD is the median.

ar(AGBD) = ar(AGCD). ... (ii)

From (i) and (ii), we get

ar(AABD) —ar(AGBD) = ar(AACD) — ar(AGCD)
=  ar(AAGB) =ar(AAGC).
Similarly, ar(AAGB) = ar(ABGC).

ar(AAGB) = ar(AAGC) = ar(ABGC). ... (iii)
But, ar(AABC) = ar(AAGB) + ar(AAGC) + ar(ABGC)
=3ar(AAGB) [using (iii)].

ar(AAGB) = Sar(A ABC).
Hence, ar(AAGB) = ar(AAGC) = ar(ABGC) = %ar(AABC).

EXAMPLE8  Show that the diagonals of a parallelogram divides it into four
triangles of equal area.

GIVEN A llgm ABCD. Its diagonals AC and BD 2 e
intersect at O.
ToPROVE ar(AOAB) = ar(AOBC) 0

= ar(AOCD) = ar(AOAD). A /

PROOF  Since the diagonals of a ||gm bisect each other, we have
OA =0Cand OB =OD.
Also, a median of a triangle divides it into two A of equal area.
Now, in AABC, BO is the median.

ar(AOAB) = ar(AOBCQ). .. ()
In AABD, AQ is the median.

ar(AOAB) = ar(AOAD,). ... (ii)
In AACD, DO is the median.

ar(AOAD) = ar(AOCD). ... (iii)

From (i), (ii) and (iii), we get
ar(AOAB) = ar(AOBC) = ar(AOCD) = ar(AOAD).
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SOLUTION

EXAMPLE 10
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In the adjoining figure, ABCD is a B
quadrilateral. BE is drawn parallel to AC 4
and it meets DC produced in E. Show that
the area of AADE is equal to the area of the
quadrilateral ABCD.
We have
ar(AABC) =ar(AAEC)
[ A on the same base and between the
same parallels are equal in area].
And so, ar(AABC) + ar(AADC) = ar(AAEC) + ar(AADC)
[adding same areas on both sides]

= ar(quad. ABCD) = ar(AADE).

In the adjoining figure, D is the midpoint
of side AB of AABC and P is any point on
BC. IfCQ || PD meets AB in Q, prove that

ar(ABPQ) = %ar(AABC).

GIVEN D is the midpoint of side AB of AABC and P
is any point on BC. CQ || PD meets AB in Q.

1

TOPROVE ar(ABPQ)= Ear(AABC).

CONSTRUCTION  Join CD and PQ.

PROOF  We know that a median of a triangle divides it into two triangles
of equal area.

And, in AABC, CD is a median.

ar(ABCD) = 3 ar(A ABC)

= ar(ABPD)+ar(ADPC) = %ar(AABC). .0

But, ADPC and DPQ being on the same base DP and between the
same parallels DP and CQ, we have

ar(ADPC) = ar(ADPQ). ... (ii)

Using (ii) in (i), we get

ar(ABPD) + ar(ADPQ) = %ar(AABC).

ar(ABPQ) = yar(AABC).
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EXAMPLE 11 A point O inside a rectangle ABCD is joined to the vertices. Prove
that the sum of the areas of a pair of opposite triangles so formed is
equal to the sum of the areas of the other pair of triangles.

GIVEN A rect. ABCD and O is a point inside it. OA, OB, OC and OD have
been joined.

TOPROVE ar(AAOD) +ar(ABOC) = ar(AAOB) +ar(ACOD).

CONSTRUCTION Draw EOF || AB and LOM || AD.

PROOF EOF || AB and DA cuts them. {
ZDEO=ZEAB=90° (corres. £). }

OE L AD. |
Similarly, OF L BC;OL L ABand OM L DC. A L B
ar(AAOD) + ar(ABOC)

:(%xAong>+<%xBC><OF>

- %AD X (OE +OF) [ BC=AD]

=%><AD><EF=%><AD><AB [* EF = AB]

= % X ar(rect. ABCD).

Again, ar(AAOB) + ar(ACOD)

(1 1 _1

—(2 ><AB><OL>+<2 ><DC><OM>— L% ABX (OL+OM)
[* DC = AB]

=%><AB><LM=%><AB><AD [" LM = AD]

= % X ar(rect. ABCD).
ar(AAOD) + ar(ABOC) = ar(AAOB) + ar(ACOD).

EXAMPLE 12 ABCD is a parallelogram and O is a point D __ G c

in its interior. Prove that V
(i) ar(AAOB)+ar(ACOD) E F
1 _

=5ar(|gm ABCD). A H B
(ii) ar(AAOB) +ar(ACOD) = ar(AAOD) +ar(ABOC).
GIVEN A |lgm ABCD and O is a point in its interior.
T0PROVE (i) ar(AAOB) +ar(ACOD) = 3 ar(|gm ABCD),
(ii) ar(AAOB) +ar(ACOD) = ar(AAOD) + ar(ABOC).
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CONSTRUCTION Draw EOF || AB|| DC and GOH || AD || BC.

PROOF AAOB and ||gm EABF being on the same base AB and between the
same parallels AB and EF, we have

ar(A AOB) = ar(|gm EABF) ()
Similarly, ar(ACOD) = ar(Hgm EFCD), ... (ii)
ar(AAOD) = ar(Hgm AHGD) ... (iii)

and ar(ABOC) = ar(llgm BCGH). ... (iv)

Adding (i) and (ii), we get
ar(AAOB) +ar(ACOD) = ar(||gm EABF)++ ar(Hgm EFCD)

= Ear(“gm ABCD). e (V)
Adding (iii) and (iv), we get
ar(AAOD) +ar(ABOC) = ar(||gm AHGD)++ ar(||gm BCGH)

= Ear(“gm ABCD). %))

ar(AAOB) +ar(ACOD) = ar(AAOD) +ar(ABOC)
[from (v) and (vi)].
EXAMPLE 13 If each diagonal of a quadrilateral separates it into two triangles of
equal area then show that the quadrilateral is a parallelogram.

GIVEN A quad. ABCD in which diagonals AC and BD are D c
such that

ar(AABD) = ar(ACDB) and ar(AABC) = ar(AACD).
TOPROVE ABCD is a parallelogram.

A B
PROOF ar(quad. ABCD) = ar(AABC) +ar(AACD)
=2ar(AABC) [ ar(AACD) = ar(AABC)].
ar(AABC) = —ar(quad ABCD,). ... (1)

Again, ar(quad. ABCD) = ar(AABD) + ar(ACDB) = 2ar(AABD)
[ ar(ACDB) = ar(AABD)].

ar(AABD) = yar(quad. ABCD). .. (i)

From (i) and (ii), we get
ar(AABC) =ar(AABD).
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Also, AABC and AABD have the same base AB.
they lie between the same parallels AB and DC [Theorem 9]
ie., ABJ|DC.
Similarly, AD || BC.
Hence, ABCD is a ||gm.

EXAMPLE 14  If the diagonals AC and BD of a quadrilateral ABCD intersect at
O and separate the quadrilateral ABCD into four triangles of equal
area, show that the quadrilateral is a parallelogram.

GIVEN A quad. ABCD whose diagonals AC and BD D c

intersect at O in such a way that v

ar(AAOB) = ar(ABOC) = ar(AAOD) = ar(ACOD). ﬂ
TOPROVE ABCDis a|gm.
PROOF ar(AAOD) = ar(ABOC)
=  ar(AAOD)+ar(AAOB) = ar(ABOC) +ar(AAOB)
= ar(AABD)=ar(AABC).
Also, AABD and A ABC have the same base.
they lie between the same parallels AB and DC, i.e., AB| DC
[Theorem 9].

A B

Similarly, AD || BC.
Hence, ABCD is a parallelogram.

EXAMPLE 15 D, E, F are the midpoints of the sides BC, CA and AB respectively of
AABC. Prove that
(i) BDEF isa||gm,

(ii) ar(ADEF) = %ar(AABC) and
(ii) ar(|gm BDEF) = 3 ar(AABC). g s .

SOLUTION By midpoint theorem, DE || BA and FE || BC.

DE| BF and FE| BD.
BDEF is a ||gm.

Similarly, AFDE is a ||gm.

And, DCEF is ||gm.

Diagonal DF of ||gm BDEF divides it into two A of equal area.
ar(ADEF) = ar(ABDF).

Similarly, ar(ADEF) = ar(ADCE).
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SOLUTION

EXAMPLE 17

SOLUTION
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And, ar(ADEF) = ar(AAFE).
ar(ADEF) = ar(ABDF) = ar(ADCE) = ar(AAFE)

ar(ADEF) = ar(AABO).
ar(|gm BDEF) = 2 X ar(ADEF)

=2x i X ar(AABC) = % X ar(AABC).

In the adjoining figure, ABCDE is a
pentagon. A line through B parallel to AC
meets DC produced at F. Show that

(i) ar(AACB) = ar(AACF),
(ii) ar(AEDF) = ar(ABCDE).

D c F
Join AF.
AACB and AACF have the same base AC and lie between the
same parallels AC and BF.

ar(AACB) = ar(AACF).
And so, ar(AACB) + ar(ACDE) = ar(AACF) + ar(ACDE)
= ar(ABCDE) = ar(AEDF).
In the adjoining figure, PORS and PABC are

two parallelograms of equal area. Prove that
QC| BR.

Let BC and QR intersect at O.
Join BQ, QC, CR and RB.
Now, ar(||gm PQRS) = ar(||gm PABC) (given)

= ar(]|gm PQRS) — ar(]|gm QOCP)
= ar(||gm PABC) — ar(]|gm QOCP)

ar(||gm ORSC) = ar(||gm ABOQ)

2 Xar(AORC) =2 X ar(AOBQ) = ar(AORC) = ar(AOBQ)
ar(AORC) + ar(AOBR) = ar(AOBQ) + ar(AOBR)
ar(ABRC) = ar(ABRQ).

Now, ABRC and ABRQ being on the same base BR and equal
in area, they must be between the same parallels.

QC||BR.

R
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EXAMPLE 18 In the adjoining figure, PQ is a A
line parallel to side BC of AABC. If TN
BX||CA and CY || BA meet the line xe=—F Q"
PQ produced in X and Y respectively,
show that ar(AABX) = ar(AACY).

GIVEN A AABC, PQ| BC; BX ||CA and CY || BA. B c

TOPROVE ar(AABX) =ar(AACY).
PROOF  |jgm XBCQ and A ABX being on the same base XB and between the
same parallels XB and CA, we have

ar(AABX) = yar(|gm XBCQ). ()

Again, [[gm BCYP and AACY being on the same base CY and
between the same parallels CY and BA, we have

ar(AACY) = %ar(H gm BCYP). . (i)

But, |[gm XBCQ and ||gm BCYP being on the same base BC and
between the same parallels BC and XY, we have

ar(|l|gm XBCQ) = ar(||gm BCYP). ... (iii)
from (i), (ii) and (iii), we get
ar(AABX) = ar(AACY).
EXAMPLE 19 In the adjoining figure, ABCD is a parallelogram
and P is any point on BC. Prove that
ar(AABP) +ar(ADPC) = ar(APDA).
soLuTioN  Draw AL L BC and PM L AD.

Since BC| AD, so distance between them
remains the same.

AL =PM.
ar(AABP) + ar(ADPC)
= 3 XBPX AL+3 X PCX AL =5 X AL X (BP + PC)
=%><AL><BC=%><PM><AD [ AL =PM and BC = AD]
=ar(APDA).
c
EXAMPLE20 In the adjoining figure, ABCD is a
parallelogram. If P and Q are any two
Q

points on the sides AB and BC respectively,
prove that ar(ACPD) = ar(AAQD).
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EXAMPLE 21

SOLUTION

EXAMPLE 22

SOLUTION
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ACPD and ||gm ABCD are on the same base DC and between
the same parallels CD and AB.

ar(ACPD) = 3 ar(|gm ABCD).

Similarly, ar(AAQD) = %ar(”gm ABCD).
ar(ACPD) = ar(AAQD).

In the adjoining figure, the side AB of ||gm
ABCD is produced to a point P and a line
through A, parallel to CP, meets CB produced
in Q and the ||gm BQRP is completed.
Prove that

ar(||gm ABCD) = ar(||gm BQRP).

Join AC, CP, PQ and QA.
Now, AAQC and AAQP being on the same base AQ and
between the same parallels AQ and CP, we have
ar(AAQC) = ar(AAQP)
= ar(AAQC)—-ar(AAQB) =ar(AAQP)—ar(AAQB)
= ar(AABC)=ar(ABQP)

= Tar(lgm ABCD) = Lar(lgm BQRP)

[ AC divides ||gm ABCD into two A of equal area
and QP divides |gm BQRP into two A of equal area]
= ar(|gm ABCD) = ar(||gm BORP).
Hence, ar(||gm ABCD) = ar(||gm BQRP).

Let P, Q, R, S be respectively the midpoints of c
the sides AB, BC, CD and DA of quad. ABCD. R
Show that PQRS is a parallelogram such that D

Q
1
ar(|gm PQRS) = 5 ar(quad. ABCD). S! ‘

Join AC and AR. A P B
In AABC, P and Q are midpoints of AB and BC respectively.

PQ| AC and PQ = 7 AC.
In ADAC, S and R are midpoints of AD and DC respectively.
SR ACand SR = L AC.
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EXAMPLE 23

SOLUTION
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Thus, PQ || SR and PQ = SR.
PQRS is a ||gm.
Now, median AR divides AACD into two A of equal area.

ar(AARD) = —ar(AACD) (@)
Median RS divides AARD into two A of equal area.
ar(ADSR) = £ ar(AARD) (i)
From (i) and (ii), we get ar(ADSR) = %ar(AACD).
Similarly, ar(ABQP) = %ar(AABC).

ar(ADSR) + ar(ABQP) =  [ar(AACD) +ar(A ABC)]
= ar(ADSR)+ar(ABQP) =y ar[quad. ABCD]. ... (i)

Similarly, ar(ACRQ) +ar(AASP) = iar(quad. ABCD). ...(iv)

Adding (iii) and (iv), we get
ar(ADSR) + ar(ABQP) + ar(ACRQ) + ar(AASP)

= %ar(quad. ABCD). .. (V)
But, ar(ADSR) + ar(ABQP) + ar(ACRQ) + ar(AASP)
+ ar(||gm PQRS) = ar(quad. ABCD). .. (Vi)

Subtracting (v) from (vi), we get
ar(]lgm PQRS) = —ar(quad ABCD).

In the adjoining figure, ABDC, CDFE A B
and ABFE are parallelograms. Show that
ar(AACE) = ar(ABDF). c
We have: _
AC=BD (opp. sides of |[gm ABDC) L

F
CE=DF (opp.sides of |[gm CDFE)
AE =BF (opp. sides of |gm ABFE)

AACE = ABDF [SSS-criterion].
And so, ar(AACE) = ar(ABDF)
[ congruent figures have equal areas].
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SOLUTION

EXAMPLE 25

SOLUTION

EXAMPLE 26

SOLUTION
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In the adjoining figure, two parallelograms D C
ABCD and AEFB are drawn on opposite
sides of AB. Prove that

ar(||gm ABCD) + ar(||gm AEFB)
=ar(||gm EFCD).

In AAED and ABFC, we have

AD =BC, AE=BF and DE =CF (opp. sides of a ||gm).

AAED = ABFC.
So, ar(AAED) = ar(ABFC). Y]
ar(||gm ABCD) + ar(||gm AEFB)

= ar(||gm DEFC) + ar(AAED) — ar(ABFC)

=ar(|gm EFCD) [using (i)].

In the adjoining figure, ABCD is a parallelogram A B
and a line through A cuts DC at P and BC produced
at Q. Prove that o A
ar(ABPC) = ar(ADPQ). B/
Q
Join AC.

Now, AADC and AADQ being on the same
base AD and between the same parallels AD M
D

and BC, are equal in area.

ar(AADC) = ar(AADQ) Q
= ar(AADC)-ar(AADP) = ar(AADQ) — ar(AADP)
= ar(AAPC) = ar(ADPQ). ... (1)

Also, AAPC and ABPC being on the same base PC and between
the same parallels PC and AB, are equal in area.

ar(AAPC) = ar(ABPC). ... (i)
From (i) and (ii), we get ar(ABPC) = ar(ADPQ).
Prove that of all the parallelograms of given sides, the parallelogram
which is a rectangle has the greatest area.

Let us consider all parallelograms of sides a and b.

D cC D o]
|
b/ Ih b
1
A B A a B
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EXAMPLE 28

SOLUTION

EXAMPLE 29
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In ||gm ABCD of sides a and b, let 1 be the height corresponding
to the base a.
Then, h <b.
Now, h<b = ah=<ab.
ar(||gm ABCD) < ar(rect. ABCD).

lgm ABCD and rect. ABEF have the D E c
same base AB and equal area. Show "
that the perimeter of the ||gm is greater
than that of the rectangle.

We have

AB=EFand CD = AB = AB+CD = AB+EF. .. ()
We know that, of all the line segments to a given line from a
point, outside it, the perpendicular is the least.

BE <BC and AF < AD.

BC+AD > BE + AF. ... (i)
From (i) and (ii), we get

AB+BC+CD+AD > AB+BE+EF +AF.
Hence, the perimeter of the ||gm is greater than the perimeter

0

A B

of the rectangle.

M and N are points on the side P

PR of the triangle PQR such that M

PM = MN = NR. Through M, a line is N

drawn parallel to PQ to meet QR at S, as

shown in the adjoining figure. Prove that
ar(APSN) = ar(QSNM).

APSM and AQSM have the same base SM and lie between the

same parallels PQ and MS.

ar(APSM) = ar(AQSM)
= ar(APSM)+ar(AMSN) = ar(AQSM) + ar(AMSN)
= ar(APSN) = ar(QSNM).

Q S R

O

In the adjoining figure, ABCD is a A
parallelogram. Points P and Q on BC
trisect BC. Prove that o

ar(AAPQ) = ar(ADPQ) = £ar(ABCD). § —F G ¢
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Through P and Q, we draw PM and A M N D
ON parallel to AB. Parallelograms W

ABPM, MPQON and NQCD have /

equal areas since they have equal L\

bases and lie between the same
parallels [Theorem 3].

ar(|lgm ABPM) = ar(||gm MPQN)
=ar(/lgm NQCD) = —ar(llgm ABCD). ... (i)
Now, ar(AAPQ) = ar(ADPQ)

1
= Sar(jgm MPQN)

[" AAPQ, ADPQ and ||gm MPQN have
the same base PQ and lie between
the same parallels AD and BC]

= ar(AAPQ) = ar(ADPQ) = {ar(||gmABCD)} [using (i)]

Hence, ar(AAPQ) = ar(ADPQ) = ar(||gm ABCD).

In the adjoining figure, ABC and BDE are two equilateral triangles
such that D is the midpoint of BC. If AE intersects BC at F,
show that

(i) ar(ABDE) = %ur(AABC)

(ii) ar(ABDE) = ar(ABAE)
(iii) ar(AABC) = 2ar(ABEC)

(

( B c
(iv) ar(ABFE) = ar(AAFD) ‘,

(

(v) ar(ABFE) = 2ar(AFED) E

(0i) ar(AFED) = %ar(AAFC).

Join AD and EC.
We have ZABC = ZDBE =60° = DE| AB
(alt. interior 4)
and ZACB=4DBE =60° = BE| AC
[ AABC and ABDE are eq. A].
Now, let each side of ABDE =a.
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Then, ar(ABDE) = @a? )
Each side of AABC =2a [ BC=2BD].
ar(AABC) = ?(211)2 = 4(@&) : ... (ii)

From (i) and (ii), we get

ar(ABDE) = Jar(A ABC). .. (i)
Now, AD is a median of AABC
= ar(AABD) = gar(AABO). (i)
But, ar(ABAE) = ar(AABD) (V)

[ same base AB and same parallels AB and DE].

From (iv) and (v), we get

ar(ABAE) = 3ar(AABO). s (Vi)
From (iii) and (vi), we get

ar(ABDE) = £ ar(ABAE). .. (vid)
Now, ar(ABDE) = %ar(ABEC) ... (viii)

[ EDis a median of ABEC].
From: (iii) and (viii), we get
ar(AABC) = 2ar(ABEC). ... (ix)
Now, ar(AAED) = ar(ABDE)
[ same base DE and same parallels AB and DE]
= ar(AAED)—-ar(AFED) = ar(ABDE) —ar(AFED)
= ar(AAFD) = ar(ABFE). ()

/3

Now, height of AAFD =height of AABC=H = 73(2a) =y/3a

3 3
and height of AFED =height of ABDE =h = g(a) = % = % :

ar(AAFD) = % X FD X H and ar(AFED) = % X FD X %

= ar(AAFD) =2ar(AFED) . (xd)
= ar(ABFE) =2ar(AFED) ... (xii) [using (x)].
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Now, ar(AAFC) = ar(AAFD) + ar(AADC)
= 2ar(AFED) + 3 {ar(AABC)}  [using (xi)]

1

=2ar(AFED)+ )

{4ar(ABDE)} [using (iii)]

=2ar(AFED) +2{ar(ABFE) + ar(AFED)}
=2ar(AFED) +2{ar(AFED) +ar(AFED)}

=8ar(AFED)

= ar(AFED)= %ar(AAFC).

EXERCISE 11

[using (xii)]

1. Which of the following figures lie on the same base and between the
same parallels. In such a case, write the common base and the two

parallels.

A
(ii

A D
B Cc

(iv) v)

A
D
E
C
B
0]
D c
R
Q
P
A B

2. In the adjoining figure, show that ABCD is
a parallelogram.

Calculate the area of ||gm ABCD.

3. In a parallelogram ABCD, it is being
given that AB=10 cm and the altitudes
corresponding to the sides AB and AD are
DL=6 cm and BM =8 cm, respectively.
Find AD.

/7]

Q C A
P B
i)

@
D F C E

(iif)

D
P
A
c
Q
B
(vi)

D 5cm C
4
€
o
~
yA——
A 5cm B
D C
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4. Find the area of a figure formed by joining the midpoints of the adjacent
sides of a rhombus with diagonals 12 cm and 16 cm.

5. Find the area of a trapezium whose parallel sides are 9 cm and 6 cm
respectively and the distance between these sides is 8 cm.

6. (i) Calculate the area of quad. ABCD, given in Fig. (i).
(ii) Calculate the area of trap. PQRS, given in Fig. (ii).

D 17 cm c A
$ s
2 & %
o
B
b
A P 8.cm T 8cm Q

7. In the adjoining figure, ABCD is a trapezium p L M C
in which AB||DC; AB=7cm; AD=BC=5cm
and the distance between AB and DC is 4 cm. %
Find the length of DC and hence, find the area
of trap. ABCD. A 7cm B

4 cm
4 cm

Cm

8. BD is one of the diagonals of a quad. ABCD. If D
AL 1 BD and CM L BD, show that

ar(quad. ABCD) = % X BD X (AL + CM).

A B

9. M is the midpoint of the side AB of a parallelogram ABCD. If ar(AMCD)
=24 cm’, find ar(AABC).

10. In the adjoining figure, ABCD is a D
quadrilateral in which diag. BD =14 cm. If
AL 1 BD and CM L BD such that AL=8 cm
and CM = 6 cm, find the area of quad. ABCD.

A B

11. If P and Q are any two points lying respectively on the sides
DC and AD of a parallelogram ABCD then show that

ar(AAPB) = ar(ABQC).



12.

13.

14.

15.
16.

17.

18.

19.

20.

21.
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[oe]

In the adjoining figure, MNPQ and ABPQ are M_A N
parallelograms and T is any point on the side
BP. Prove that

(i) ar(MNPQ) = ar(ABPQ)

—

(ii) ar(AATQ) = Sar(MNPQ).

In the adjoining figure, ABCD is a trapezium D c
in which AB|| DC and its diagonals AC and BD
intersect at O. o)

Prove that ar(AAOD) = ar(ABOC).

>
w

In the adjoining figure, DE || BC.
Prove that

(i) ar(AACD) = ar(AABE)

(ii) ar(AOCE) = ar(AOBD).

B"

O

Prove that a median divides a triangle into two triangles of equal area.

Show that a diagonal divides a parallelogram into two triangles of
equal area.

In the adjoining figure, ABC and ABD are two
triangles on the same base AB. If line segment
CD is bisected by AB at O, show that

ar(AABC) =ar(AABD).

.
<y

D and E are points on sides AB and AC respectively of AABC such that
ar(ABCD) = ar(ABCE). Prove that DE || BC.

P is any point on the diagonal AC of a parallelogram ABCD. Prove that
ar(AADP) = ar(AABP).
In the adjoining figure, the diagonals AC and
BD of a quadrilateral ABCD intersect at O.
If BO = OD, prove that
ar(AABC) = ar(AADC). A

i

[oe]

The vertex A of AABC is joined to a point D on
the side BC. The midpoint of AD is E.

%>

Prove that ar(ABEC) = yar(AABC).

@
@)
O
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D is the midpoint of side BC of AABC and E is

A
the midpoint of BD. If O is the midpoint of AE,
prove that  ar(ABOE) = gar(A ABC). /]

B E D C
In a trapezium ABCD, AB|DC and M is the D c Q
midpoint of BC. Through M, a line PQ| AD
has been drawn which meets AB in P and DC M
produced in Q, as shown in the adjoining figure. A P B

Prove that ar(ABCD) = ar(APQD).

In the adjoining figure, ABCD is a quadrilateral. 7 P
A line through D, parallel to AC, meets BC A
produced in P. /// // /
Prove that ar(AABP) = ar(quad. ABCD). D /. 7¢
A B

In the adjoining figure, AABC and ADBC are A c
on the same base BC with A and D on opposite
sides of BC such that ar(AABC) = ar(ADBC).
Show that BC bisects AD.

B D
ABCD is a parallelogram in which BC is A B

produced to P such that CP = BC, as shown in

the adjoining figure. AP intersects CD at M. If

ar(DMB) =7 cm’, find the area of parallelogram D M C
ABCD. v

In a parallelogram ABCD, any point E is taken on the side BC. AE and
DC when produced meet at a point M. Prove that

ar(AADM) = ar(ABMC)

(@)

P, Q, R, S are respectively the midpoints of the D R
sides AB, BC, CD and DA of ||gm ABCD. Show ’
that PQRS is a parallelogram and also show that A ‘

ar(|gm PORS) = % X ar(|gm ABCD). [ B

X

»n

>

In a triangle ABC, the medians BE and CF intersect at G. Prove that
ar(ABCG) = ar(AFGE).
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The base BC of AABC is divided at D such that BD = %DC. Prove that

ar(AABD) = % X ar(AABC).

In the adjoining figure, BD || CA, E is the midpoint A
of CA and BD = %CA. Prove that D £
ar(AABC) =2ar(ADBC).

The given figure shows a pentagon ABCDE. EG,

D
drawn parallel to DA, meets BA produced at G, E c
and CF, drawn parallel to DB, meets AB produced
at F. Show that

ar(pentagon ABCDE) = ar(ADGF).

In the adjoining figure, CE || ADand CF || BA. B
Prove that ar(ACBG) = ar(AAFG). %
A D
In the adjoining figure, the point D divides the A
side BC of AABC in the ratio m : n. Prove that
ar(AABD):ar(AADC)=m:n.
1
B D L ¢C
In a trapezium ABCD, AB||DC, AB=a cm, and D bem C
DC=bcm. If M and N are the midpoints of the M N
nonparallel sides, AD and BC respectively then
find the ratio of ar(DCNM) and ar(MNBA). A Tom B

ABCD is a trapezium in which AB| DC, AB =16 cm and DC =24 cm.
If E and F are respectively the midpoints of AD and BC, prove that

ar(ABFE) = %ar(EPCD).

In the adjoining figure, D and E are P A
respectively the midpoints of sides
AB and AC of AABC. If PQ||BC and
CDP and BEQ are straight lines then o

prove that ar(AABQ) = ar(AACP). B [

e}
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38. In the adjoining figure, ABCD and BQSC are two
parallelograms. Prove that ar(ARSC) = ar(APQB).

ANSWERS (EXERCISE 11)
1. (i) No (ii) No (iii) Yes; AB; AB and DE (iv) No
(v) Yes; BC; BC and AD (vi) Yes; CD; CD and BP
2. 35cm’ 3. 75cm 4. 48 cm® 5. 60 cm”
6. (i) 114 cm?® (ii) 180 cm® 7. DC =13 cm, area = 40 cm?
9. 36 cm’ 10. 98 cm® 26. 28 cm” 35. (a+3b): (3a+b)

HINTS TO SOME SELECTED QUESTIONS

2. ZABD = ZBDC =90" (corresponding £).
AB| DC. Also, AB = DC.
3. ar(|gm ABCD) = ABX DL = AD X BM.

4. Area of rhombus = % X product of diagonals = (% X12 X 16) cm® =96 cm”.

Area of figure formed by joining the midpoints = % X area of rhombus = 48 cm”.

9. ar(AACD) = ar(A ABC) = yar (jgm ABCD), D c
ar(AAMC) = ar(AMBC) = > ar(AABC).
ar(AMCD) = 3ar(AAMC) = 24 = 3ar(AAMC) A YR
= ar(AAMC) =8 cm’.
And so, ar(AABC) = 2ar(AAMC) = 16 cm”.
D P C

11. ar(AAPB) = S ar(ABCD) and ar(ABQC) = yar(ABCD)

[ Aand ||gm have same base
and lie between same parallels].
ar(AAPB) = ar(ABQC).
12. ar(MNPQ) = ar(ABPQ) (they have same base and lie between same parallels).

ar(AATQ) = %ar(ABPQ) (they have same base and lie between same parallels).

13. ar(ACDA) = ar(ACDB) (A on the same base and between the same parallels)
= ar(ACDA)-ar(AOCD) = ar(ACDB) —ar(AOCD).
14. ar(ADEC) = ar(ADEB) (A on the same base and between the same parallels).
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(i) Add ar(AADE) on both sides.
(ii) Subtract ar(AODE) from both sides.

AO is the median of ACAD = ar(ACOA) =ar(ADOA).

BO is the median of ACBD = ar(ACOB) = ar(ADOB).
ar(ACOA) + ar(ACOB) = ar(ADOA) + ar(ADOB) = ar(AABC) = ar(AABD).

ABCE and ABCD are on the same base BC and have equal A

area. So, their corresponding altitudes must be equal.
DE||BC.

Draw diagonal BD. Let AC and BD intersect at O. Then, O is D C
the midpoint of BD. N —/
ar(ADPO) = ar(ABPO) [ PO is a median of ABPD].
ar(AADO) = ar(AABO) ['" AOis a median of AABD].

ar(ADPO) + ar(AADO) = ar(ABPO) + ar(A ABO) A B
= ar(AADP)=ar(AABP).
CO is a median of ABCD = ar(ACOD) = ar(ACOB).

AO is a median of AABD = ar(AAOD) =ar(AAOB).
ar(ACOD) +ar(AAOD) = ar(ACOB) + ar(AAOB).

.ar(ADBE) = —ar(AABD)andar(ACDE) —ar(AADC)

ar(AABD) = ar(AABC ar(AABE) = ar(AABD) ar(AABC)

ar(ABOE) = ar(AABE) ar(AABC)

AMQC = AMPB [ CM =BM, £CMQ = £BMP, ZMCQ = ZMBP].
ar(AMQC) = ar(AMPB)

= ar(AMQC)+ar(APCD) = ar(AMPB) + ar(APCD)

=  ar(APQD) = ar(ABCD).

AACD and AACP are on the same base and between the same parallels.
ar(AACP) = ar(AACD)

= ar(AACP)+ar(AABC) = ar(AACD)+ar(AABC).

Draw AL L BC and DM L BC. A c
Since AABC and ADBC have the same base BC and v
are equal in area, their altitudes must be equal. So,

Let AD and BC intersect at O. B D

Now, AALO = ADMO. Therefore, OA = OD.
AMDA=AMCP [. ZDMA =2ZCMP; ZLMDA = 2ZMCP;
AD = CP since AD = BC and CP = BC]
DM =MC (C p-c.t.) and so BM is a median of ABDC.

Thus, ar(DMB) = ar (BDC).
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But, ar(BDC) = ar(ABCD) [ BDis a diagonal of [|gm ABCD].

ar(DMB) = —ar(ABCD) and so ar(ABCD) = 28 cm”.

27. Join BM and AC. We have

ar(AADC) =+ >< DCXh

and ar(AABM) = —><AB><h=—><DC><h

[* AB=DCin|gm ABCD]. A B
ar(AADC) = ar(AABM)
= ar(AADC)+ar(AAMC) = ar(AABM) +ar(AAMC)
= ar(AADM) = ar(ABMC).
C
29. CF is a median of AABC = ar(ABCF) = ar(AABC)
E
BE is a median of AABC = ar(AABE)= ar(AABC)
ar(ABCF) = ar(AABE) A 5
=  ar(ABCF)-ar(ABFG) = ar(AABE) — ar(ABFG)
=  ar(ABCG) = ar(AFGE).
30. Let E be the midpoint of DC. Then, A
BD = DE = EC = £ BC.
Join AD and AE.
In AABE, AD is a median and so ar(AABD) = ar(AADE). B D

In AADC, AE is a median and so ar(AADE) = ar(AAEC).

ar(AABD) = ar(AADE) = ar(AAEC) = —ar(AABC)

31.BD = %CA and E is the midpoint of CA = BD = CE.
Now, BD||CE and BD =CE = BCEDisa ||gm.
ar(ADBC) = ar(ABCE) = —ar(AABC) [ BEis a median of AABC]

= ar(AABC)=2ar(ADBC).
32. ar(ADBC) = ar(ADBF)
ar(AADE) = ar(AADG)
ar(ADBC) +ar(AADE) +ar(AABD) = ar(ADBF) + ar(AADG) + ar(AABD)
ar(pentagon ABCDE) = ar(ADGF).
33. ar(ACFA) = ar(ACFB) [ same base CF and same parallels BA and CF]
=  ar(ACFA)—ar(ACFG) = ar(ACFB) — ar(ACFG)
= ar(AAFG)=ar(ACBG).

1
ar(AABD) o X BD*AL
ar(AADC) 1 -

2

34.

S{E
3!3

XDCX AL
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35. M and N are midpoints of AD and BC respectively D bcm C
1 _(ath). /i
= MNHABHDCandMN—2(AB+DC)—< 5 ) M lp N
Draw DQ L AB. Let DQ cut MN at P. ﬁ‘
Then, P is the midpoint of DQ, A Q acm B
ie, DP=PQ=h (say).
Now, ar(DCNM) = 3 X (DC-+MN) X DP =3 X b+ ”;b)Xh =2 (@+3p)
and ar(MINBA) =3 X (MN + AB) xpgz%x<%+a)x h =%>< (3a+b).

ar(DCNM) : ar(MNBA) = (a+3b): (3a+ D).

36 ar(ABFE)_24+3><16_2_i A 16cm B
“ar(EFCD) 3x24+16 88 11

D 24 cm C

37. In APAC, we have PA | DE and E is the midpoint of AC.
D is the midpoint of PC  (by converse of midpoint theorem).
And so, DE = 1PA, ie,, PA=2(DE).
Similarly, AQ = 2(DE) and so, PA = AQ.
Now, ar(AABQ) = ar(AACP)
[" AABQ and AACP have equal bases and lie between the same parallels].
38. In ARSC and APQB, we have:
ZCRS =4BPQ (corres. 4)
ZCSR=2BQP (corres. 4)
SC=QB (opp. sides of a ||gm)
ARSC = APQB (AAS-criterion).
And so, ar(ARSC) = ar(APQB).

MULTIPLE-CHOICE QUESTIONS (MCQ)

Choose the correct answer in each of the following questions:

1. Out of the following given figures, which are on the same base but not
between the same parallels?

P
MOPNQ D P ¢
X W VAR,
e
Kﬂ
c Q R L M A B

(a) (b) (c) (d)
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2. In which of the following figures, you find polygons on the same base

and between the same parallels?
D c D c D c Q P R
D
E
A B A B A B B c
(a) (b) (c) (d)

3. The median of a triangle divides it into two
(b) congruent triangles

(a) triangles of equal area
(c) isosceles triangles (d) right triangles
4. The area of quadrilateral ABCD in the given =~ 5
figure is 17 cm
(a) 57 cm® c D
(b) 108 cm® > A
(c) 114 cm” ®
(d) 195 cm? 8 ¢
5. The area of trapezium ABCD in the given figure is
(a) 62 cm?® D 8cm C
(b) 93 cm” 2 e
(c) 124 cm”
(d) 155 cm® A 8cm E  15em B
6. In the given figure, ABCD is a |gm in which D5cm C
AB=CD=5cm and BDLDC such that
BD = 6.8 cm. Then, the area of ABCD =? 5
(a) 17 em® (b) 25 cm® S
(d) 68 cm?
A5cmB

(c) 34 cm®
7. In the given figure, ABCD is a |jgm in which D
diagonals AC and BD intersect at O. If V
ar(lgm ABCD) is 52 cm” then the ar(AAOB) =?
® semt L\
B

(a) 26 cm®
(d) 13 cm?

(c) 39 cm®
8. In the given figure, ABCD is a ||gm in which D

DL 1 AB.If AB=10 cm and DL =4 cm then the

ar(|gm ABCD) =?
(a) 40 cm? (b) 80 cm” A
(©) 20 cm® d 196 em> * b B
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. The area of |gm ABCD is D c
(a) ABXBM (b) BCXBN
(c) DCXDL (d) ADXDL
A
Two parallelograms are on equal bases and between the same parallels.

The ratio of their areas is
(@) 1:2 (b) 1:1 (c)2:1 (d)3:1
In the given figure, ABCD and ABPQ are two D Q cCP

parallelograms and M is a point on AQ and BMP
is a triangle.

Then, ar(ABMP) = Jar(jgm ABCD) s

(a) true (b) false
The midpoints of the sides of a triangle along with any of the vertices
as the fourth point makes a parallelogram of area equal to

() 5 (ar AABC) A
(b) %(ar AABC) .

() §(ar AABC)
(d) ar(AABC) B b c

The lengths of the diagonals of a thombus are 12 cm and 16 cm. The
area of the rhombus is

(a) 192 cm® (b) 96 cm® (c) 64 cm® (d) 80 cm®
Two parallel sides of a trapezium are 12 cm and 8 cm long and the
distance between them is 6.5 cm. The area of the trapezium is

(a) 74 cm® (b) 32.5 cm® (c) 65cm” (d) 130 em®
In the given figure, ABCD is a trapezium such p L M c
that AL L DC and BM L DC. If AB=7 cm, ;JE EH
BC=AD=5 cm and AL=BM=4 cm then @% 1S g} ‘oéQ

|

ar(trap. ABCD) =? A 7om B

(a) 24 cm® (b) 40 cm”

(c) 55 cm® (d) 27.5 cm? D
In a quadrilateral ABCD, it is given that BD =16 cm.
If AL L BD and CM L BD such that AL=9 cm and
CM =7 cm then ar(quad. ABCD) =? A o,

(a) 256 cm® (b) 128 cm? Mo—>¢C

(c) 64 cm® (d) 96 cm? B
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ABCD is a rhombus in which £2C = 60°.

C
Then, AC:BD =?
(@) V3:1 (b) V3:v2 g
() 3:1 (d) 3:2 '
B
A

In the given figure, ABCD and ABFE are D E C F
parallelograms such that ar(quad. EABC)
=17 cm® and ar(|gm ABCD) = 25 cm’. Then,
ar(ABCF) =7
(a) 4 cm? (b) 4.8 cm’ A B
(c) 6cm’ (d) 8 cm?

AABC and ABDE are two equilateral triangles

A
such that D is the midpoint of BC. Then,
ar(ABDE):ar(AABC)=7? E

(@ 1:2 (b) 1:4
(c) V3:2 d) 3:4

B D [
In a ||gm ABCD, if P and Q are midpoints of D Q c
AB and CD respectively and ar(|gm ABCD)
=16 cm” then ar(|lgm APQD) =?
(a) 8 cm? (b) 12 cm?® A P B
(c) 6cm’ (d) 9 em®
The figure formed by joining the midpoints of D R c
the adjacent sides of a rectangle of sides 8 cm
and 6 cmis a S Q
(a) rectangle of area 24 cm?
A P B

(b) square of area 24 cm’
(c) trapezium of area 24 cm”

(d) rhombus of area 24 cm?
In AABC, if D is the midpoint of BC and E is the A

midpoint of AD then ar(ABED) =?
(a) yar(AABC) (b) %ar(AABC) E

(©) Tar(24B0) (d) Zar(AABC) 5

(@)
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The vertex A of AABC is joined to a point D on BC. A
If E is the midpoint of AD then ar(ABEC) =?

(a) yar(AABC) (b) Far(AABC)

() Jar(AABC) (d) gar(AABC) 5 .
In AABC, it is given that D is the midpoint of BC; A
E is the midpoint of BD and O is the midpoint of
AE. Then, ar(ABOE) =?

(o]
@) %ar(AABC) (b) Jar(AABC)
© %ar(AABC) (d) %ar(AABC) 55 N

If a triangle and a parallelogram are on the same base and between the
same parallels then the ratio of the area of the triangle to the area of the
parallelogram is

(a)1:2 (b) 1:3 (c)1:4 (d) 3:4
In the given figure, ABCD is a trapezium D b C
in which AB|DC such that AB=a c¢cm and
DC =b cm. If E and F are the midpoints of AD E F
and BC respectively then ar(ABFE): ar(EFCD) =?

(@) a:b (b) (a+3b):(Ba+b) A 2

(c) Ba+b):(a+3b) (d) 2a+b):(3a+b)
ABCD is a quadrilateral whose diagonal AC divides it into two parts,
equal in area. Then, ABCD is

@

(a) arectangle (b) algm (c) arhombus (d) all of these
In the given figure, a |gm ABCD and a rectangle F D E ¢
ABEF are of equal area. Then, M

(a) perimeter of ABCD = perimeter of ABEF

(b) perimeter of ABCD < perimeter of ABEF I3 A

1

)
(c) perimeter of ABCD > perimeter of ABEF
(d) perimeter of ABCD = > (perimeter of ABEF)

In the given figure, ABCD is a rectangle inscribed
in a quadrant of a circle of radius 10 cm. If
AD =2./5 cm then area of the rectangle is D @
(a) 32 cm® (b) 40 cm® 5
2 2 L2 o
(c) 44 cm (d) 48 cm J N
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30. Which of the following is a false statement?
(@) A median of a triangle divides it into two triangles of equal area.

(b) The diagonals of a ||gm divide it into four A
triangles of equal area.

(c) Ina AABC, if E is the midpoint of median AD

E
then ar(ABED) = iar(AABC).
B D C
(d) In a trap. ABCD, it is given that AB|DC D o]
and the diagonals AC and BD intersect at O.
Then, ar(AAOB) = ar(ACOD).
A B

31. Which of the following is a false statement?
(a) If the diagonals of a rhombus are 18 cm and 14 cm then its area is
126 cm”.

(b) Areaofa|gm= % X base X corresponding height.

(c) A parallelogram and a rectangle on the same base and between the
same parallels are equal in area.
(d) If the area of a [|gm with one side 24 cm and corresponding height
h cm is 192 cm” then /i = 8 cm.
Based on Synthesis
32. Look at the statements given below:
I. A parallelogram and a rectangle on the same base and between the
same parallels are equal in area.
II. In a |gm ABCD, it is given that AB =10 cm.
The altitudes DE on AB and BF on AD

being 6 cm and 8 cm respectively, then F
AD=75cm.

III. Areaofa|gm= % X base X altitude.

Which is true?
(a) Tonly (b) II only (¢c) Iand I (d) T and III
Assertion-and-Reason Type
Each question consists of two statements, namely, Assertion (A) and
Reason (R). For selecting the correct answer, use the following code:
(a) Both Assertion (A) and Reason (R) are true and Reason (R) is a
correct explanation of Assertion (A).
(b) Both Assertion (A) and Reason (R) are true but Reason (R) is not a
correct explanation of Assertion (A).
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(c) Assertion (A) is true and Reason (R) is false.
(d) Assertion (A) is false and Reason (R) is true.

Assertion (A)

Reason (R)

In a trapezium ABCD, we have
AB| DC and the diagonals AC and
BD intersect at O.

Then, ar(AAOD) = ar(ABOC).

=

Triangles on the same base and
between the same parallels are
equal in area.

The correct answer is: (a)/(b)/(c)/(

d).

Assertion (A)

Reason (R)

If ABCD is a rthombus whose one
angle is 60° then the ratio of the
lengths of its diagonals is v/3 : 1.

Median of a triangle divides it
into two triangles of equal area.

The correct answer is: (a)/(b)/(c)/(

d).

Assertion (A)

Reason (R)

The diagonals of a ||gm divide it
into four triangles of equal area.

A diagonal of a ||gm divides it into
two triangles of equal area.

The correct answer is: (a)/(b)/(c)/(

d).

Assertion (A) Reason (R)
The area of a trapezium whose |The area of an equilateral triangle
parallel sides measure 25 cm and |of side 8 cm is 16/5 cm?.
15 cm respectively and the distance
between them is 6 cm, is 120 cm?.
The correct answer is: (a)/(b)/(c)/(d).
Assertion (A) Reason (R)

In the given figure, ABCD is a ||gm
in which DE 1. AB and BF L AD.
If AB=16cam, DE=8cm and
BF =10 cm then AD is 12 cm.

D C

F
|

A E B

Area of a |gm = base X height.

The correct answer is: (a)/(b)/(c)/(d

).
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11.
12.

13.

14.

15.

Area of the rhombus = (l

Area of the trapezium = Ly sum of parallel sides X distance between them

CM*=BC*-BM’ =

2

2

Xd, Xd) (l ><12><16>cm =96cm’.

={l><(12+8)><§}cm2=65cm2.

G)*-(4)*=9 = CM=3cm.

Similarly, DL = 3 cm.
CD=DL+LM+CM=3+7+3)cm =13 cm.

ar(trap. ABCD) =

%x(7+13)><4 cm® =40 cm”.

Secondary School Mathematics for Class 9
ANSWERS (MCQ)
(b) 2. (¢) 3. (a) 4. (o) 5. () 6. (¢) 7.(d) 8. (a)
(© 10.(b) 11 (a) 12.(a) 13.(b) 14 (c) 15. (b) 16. (b)
@ 18.(d) 19.(b) 20.(a) 2L (d) 22.(c) 23 (a) 24.(d)
@ 26.(c) 27.(d) 28.(c) 29.(b) 30.(d) 31 (b) 32 ()
(@) 34.(b) 35 (a) 36 (b) 37 (d)
HINTS TO SOME SELECTED QUESTIONS
. Inright AACD, AC* = (AD* - CD?) = (17)> - (8)* = (289 — 64) = 225.
=4225=15cm.
In right AABC, BC* = AC* - AB* = (15)° - (9) = (225 81) = 144.
=y144 =12 cm.
ar(quad. ABCD) = ar(AACD) + ar(AABC)
1
(2><8><15> (2><12><9)] = (60 +54) cm® = 114 cm™.
. ar(trap. ABCD) = ar(sq. AECD) + ar(ACEB)
(8><8)+< ><15><8) = (64 +60) cm® =124 cm?.
. ar(AOAB) = *ar(Hgm ABCD) = ( X 52) cm’ =13 cm’.
. ar(|lgm ABCD) = (base X height) = AB X DL = (10 X 4) cm’® =40 cm”.
ar(ABMP) = ar(Hgm ABPQ) = ar(Hgm ABCD,).
AABC has been divided into 4 triangles of equal area.
ar(|gm AFDE) = ar(AAFE) +ar(AFED)
F, E
=2ar(AAFE)=2X iar(AABC)
- % X ar(A ABC). B D
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16. ar(quad. ABCD) = ar(AABD) + ar(ABCD)

=(%><BD><AL>+<%><BDXCM>

=(%><16><9)+<%><16><7)

=(72+56) = 128 cm®.

17. ABCD is a rhombus. So, its all sides are equal

Now, BC=DC = 4BDC = ZDBC = x° (say)
Also, ZBCD = 60° (given)

x°+x°+60°=180° = 2x =120 = x=60
Z4BDC = 2DBC = 4BCD =60

So, ABCD is an equilateral triangle
- BD=BC =a (say).

AB?=0A*+0B® = OA?= AB*-OB*=a —( )

a _3a®
4
éOA—QéAC (x‘/g”)
AC:BD=x/§a:u=«/§:1.
18.

lgm ABCD and ||gm ABFE being on the same base and between the same parallels,
we have:

ar(|gm ABFE) = ar(||gm ABCD) =25 cm

ar(ABCF) = ar(||gm ABFE) — ar(quad. EABC)

19. Let BC = a. Then, BD

=(25-17)cm*=8cm’

_a,
2

V3 (g)
ar(ABDE) 4 \2 _1.
ar(AABC) V3 4

Yo 2

4
So, the required ratio is 1 : 4

20. Let the distance between AB and CD be h cm

Then, ar(|gm APQD) = AP X h

= 3 X ABX h=Zar(lgm ABCD)
= (% X 16) cm®=8cm’.
Clearly, PQRS is a rhombus whose area is

I xPRx5Q =

21.

( ><6><8>cm =24 cm’
22. Median AD divides AABC into two triangles of equal area
ar(AABD) = ar(AADC) = ar(AABC)
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In AABD, median BE divides it into two A of equal area.

ar(ABED) = ar(AABE) = ar(AABD) ar(AABC)

23. Median BE in AABD divides it into two A of equal area.
ar(ABED) = ar(AABD)

Median CE in AACD divides it into two A of equal area.

ar(ACED) = —ar(AACD)

Lor(aaBO)

ar(ABED) +ar(ACED) = ar(AABD) +ar(AACD)} = 5

= ar(ABEC)= ar(AABC)

24. Median AD divides AABC into two A of equal area.
ar(AABD) = *ar(AABC)

Median AE divides AABD into two A of equal area.
ar(AABE) = ar(AABD) —ar(AABC)

Median OB divides AABE into two A of equal area.
ar(ABOE) = *ar(AABE) *ar(AABC)

25. Area of triangle = E(area of [|gm)

=  (area of triangle) : (area of [gm) =1:2.
27. Since in all the quadrilaterals mentioned a diagonal divides them into two triangles
of equal area, the answer is (d).
29. AB*=AC*-BC*=(AC*- AD? = {(10)*— 2(¥/5)%} = (100 — 20) = 80
=  AB=480=+16X5=4y5cm.
ar(rect. ABCD) = (AB X AD) = (44/5 X 24/5) cm? = 40 cm®.
32. Clearly I is true.
AB X DE = (10 X 6) = 60 and (AD X BF) = (7.5 X 8) = 60.
Il is true.
But, IIT is clearly false, as we know that
area of a [|gm = base X altitude.
33. Clearly, Reason (R) is true.
In trapezium ABCD, we find that AABC and AABD are on the same base and between
the same parallels.
.. ar(AABC)=ar(AABD)
= ar(AABC)-ar(AAOB) = ar(AABD) —ar(AAOB)
= ar(ABOC) =ar(AAOD).
. Assertion (A) is true. And, clearly Reason (R) gives Assertion (A).
Hence, the correct answer is (a).
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36. Reason (R): Let AABC be an equilateral triangle having each side 8 cm.
Let AD L BC. Then, D is the midpoint of BC. A
AD?=AB*-BD*= (8°—4%) = (64— 16) = 48
= AD=448=4/16x3=4y3 cm. 8 8
ar(AABC) = (% xX8X 4x/§) em® =163 em”.
Thus, Reason (R) is true. B 4 D 4 C
Assertion (A): Area of the trapezium = {% (25+15) X 6} cm” =120 cm?.

Assertion (A) is true.
But, Reason (R) does not give Assertion (A).
So, the correct answer is (b).
37. Reason (R) is clearly true.
Area of |gm = AB X DE = AD X BF.
Let AD = x cm. Then,

16 X8
10

16 X8=xX10 = x= =12.8 cm.

But, AD is 12 cm.

Assertion (A) is false.
Thus, Assertion (A) is false and Reason (R) is true.
So, the correct answer is (d).

REVIEW OF FACTS AND FORMULAE
1. (i) Area of a ||gm = (base X height).
(ii) Area of a triangle = (% X base X height) .
(iii) Area of a trapezium

= % X (sum of parallel sides) X (distance between them).

iv) Area of a rhombus = = X product of diagonals.
(iv) Area of a thombus = & X product of diagonal

2. (i) Parallelograms on the same base and between the same parallels
are equal in area.

(ii) A parallelogram and a rectangle on the same base and between the
same parallels are equal in area.

3. (i) Triangles on the same base and between the same parallels are
equal in area.

(ii) If a triangle and a ||gm are on the same base and between the same
parallels then

(area of triangle) = % X (area of the ||gm).
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4.

5.
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O

(i) A diagonal of a|gm divides itinto two triangles D
of equal area.

In |gm ABCD, we have
ar(AABC) = ar(AACD).

N

A B

O

(ii) The diagonals of a ||gm divide it into four triangles p
of equal area. Therefore,
ar(AAOB) = ar(ACOD) = ar(AAOD) = ar(ABOC).

X

A B

(i) A median AD of a AABC divides it into two
triangles of equal area. Therefore,
ar(AABD) = ar(AACD).

%>

w
w)
(@]

(ii) If the medians of a AABC intersect at G then

ar(AAGB) = ar(AAGC) = ar(ABGC) = %ar(AABC).

-
>
m

vy}
@)
O



1 Circles

CIRCLE A circle is the locus of a point which moves in a
plane in such a way that its distance from a given fixed
point is always constant.

The fixed point is called the centre and the
constant distance is called the radius of the circle.

A circle with centre O and radius r is denoted by
C(O, r).
TERMS RELATED TO A CIRCLE

RADIUS A line segment joining the centre and a point on
the circle is called its radius.

The plural of radius is radii.

In the given figure, OA and OB are radii of circle
C(O, n).

CIRCUMFERENCE The perimeter of a circle is called its circumference.

Circumference = 2mr.

CHORD A chord of a circle is a line segment joining any
two points on the circle.

In the given figure, PQ, RS and AOB are the
chords of a circle with centre O.

DIAMETER A diameter is a chord of a circle passing
through the centre of the circle.

Thus, AOB is a diameter of a circle with centre O.
A diameter is the longest chord of a circle.
Diameter = 2 X radius.

SECANT A line which intersects a circle in
two distinct points is called a secant of

the circle.

In the given figure, the line [ cuts B
the circle in two points A and B. So, [ is a A
secant of the circle. L

407
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TANGENT A line that intersects the circle
in exactly one point is called a tangent to
the circle.

The point at which the tangent meets
the circle is called its point of contact.

In the given figure, SPT is the tangent

to the circle at the point P.

POSITION OF A POINT WITH RESPECT TO A CIRCLE
A point P is said to lie

(i) inside the circle C(O, r) if OP <,

(ii) on the circle C(O, r) if OP =7,

(iii) outside the circle C(O, r) if OP > r.

GGG,

(i)

INTERIOR OF ACIRCLE The region consisting of all points lying on the circumference

of a circle and inside it is called the interior of the circle.

Thus, a point P lies in the interior of a circle C(O, r) if OP <r.

EXTERIOR OF A CIRCLE The region consisting of all points lying outside a circle is

called the exterior of the circle.

Thus, a point P lies in the exterior of a circle

C(O, r)if OP > 7.

CIRCULAR REGION The region consisting of all points
which are either on the circle or lie inside the circle is

called the circular region or circular disc.

CONCENTRIC CIRCLES Circles which have the same

centre and different radii are called concentric circles.
In the given figure, C(O, r) and C(O, R) are

concentric circles having the same centre O but

different radii » and R respectively.

)
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ARC OF A CIRCLE A continuous piece of a circle is called an
arc of the circle.

Let A, B be two points on a circle C(O, r). Here, the
whole circle has been divided into two pieces, namely,
arc ACB and arc BDA.

We may denote them by ACB and BDA
respectively or simply by BA and BA respectively.

DEGREE MEASURE OF AN ARC
Let AB be an arc of a circle with centre O. If ZAOB = °

then degree measure of AB=0°. And, we write,
m(AB)=6°.

Thus, m(AB)=0° = ZAOB = 0°.

If m(AB) = 0° then m(BA) = (360 — 0)°.

Degree measure of a circle is 360°.

CONGRUENT ARCS Two arcs AB and CD of a circle are said
to be congruent if they have the same degree measures.
AB =CD = m(AB)=m(CD)
= ZABO=ZCOD.

SEMICIRCLE A diameter of a circle divides it into two

C
C
equal arcs. Each of these two arcs is called a semicircle.
In the given figure, BCA and BDA are two
semicircles. A B
The degree measure of a semicircle is 180°.
D

MINOR AND MAJOR ARCS OF A CIRCLE

If the length of an arc is less Major arc

than the length of the arc of the Q
0.
AN 7B

semicircle then it is called a minor
arc. Otherwise, it is a major arc.
In Fig. (i), APB is a minor
arc, since I(APB) is less than
the length of the semicircle. In -

Minor arc

Fig. (ii), AQB is a major arc, (0 (i)
its length being more than the
length of the semicircle.
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SEGMENT OF A CIRCLE The part of the circular region
bounded by an arc and a chord, including the arc and the
chord, is called a segment of the circle.

The segment containing the minor arc is called
the minor segment. Thus, APBA is the minor segment
of the circle C(O, r). The segment containing the
major arc is called the major segment.

Major segment

Minor segment

P

ALTERNATE SEGMENTS OF A CIRCLE The minor and major segments of a circle are

called the alternate segments of the circle.

SECTOR OF A CIRCLE The region enclosed by an arc of a
circle and its two bounding radii is called a sector of the
circle.

Thus, in the adjoining figure, OABO is the
sector of the circle C(O, r).

QUADRANT OF A CIRCLE Ome fourth of a circle is called a
quadrant.

Thus, in the adjoining figure, OBCO is a
quadrant of the circle C(O, r).

O.'
W vs)

CONGRUENT CIRCLES Two circles C(O, r) and C(O’, s) are said to be congruent

only when r =s.

CYCLIC QUADRILATERAL A quadrilateral ABCD is said to
be cyclic if all its vertices lie on a circle. Points lying on a
circle are said to be concyclic.

In the given figure, ABCD is a cyclic
quadrilateral and hence the points A, B, C, D are
concyclic.

CONGRUENCY OF CIRCLES

THEOREM1  Two  circles are
congruent if and
only if they have
equal radii.

PROOF Let C(O, r) and C(O’, s)

be two circles.

>

(D &)
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1

Let the circle C(O’, s) be placed on the circle C(O, r) so that O’
coincides with O.

Then, clearly C(O’, s) will cover C(O, r) completely only whenr =s.

Hence, the two circles will be congruent if and only if they have
equal radii.

CHORD PROPERTIES OF CIRCLES
THEOREM 2  Equal chords of a circle subtend equal angles at the centre.
GIVEN A circle C(O, r) in which chord AB = chord CD.
TOPROVE ZAOB=~2COD.
PROOF In AAOB and ACOD, we have A
OA=0C [eachequaltor]
OB=0D [eachequal to 7]

AB=CD [given] c “ ®
AAOB=ACOD [by SSS-congruence]. ‘

Hence, ZAOB = ZCOD.
THEOREM 3  (Converse of Theorem 2) If the angles subtended by two chords at
the centre of a circle are equal then the chords are equal.
GIVEN A circle C(O, r) in which AB and CD are the chords such that
ZAOB=ZCOD. A

TOPROVE AB=CD.
PROOF In AAOB and ACOD, we have
o

OA=0C [eachequaltor]

OB=0D [eachequal tor]

ZAOB=2/COD |[given]

AAOB=ACOD [by SAS-congruence].
Hence, AB=CD [c.p.c.t].

)

THEOREM 4  If two arcs of a circle are congruent then the corresponding chords
are equal.

GIVEN A circle C(O, r) in which AB =CD.
ToPROVE Chord AB = chord CD.
PROOF Casel When AB and CD are minor arcs
Join OA, OB, OC and OD.
In AAOB and ACOD, we have
OA=0C [eachequaltor]
OB=0D [eachequal to 7]
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ZAOB=2C0OD
[ AB=CD = m(AB)=m(CD) = ZAOB=/COD]
AAOB=ACOD [by SAS-congruence].
Hence, AB=CD [cp.ct]

Casell When AB and CD are major arcs

In this case, BA and DC are minor arcs.

AB=CD = BA=DC = BA=DC [CaseI]
= AB=CD.
Hence, in both the cases, we have AB = CD.

THEOREM 5  (Converse of Theorem 4)  If two chords of a circle are equal then their

corresponding arcs (semicircular, minor or major) are congruent.

GIVEN A circle C(O, r) in which chord AB = chord CD.

To PROVE AB =CD, where both AB and CD are D
either semicircular, minor or major arcs.

PROOF

Casel When AB and CD are diameters
In this case, AB and CD are semicircles with
the same radii. So, AB =CD.
Thus, AB=CD = AB =CD.
Casell When chord AB = chord CD, where AB and CD are minor arcs
Join OA, OB, OC and OD.
In AAOB and ACOD, we have
AB=CD [given]
OA=0C [eachequal tor]
OB=0D [eachequal to 7]
o AAOB=ACOD.
So, Z£AOB=ZCOD.
Now, ZAOB = 2COD = m(AB)=m(CD)
= AB =CD.

Caselll When chord AB = chord CD, where AB and CD are major arcs

In this case, BA and DC are minor arcs.
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AB=CD = BA=DC
BA =DC

m(BA) =m(DC)

360° —m(AB) = 360° —m(DC)

N

m(AB) =m(CD)
= AB =CD.
Hence, in all the cases, AB=CD = AB =CD.
THEOREM 6  The perpendicular from the centre of a circle to a chord bisects
the chord.
GIVEN A chord AB of a circle C(O, ) and OL L AB.
TOPROVE LA =LB.
CONSTRUCTION  Join OA and OB.
PROOF  In the right AOLA and OLB, we have
OA=0B [each equal to 7]

OL=0L [common] A B
AOLA=AOLB [by RHS-congruence]. v
Hence, LA = LB.
THEOREM7  (Converse of Theorem 6) The line drawn through the centre of a
circle to bisect a chord is perpendicular to the chord.
GIVEN M is the midpoint of the chord AB of a circle C(O, ).
ToPROVE OM L AB.
CONSTRUCTION  Join OA and OB.
PROOF In AOMA and AOMB, we have
OA=0B [each equal to 7]
OM=0M [common]
MA=MB [given]
AOMA=AOMB [by SSS-congruence].
o Z0OMA=20MB [cp.ct].
But, ZOMA+Z0OMB =180° [linear-pair axiom].
.. ZOMA =20MB =90°.
Hence, OM L AB.
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COROLLARY  The perpendicular bisectors of two chords of a circle intersect at
its centre.

GIVEN AB and CD are two chords of a circle C(O, r)
and let the perpendicular bisectors O’E and O’F of AB
and CD respectively meet at O".

TOPROVE O’ coincides with O.
CONSTRUCTION  Join OE and OF.
PROOF  E is the midpoint of chord AB
= OELAB
= OE is the perpendicular bisector of AB

=  OEas well as O’E is the perpendicular bisector of AB
=  O’Elies along OE.

Similarly, F is the midpoint of chord CD

= OFLCD

=  OF is the perpendicular bisector of CD

=  OF as well as O’F is the perpendicular bisector of CD
=  O’Flies along OF.

Thus, O’E lies along OE and O’F lies along OF

= the point of intersection of O’E and O’F coincides with the
point of intersection of OE and OF

= O’ coincides with O.
Hence, the perpendicular bisectors of AB and CD intersect at O.

THEOREM 8  Equal chords of a circle are equidistant from the centre.

GIVEN A circle C(O, r) in which chord AB = chord CD, OL L AB and
OM L CD.

TOPROVE OL = OM.
CONSTRUCTION  Join OA and OC.

PROOF We know that the perpendicular from the
centre of a circle to a chord bisects the chord.

AL = %AB and CM= %CD.

AB=CD = YAB=1cD = AL=cCM. ()

Now, in the right A OLA and OMC, we have
AL=CM [from (i)]
OA=0C [eachequaltor]
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AOLA=AOMC [by RHS-congruence].

So, OL=O0OM.

Hence, AB and CD are equidistant from O.
THEOREM 9  The chords of a circle which are equidistant from the centre are equal.
GIVEN AB and CD are two chords of a circle C(O, r); OL L AB and

OM L CD such that OL = OM.
TOPROVE AB=CD.
CONSTRUCTION  Join OA and OC.

PROOF We know that the perpendicular from the
centre of a circle to a chord bisects the chord.

AL = %AB and CM= %CD.

Now, in the right A OLA and OMC, we have
OA=0C [eachequaltor]
OL=0OM [given]
AOLA=AOMC [by RHS-congruence].
AL=CM = 2AL=2CM
=~ AB=CD [. AL= %AB, CM = %CD].
Hence, AB=CD.
THEOREM 10 There is one and only one circle passing through three given
noncollinear points.

GIVEN Three noncollinear points A, B, C.

TOPROVE There is one and only one circle
passing through A, B, C.

CONSTRUCTION Join AB and BC. Draw the
perpendicular bisectors PQ and RS of AB and BC
respectively. Let PQ and RS intersect at O.

Join OA, OB and OC.
PROOF  Since O lies on the perpendicular bisector of AB, we have

OA =OB. )
Again, O lies on the perpendicular bisector of BC.
OB =0C. ... (ii)

Thus, OA=0OB=0C =7 (say) [from (i) and (ii)].

With O as centre and radius r draw a circle C(O, r).
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Clearly, C(O, r) passes through A, B and C.
We shall show that this is the only circle passing through A, B, C.

If possible, let there be another circle C(O’, s), passing through the
points A, B, C.

Then, O’ will lie on the perpendicular bisectors PQ and RS of AB
and BC respectively. Also, PQ and RS intersect at O.

Since two lines cannot intersect at more than one point, so O’ must
coincide with O.

Since OA =r, O’A = s and O coincides with O’, we must have r = s.
C(O,n=C(0,s).

Hence, there is one and only one circle, passing through three
noncollinear points A, B, C.

THEOREM 11 Of any two chords of a circle, show that the one which is larger is

GIVEN AB and CD are two chords of a circle C(O, r)
such that AB > CD. Also, OE L AB and OF L CD.

ToPROVE OE < OF.
CONSTRUCTION  Join OA and OC.

PROOF

nearer to the centre.

We know that the perpendicular from the
centre of a circle to a chord bisects the chord.

AE =1 AB
) . (1)

and CF = ECD'
Also, OA=0C=r. ... (ii)

And, AB>CD = CD<AB = 3CD <1 AB
= CF<AE ... (if) [from (i)].
Now, from the right A OEA and OFC, we have
OA2=OE?+AE? and OC?=OF>+CF>

=  OE*+AE*>=O0F*+CF? [ OA=0C = 0A%*=0C?
=  OE2+AE?< OF2+ AE? [using (iii)]
=  OE%*<OF?

= OE<OF
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=  (distance of AB from O) < (distance of CD from O)
=  ABisnearer to the centre.
THEOREM 12 Of any two chords of a circle, show that the one which is nearer to the
centre is longer.

GIVEN Two chords AB and CD of a circle C(O, r),
OE L AB and OF L CD such that OE < OF.

TOPROVE AB>CD.
CONSTRUCTION  Join OA and OC.

PROOF We know that the perpendicular from
the centre of a circle to a chord bisects

the chord.
_1
AE = 2AB .
1 ... (1)
and CF= ECD'
Also, OA=0C =r. ... (ii)
And, OE < OF = OF > OE = OF?> OE?. ... (iii)

Now, from the right A OEA and OFC, we have
OA?=0OE*+AE?> and OC?=OF*+CF?

=  OF*+AE2=OF+CP [ OA=0C=1]
=  OE?+AE?=QOF?+CF*> OE*+CF? [using (iii)]
> AE?>CP

1,0 (1.1 .
= (EAB> + (5 CD) [from (i)]

= AB?>>CD? = AB>CD.
Hence, AB > CD.

SOME RESULTS ON CONGRUENT CIRCLES

THEOREM 13  If two arcs of congruent circles are congruent then the corresponding
chords are equal.

GIVEN Two congruent circles

C(O,r) and C(O’,r) in which

AB =CD.

TOPROVE AB=CD.
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CONSTRUCTION  Draw line segments OA, OB, O’C and O’D.

PROOF

Case

I When AB and CD are minor arcs

In AAOB and ACO’D, we have

Henc

OA=0C=r

OB=0'D=r

ZAOB=,CO'D [. AB=CD = ZAOB=/CO'D]
AAOB=ACO’D [by SAS-congruence].

e, AB=CD.

Casell When AB and CD are major arcs

In this case, BA and DC are minor arcs.

Henc

AB=CD = BA=DC = BA=DC [from Case]l]
= AB=CD.
e, AB=CD.

THEOREM 14 If two chords of congruent circles are equal then the corresponding
arcs (minor, major or semicircular) are congruent.

GIVEN Two congruent circles C(O, r) and C(O’, r) in which

chord AB = chord CD.

TOPROVE AB = CD, where both AB and CD are either minor arcs, major
arcs or semicircles.

CONSTRUCTION  If AB and CD are not diameters, draw line segments OA,
OB, O’Cand O'D.

Casel When AB and CD are minor arcs

PROOF

A B C D

In AAOB and ACO’D, we have

OA=0'C [eachequaltor]

OB=0’'D [eachequal to ]

AB=CD [given]

AAOB=ACO’'D [by SSS-congruence].
ZAOB=Z2CO'D [c.p.ct]

m(z/ﬁl_B\) = m(é_D\)

AB =CD.
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Casell When AB and CD are major arcs

In this case, BA and DC will be minor arcs.
AB=CD = BA=DC

= m(BA)=m(DC)

= 360° —m(BA) = 360° —m(DC)
= m(AB)=m(DC)

= AB =CD.

Case lll When AB and CD are semicircles

In this case, AB and CD are semicircles of equal radii and so they
are congruent.

Hence, in all the cases, we have AB =CD.
THEOREM 15 Equal chords of congruent circles are equidistant from the
corresponding centres.
GIVEN  Two congruent circles C(O, r) and C(O’, r) in which
chord AB = chord CD; OL L. ABand O’'M L CD.
TOPROVE OL=(0O"M.
CONSTRUCTION  Join OA and O’C.
PROOF We know that the
perpendicular from the ‘ ‘
centre of a circle to a p J B ¢ . b
chord bisects the chord. v v

AL = %AB, and

1
CM =5CD.

Now, AB=CD = %AB - %CD

= AL=CM. .. (@)
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From the right A OLA and O’MC, we have
OA=0'C [each equal to 7]
AL=CM [from (i)]
AOLA=AO'MC [by RHS-congruence].
Hence, OL=0'M [c.p.c.t].
Thus, AB and CD are equidistant from O and O’ respectively.
THEOREM 16 Chords of congruent circles which are equidistant from the
corresponding centres are equal.

GIVEN  Two congruent circles C(O, r) and C(O’, r), having chords AB and
CD respectively; OL 1. AB and O’M L CD such that OL = O’ M.

ToPROVE AB=CD.
CONSTRUCTION  Join OA and O’C.
PROOF From AOLA and AO’MC, we have

OL=0'M |[given]

OA=0'C [eachequaltor]

Z0OLA=/20"MC =90°

AOLA=AO'MC [by RHS-congruence].

AL=CM [cp.ct]

= 2AL=2CM = AB=CD [. AL=%AB,CM=1CD.

THEOREM 17  Equal chords of congruent circles subtend equal angles at the centre.

GIVEN Two congruent circles C(O, 1) and C(O’, r) which have chords AB
and CD respectively such that AB = CD.
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TOPROVE ZAOB=ZCO’D.
PROOF From AAOB and ACO’D, we have
AB=CD [given]
OA=0'C [eachequal tor]
OB=0'D [eachequal to 7]
. AAOB=ACO’D. [by SSS-congruence]
= ZLAOB=ZCO'D [cp.ctl]
THEOREM 18 If the angles subtended by the two chords of congruent circles at the
corresponding centres are equal then the chords are equal.

GIVEN Two congruent circles C(O, 1) and C(O’, r) which have chords AB
and CD respectively such that ZAOB = £CO’D.

TOPROVE AB=CD.
PROOF In AAOBand ACO’D, we have
OA=0'C [eachequaltor]
OB=0'D [eachequal tor]
ZAOB=2CO’D |[given]
AAOB=ACO’D [by SAS-congruence].
Hence, AB=CD [cp.ct]

SOLVED EXAMPLES

EXAMPLE 1 The radius of a circle is 13 cm and the length of one of its chords is
10 cm. Find the distance of the chord from the centre.

SOLUTION  Let AB be a chord of the given circle with centre O and radius
13 cm.

Then, OA =13 cm and AB =10 cm.
From O, draw OL L AB.
We know that the perpendicular from

the centre of a circle to a chord bisects I

the chord.
AL = AB:<lx10)cm=5cm. AN_L 7B

1
2 2
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EXAMPLE 2

SOLUTION

EXAMPLE 3

SOLUTION
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From the right AOLA, we have

OA*= 0L+ AI?
= OL’=0A*-AL’=[(13)*—(5)’] cm”® = 144 cm”.
= OL=«/mcm=12cm.
Hence, the distance of the chord from the centre is 12 cm.
Find the length of a chord which is at a distance of 8 cm from the
centre of a circle of radius 17 cm.

Let AB be a chord of a circle with centre O
and radius 17 cm.

Draw OL L AB.Join OA.
Then, OL =8 cm and OA =17 cm.
From the right AOLA, we have
OA*=0I*+AI?
=  AI*=0A*-0I*=[(17)*-(8)*] cm?
= (17 +8)(17 — 8) cm? = 225 cm?
= AL=«/@cm=15cm.

Since the perpendicular from the centre of a circle to a chord

bisects the chord, we have
AB=2XAL=(2X15)cm =30 cm.
AB and CD are two parallel chords of a circle which are on opposite

sides of the centre such that AB=10cm, CD =24 cm and the
distance between AB and CD is 17 cm. Find the radius of the circle.

Let AB and CD be two chords of a circle C(O, r) such that
AB||CD. Also, AB=10cm and CD =24 cm.

Draw OL L. ABand OM L CD.

Join OA and OC.

Then, OA = OC =r cm. C D

Since OLL AB and OM LCD and
AB||CD, the points L, O, M are collinear.

LM =17 cm. A B
Let OL = x cm. Then, OM = (17 — x) cm.

Since the perpendicular from the centre of a circle to a chord
bisects the chord, we have

AL :%AB :% X 10) em =5 cm, and
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CM=%CD =<%><24> cm =12 cm.

From the right AOLA, we have

OA?=0I?+AI? = r*=x*+(5)2. ... (@)
From the right AOMC, we have
OC*=0OM?*+CM? = r*=(17-x)2+(12)>. ... (ii)

From (i) and (ii), we get
x2+(5)2= (17 —x)2+(12)?
& x?+25=x"-34x+433
S B34x =408 < x=12.
Putting x = 12in (i), we get r*=169 = r=13.
Hence, the radius of the circle is 13 cm.
In the given figure, AB and CD are two
parallel chords of a circle with centre O
and radius 5 cm such that AB =8 cm and

CD=6 cm. If OP L AB and OQ L CD,
determine the length PQ.

We know that the perpendicular from
the centre of a circle to a chord bisects
the chord.

_1,,_ /1 _
AP=7AB <2><8>cm 4cm,

CQ=%CD:<%><6>cm=3cm.

Join OA and OC.

Then, OA = OC =5 cm.

From the right-angled AOPA, we have
OP?=0A?-AP*=[(5)*~ (4)*] cm? =9 cm?

= OP=3cm.

From the right-angled AOQC, we have
0Q*=0C*-CQ*=[(5)*-(3)’ ] cm? =16 cm?

= 0Q=4cm.

Since OP L AB,OQ L. CD and AB||CD, the points P, O, Q are
collinear.

PQ=0P+0Q=3+4)cm =7 cm.
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EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION
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In the given figure, AB and CD are two
parallel chords of a circle with centre O
and radius 5 cm such that AB = 6 cm and
CD =8 cm.

If OP L AB and OQ L CD, determine the
length of PQ.

Since OP L AB, OQ L. CD and AB| CD,
the points O, Q, P are collinear.

We know that the perpendicular from the centre of a circle to
a chord bisects the chord.

AP = EAB <2><6>cm 3cm,

CQ= *CD <2><8>cm 4 cm.

Join OA and OC.

Then, OA=0OC =5 cm.

From the right AOPA, we have
OP?=0A*-AP?>=[(5)>- (3)*] cm? = 16 cm?

= OP=4cm.

From the right AOQC, we have
0Q*=0C*-CQ*=1[(5)*- (4)*] cm* =9 cm?

= 0Q=3awm.
PQ=0P-0Q=(4-3)cm=1cm.

Two chords AB and AC of a circle are equal. Prove that the centre of
the circle lies on the angle bisector of ZBAC.

GIVEN AB and AC are two equal chords of a circle C(O, r) and
AD is the bisector of ZBAC. B

ToPROVE O lies on AD.

CONSTRUCTION  Join BC, meeting AD at M.

PROOF In ABAM and ACAM, we have

AB=AC |[given] A
ZBAM =ZCAM [given]

AM =AM [common] C
ABAM = ACAM [by SAS-congruence]
= BM=CM and /BMA=24CMA [cp.ct]
= BM=CM and <£BMA=ZCMA=90°
[ £BMA+ ZCMA =180° and £BMA =2ZCMA
= /BMA =/CMA =90°]
=AM is the perpendicular bisector of chord BC
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= AD is the perpendicular bisector of the chord BC.
But, the perpendicular bisector of a chord always passes
through the centre of the circle.
AD passes through the centre O of the circle
= Olieson AD.

If two circles intersect in two points, prove that the line through their
centres is the perpendicular bisector of the common chord.

GIVEN Two circles C(O, r) and C(O’, s) intersecting at points
A and B.

TO PROVE OO is the perpendicular A
bisector of AB. ‘ﬂ‘
CONSTRUCTION  Draw line
segments OA, OB, O’A and O’B. "
Let OO’ and AB intersect at M. B
PROOF In AOAQO’ and AOBO’, we have

OA=0B [each equal to 7]

O’'A=0'B [each equal to s]

00’ =00’ [common]
AOAO’=AOBO’ [by SSS-congruence]
ZAOQO’ = £LBOO’
ZAOM = 2ZBOM ... (@)
[ £ZAOO' = £ZAOM and £ZBOO’ = ZBOM].
In AAOM and ABOM, we have
OA =0B [each equal to ]
ZAOM =2BOM [from (i)]
OM=0OM [common]
AAOM = ABOM [by SAS-congruence]
AM=BM and ZAMO =24BMO
AM=BM and ZAMO=4BMO =90°
[ £ZAMO+ ZBMO =180° and ZAMO = ZBMO]
= OO0’ is the perpendicular bisector of AB.

=
=

=
=

Two chords AB and CD of a circle are parallel
and a line | is the perpendicular bisector of
AB. Show that [ bisects CD.

We know that the perpendicular bisector
of any chord of a circle always passes o
through its centre.

(@]
lw)

Since [ is the perpendicular bisector of
AB, [ passes through the centre O of the
circle.




426

EXAMPLE 9
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EXAMPLE 10
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Now,! L ABand AB||CD = [ LCD.
Thus, I L CD and passes through the centre of the circle.

But, the perpendicular from the centre of a circle to a chord
bisects the chord.

[ must bisect the chord CD.

If a diameter of a circle bisects each of the two chords of the circle,
prove that the chords are parallel.

Let AB and CD be two chords of a circle P
C(@O, r).

A B
Let PQ be a diameter, bisecting chords L
AB and CD at L and M respectively. o
Since PQ is a diameter of the circle, it M
passes through the centre O. c D
Now, L is the midpoint of AB. Q

We know that the line joining the centre of a circle to the
midpoint of a chord is perpendicular to the chord.

OL 1L AB

= ZALO=90"

Similarly, ZDMO = 90°.
ZALO = 2DMO.

But, these are alternate angles.
AB|CD.

Prove that the line joining the midpoints of two parallel chords of a
circle passes through the centre of the circle.

GIVEN L and M are the midpoints of two
parallel chords AB and CD respectively
of a circle C(O, r).

TOPROVE LOM is a straight line.
CONSTRUCTION  Join OL, OM and draw
OE| AB| CD.

PROOF We know that the line joining the centre of a circle to
the midpoint of a chord is perpendicular to the chord.

OL L AB and OM L CD.
Now, OL L ABand AB||OE = OL LOE
= ZEOL=90°.
OM L CDand CD|OE = OM L OE
= ZEOM =90°.
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ZEOL+ ZEOM = 180°.

Hence, LOM is a straight line.

EXAMPLE 11

SOLUTION

EXAMPLE 12

SOLUTION

Prove that the perpendicular bisector of the chord of a circle always
passes through its centre.

Let DE be the perpendicular bisector of E
the given chord AB of a circle C(O, 7).
Then, AD = DBand ZADE =90°. ... (i)

Now, we have to show that DE passes
through O.

If possible, suppose DE does not pass AB

through O. Join OD.
We know that the line joining the centre of a circle to the
midpoint of a chord is always perpendicular to the chord.

OD L AB = /ADO =90, ... (i)
From (i) and (ii), we get ZADE = ZADO.
This is a contradiction, since £ZADO is a part of ZADE.
The contradiction arises by assuming that DE does not pass
through O.
Hence, DE must pass through O.

Prove that the right bisector of a chord of a circle bisects the

corresponding minor arc of the circle.

Let AB be a chord of a circle C(O, r).

Let PQ be the right bisector of a chord AB, intersecting it at L

and the circle at P and Q.

Since the right bisector of a chord always passes through the

centre of the circle, PQ must pass through O.

Join OA and OB.

In AOLA and AOLB, we have

OA=0B [each equal to 7]

ZALO =ZBLO [each equal to 90°]

OL=0L [common]

AOLA = AOLB

ZAOL = £BOL

£ZAOP = ZBOP

m(AP) = m(BP)

AP = BP.

NOTE The right bisector of a chord also bisects the
corresponding major arc.

R R
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EXAMPLE 14

SOLUTION
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The given figure shows two
concentric circles whose common

centre is O. | is a line intersecting o

these circles at the points A, B, C E

and D. Show that AB = CD. AR L c/p "\
Draw OL L [.

We know that the perpendicular from the centre of a circle to
a chord bisects the chord.
Now, BC is a chord of the smaller circle and OL L BC.

BL=LC. (D)
Again, AD is a chord of the bigger circle and OL L AD.
AL=LD. ... (i)

Subtracting (i) from (ii), we get
(AL-BL)=(LD-LC) = AB=CD.

In the given figure, two equal
chords AB and CD of a circle
C(O, r) when produced meet
at a point E.
Prove that (i) BE = DE

(ii) AE = CE.
Join OE.
Draw OL 1. ABand OM L CD.
We know that equal chords of a circle are equidistant from
the centre.

OL = OM.
In the right A OLE and OME, we have

OL=0M

OE =OE [common]

AOLE = AOME [by RHS-congruence]
= LE=ME .. (@) [epctl]
Also, AB=CD = Y AB=1CD

= BL=DM. ... (it)

On subtracting (ii) from (i), we get

LE-BL=ME—-DM = BE=DE. [Part (i) proved]
Now, AB =CD and BE = DE
= AB+BE=CD+DE
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= AE=CE.
Hence, BE=DE and AE=CE.
Two circles whose centres are O and O’ intersect at P. Through P, a

line I parallel to OO’, intersecting the circles at C and D, is drawn.
Prove that CD =200’.

Draw OA Lland O'B L 1. - _l
OA Ll

= OALCP

= CA=AP

= CP=2AP. ... (d)

Again, O'B L1

= O'BLPD

= PB=BD

= PD=2PB. ... (i)

= CD=CP+PD=2(AP+PB)=2AB=20Q’

[from (i) and (ii)].

If two chords of a circle are equally inclined to the diameter through

their point of intersection, prove that the chords are equal.

GIVEN Two chords AB and AC of a circle C(O, r) and AOD is a

diameter such that ZOAB = ZOAC.

TOPROVE AB=AC.

CONSTRUCTION Draw OL L ABand OM L AC.

PROOF In AOLA and AOMA, we have
Z0OLA =Z0OMA [each equal to 90°]
OA=0A [common]

ZOAL = ZOAM [given].

.. AOLA=AOMA

= OL=0M

= chords AB and AC are equidistant from O

= AB=AC.

A

Prove that a diameter is the longest chord in a circle.

GIVEN A circle C(O, r) in which AB is a diameter and CD is
any other chord.

TOPROVE AB>CD.

PROOF Clearly, the diameter AB is nearer to the centre than
any other chord CD.
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SOLUTION
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But, of any two chords of a circle, the one D

which is nearer to the centre is longer. B
AB>CD.

Thus, AB is longer than every other 5

chord.

Hence, a diameter is the longest chord in A

a circle. c

Prove that of all chords of a circle through a given point within it, the
shortest is the one which is bisected at that point.

GIVEN A circle C(O, r) and a point M
within it; AB is a chord with midpoint
M and CD is another chord through M.
TOPROVE AB < CD.
CONSTRUCTION  Join OM and draw
ON LCD.

PROOF In the right AONM, OM is the hypotenuse.

ON < OM
= chord CD is nearer to O than chord AB.
We know that, of any two chords of a circle, the one which is
nearer to the centre is longer.

CD > AB.
Hence, AB < CD.
T